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Park, Inkwan (Ph.D., Aerospace Engineering Sciences)

Dynamical Realism and Uncertainty Propagation

Thesis directed by Prof. Daniel J. Scheeres

In recent years, Space Situational Awareness (SSA) has become increasingly important as

the number of tracked Resident Space Objects (RSOs) continues their growth. One of the most sig-

nificant technical discussions in SSA is how to propagate state uncertainty in a consistent way with

in the highly nonlinear dynamical environment. In order to keep pace with this situation, various

methods have been proposed to propagate uncertainty accurately by capturing the nonlinearity of

the dynamical system. We notice that all of the methods commonly focus on a way to describe the

dynamical system as precisely as possible based on a mathematical perspective.

This study proposes a new perspective based on understanding dynamics of the evolution

of uncertainty itself. We expect that profound insights of the dynamical system could present the

possibility to develop a new method for accurate uncertainty propagation. These approaches are

naturally concluded in goals of the study. At first, we investigate the most dominant factors in

the evolution of uncertainty to realize the dynamical system more rigorously. Second, we aim at

developing the new method based on the first investigation enabling orbit uncertainty propagation

efficiently while maintaining accuracy.

We eliminate the short-period variations from the dynamical system, called a simplified dy-

namical system (SDS), to investigate the most dominant factors. In order to achieve this goal, the

Lie transformation method is introduced since this transformation can define the solutions for each

variation separately. From the first investigation, we conclude that the secular variations, includ-

ing the long-period variations, are dominant for the propagation of uncertainty, i.e., short-period

variations are negligible. Then, we develop the new method by combining the SDS and the higher-

order nonlinear expansion method, called state transition tensors (STTs). The new method retains

advantages of the SDS and the STTs and propagates uncertainty analytically and nonlinearly.
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Chapter 1

Introduction

1.1 Dynamical Realism in Space Situational Awareness

The term Space Situational Awareness (SSA) refers to the ability to observe, characterize, and

predict the properties of natural and artificial objects orbiting the Earth [26] with the objective of

avoiding collisions, identifying untracked objects, guaranteeing safety for future space missions, etc.

In recent years, SSA has become increasingly important as the number of tracked Resident Space

Objects (RSOs) continues their increase. Approximately 16,500 objects, generally greater than 5

cm, exist in the public two-line element (TLE) catalog maintained by the Joint Space Operations

Center (JSpOC) [58] as of January 2013 and the number of objects in orbit under 1 cm in diameter

is believed to be in the hundreds of thousands, with one estimate as of May 2009 at 700,000 [79].

One of the most significant technical discussions in SSA is how one can propagate state uncertainty

(e.g., Figure 1.1) in a way that is consistent with the highly nonlinear dynamical environment

[17, 36, 38, 62, 77]. Traditional linearized mapping techniques, e.g., the State Transition Matrix

(STM) [76], assume Gaussianity of distributions over time. It has been shown, however, that the

Gaussian assumption is an inconsistent description of the actual uncertainty when the dynamics are

highly unstable or when propagation times become long [39, 40, 51]. Capturing this nonlinearity in

a computationally efficient way is paramount in assuring future SSA capabilities as space becomes

even more congested, contested, and competitive. As such, various mathematical expressions of

uncertainty have been applied in the context of SSA, e.g., Gaussian sums [17, 28, 36], polynomial

chaos expansions (PCEs) [38], State Transition Tensors (STTs) [62, 63, 27], and Taylor series
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(f) 30-orbital periods

Figure 1.1: Uncertainty evolution of a GPS-like object in the Medium Earth Orbit (MEO) for
30-orbital periods of propagation (≈ 15 days)
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polynomial [78].

We take special note that all of the aforementioned methods are focusing on a mathematical

perspective to describe the dynamics as precisely as possible. Since 1959, when Dirk Brouwer

proposed the analytic solutions for the problem of the artificial satellite theory [9, 10], a lot of

researchers have explored the analytic [14, 30, 33, 43, 45, 50, 71] and the semi-analytic solutions

[15, 25, 46, 47, 55, 56] for describing the motion of orbiting objects around a central body with

additional perturbations such as Solar Radiation Pressure (SRP), gravitational attractions due to

perturbing bodies, and atmospheric drag are encountered. Moreover, analytic and semi-analytic

solutions are able to provide profound insights about the dynamical system since they classify

variations in the motion of an orbiting object. These facts inspire a new perspective to account for

an evolution of uncertainty. In particular, if the most dominant factors are found for describing

the dynamics of a satellite over time, this perception may present the possibility to develop a

new method for the dynamical propagation of an object’s probability density function (PDF). We

address these questions in this dissertation and they naturally lead to the following thesis statement:

The identification of the most dominant dynamical factors in the motion of orbiting

objects provides the profound insight of the dynamics itself and presents the possi-

bility of developing new methods for the efficient propagation of orbit uncertainty

while ensuring accuracy. The semi-analytic solutions derived from the Deprit-Lie

canonical transformation method enable these factors to be recognized, and then

these solutions become the basis of a Simplified Dynamical System (SDS) that in-

cludes the dominant effects only. The new method is developed by combining the

SDS with a higher-order nonlinear expansion method, i.e., STTs, and enabling orbit

uncertainty propagation analytically and nonlinearly.

Let us introduce each facet of the Thesis Statement in detail.
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1.1.1 The Most Dominant Factors in the Evolution of Uncertainty

One problem of concern is determining the role that the accuracy of the dynamical system

plays in consistent uncertainty propagation rather than finding a mathematical description of the

dynamical system as accurately as possible. This perspective simply poses the question: how accu-

rate must the mapped dynamics be in order to appropriately model the uncertainty distribution?

An original inspiration of this question is the discussion that the weak solution of Stochastic Differ-

ential Equations (SDE) has the same distribution as the sample path from the strong1 solution but

does not depend on the particular noise realization even in the stochastic case [29]. More specif-

ically, determination of weak solutions often suffices because the first few moments of the exact

and weak solutions match to within the same order of magnitude. As these low-order moments are

those that are required in many engineering tasks, it is possible to employ a simplified model which

is computationally efficient [53, 68, 69].

The idea of the weak solutions is borrowed in our analysis to identify the most dominant

factors in the dynamical system since the propagation of uncertainty eventually maps probability

density functions (PDF). We define a SDS by assuming the short-period variations as the noise, that

is, the SDS plays the same role to the weak solutions of the full dynamical system. The identification

of the most dominant factors is investigated based on the general perturbation theory because it

divides the dynamical system into secular, short-period, and long-period variations.

In the first investigation, we introduce Brouwer’s theory [9, 50] and the averaged Lagrange

Planetary Equations [23, 67, 72] to idenfity the factor for a Low Earth Orbit (LEO) satellite,

perturbed by J2 gravity field harmonics, and a Medium Earth Orbit (MEO) satellite, perturbed by

J2 gravity field harmonics and gravitational attraction due to a third-body, respectively. In order to

simplify the motion of equations, a pseudo-moon [23], which has a planar motion, is introduced as

the perturbing body. For the each investigation, initial offset correction algorithms are implemented

to get a precise initial mean conditions in order to apply the SDS accurately [54, 72]. We verify the

accuracy of the propagated uncertainty with the SDS to the result from Monte Carlo simulations

1 This solution describes actual sample paths for a given realization of the noise process.
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with the full dynamical system through three statistical approaches [60, 61]: 1) a comparison of the

first four moments of PDFs based on the idea of the weak solutions [29], 2) the statistical energy

test for more rigorous comparison of PDFs [2, 3], and 3) a normalized standard deviation in order

to show the consistency of the propagation.

As the second step, the SDS is expanded with the three objectives of improving the accuracy

of the system, adopting additional perturbations, and verifying the accuracy of the SDS with

additional perturbations. The Deprit-Lie transformation method [19, 42] is applied to achieve these

goals since it provides a systematic way to expand solutions to higher orders and handle multiple

perturbations. The expanded SDS is derived from the Deprit-Lie transformation method through

two steps, i.e., simplification [18, 49] and normalization [20], and applied to map uncertainty of High

Area-to-Mass Ratio (HAMR) objects [59]. The propagated uncertainty with the expanded SDS is

also verified statistically. We remove the assumption, i.e., planar motion, in the first investigation

by introducing the angular distance.

Throughout the above discussions, we conclude that considering the secular variations, in-

cluding the long-period variations, is sufficient to capture the propagated uncertainty accurately

and consistently. This conclusion identifies the most dominant factors which we posed at the be-

ginning of this section and is herein referred to as dynamical realism. We have to remark that

the ignored short-period variations can be recovered whenever necessary based on the idea of the

Deprit-Lie transformation method [42].

Lastly, the SDS reduces the nonlinearity of the full dynamical system. This leads to an ability

to propagate uncertainty more efficiently. The improvement of the computational efficiency is also

verified through a comparison of processing times between Monte Carlo simulations with the full

dynamical and the SDSs.

1.1.2 Development of a New Uncertainty Mapping Method

Another topic of recent interest is to propose a new method based on dynamical realism

for the accurate and consistent representation of an observed object’s uncertainty under nonlinear
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dynamics [60, 61]. A motivational question of the new approach is how one can avoid using

Monte Carlo simulations [51] in propagating uncertainty without losing accuracy. In this study,

we propose a method by combining the advantages of the SDS and the STTs. More specifically,

the STTs include higher order terms of the Taylor series expansion of a given dynamical system in

order to capture nonlinearities [62, 63]. An advantage we focus on is that the STTs express a PDF

at any epoch as a function of the initial PDF and the reference trajectory; thus, once we generate

the STTs, we can map the initial PDF to any desired epoch directly. As we have demonstrated,

the SDS reduces the nonlinearity of the full dynamical system by eliminating the short-period

variations. Thus, the reference trajectory can be propagated more efficiently if the SDS is applied.

The new method is defined through two steps to combine these advantages: 1) defining the SDS

through the Deprit-Lie transformation method, and then 2) generating the STTs by expanding the

SDS as a form of Taylor series expansion.

For the sake of verifying the new method, we incorporate multiple perturbations, such as

J2 gravity field harmonics, a direct SRP, and gravitational attractions due to the Sun and the

moon, to the two-body motion. The JPL ephemeris file (DE405) has been applied to calculate

the positions of the Sun from January 19, 2008 00:00:00 UCT to February 2, 2008, 23:59:59 UCT.

In the same way, the propagated result from the new method is compared to that from Monte

Carlo simulations with the full dynamical system statistically. We also investigate several sets of

combinations to suggest an optimal set for considered examples at least. Overall, this method

succeeds in accurately propagating uncertainty with decreasing the computational burden. For

a proof-of-concept implementation under multiple perturbations, the optimal combination of the

two ideas is found to sufficiently capture the nonlinear effects. Analytically expressed PDFs based

on the STTs and the initial conditions allow one to compute the mean, variance, skewness, and

kurtosis of the uncertainty, for example, with the moments of the initial PDF as inputs without

any sampling.

Lastly, this study suggests us another possibility to combine the SDS to different mathemat-

ical expressions, e.g., Gaussian Mixture Model [17, 28, 36], for mapping PDFs.
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1.2 Organization and Contributions

Following is a brief outline of the organization of this dissertation.

Chapter 3 Nonlinear Mapping of System Dynamics

Higher-order nonlinear mapping expandsion, i.e., STTs, the Fokker-Plank equation, and the

evolution of the Gaussian distribution are introduced. A closed-form solution of the STTs

in the Cartesian coordinate space is presented for the two-body problem to show a practical

application and to verify an improvement of accuracy as an order of STTs increases. This

theoretical framework is implemented numerically in MATLAB. The first two moments,

mean and covariance, of a PDF are calculated with analytic expressions [62, 63]. Finally,

we propose analytic expressions for the third and fourth order moments as a function of

the initial mean, covariance, and STTs.

Chapter 4 Canonical Perturbation Theory

The Lie transformation defined by Deprit [19] and its advantageous properties are intro-

duced. Then, more generalized expressions for applying the transformation method, pro-

posed by Kamel [42], is presented. The symplecticity of the transformation is also discussed.

Based on these theoretical frameworks, a symbolic manipulator is implemented in Mathe-

matica. This manipulator is the basis of the (semi) analytic solutions applied throughout

this research. Finally, the analytic solutions are tested with the problem of the artificial

satellite theory [9, 10] in order to verify the feasibility and the improvement of the accuracy.

Chapter 5 Dynamical Realism in Mapping Uncertainty

The question “how accurate must the mapped dynamics be in order to appropriately model

the uncertainty distribution?” is mainly discussed to understand the role of accuracy of the

dynamical system for consistent propagation of uncertainty. A SDS is introduced by elim-

inating the short-period variations from the dynamical system. Implementations of this
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idea are based on Brouwer’s theory [9, 10] and on the averaged Lagrange Planetary Equa-

tions (LPEs) [67, 72]. For the sake of an accurate application of the SDS, a given initial

condition in the osculating elements space is converted into the mean space by developing

the initial offset correction algorithm. Finally, the SDS for the two-body problem with

secular perturbations from J2 gravity field harmonics and for the two-body problem with

multiple perturbations, J2 gravity field harmonics and a third-body attraction, are tested.

Verification of the accuracy of uncertainty mapping and the improvement of the computa-

tional efficiency is carried out through statistical approaches and through a comparison of

processing times, respectively.

Chapter 6 Expansion of the Simplified Dynamical System through the Deprit-Lie Transformation

Based on the discussion about the dynamical realism, the SDS is expanded based on the

Deprit-Lie transformation. The new SDS uses the advantages of the transformation method

in order to add higher-order solutions for the secular variation as well as to consider ad-

ditional perturbations exerting on orbiting objects. The generating functions provides an

analytic algorithm to define proper initial mean conditions for the SDS instead of applying

the initial offset correction. Lastly, simulated examples, uncertainty of orbiting objects

in the Medium Earth Orbit (MEO) and a highly elliptical orbit (Molniya), are given for

verifying the expanded SDS.

Chapter 7 Development and Application of the Hybrid Method

A new method, called a hybrid method, is introduced to map an initial PDF directly to any

desired epochs without applying Monte Carlo simulations. The hybrid method is defined by

combining the advantages of the STTs and the SDS. According to an order of semi-analytic

solutions and an order of the STTs, some sets of combinations are also investigated based

on changes in accuracy and processing time. Finally, the hybrid method is developed and

verified for the non-Keplerian motion under multiple perturbations, earth oblateness, a di-

rect SRP, and gravitational attractions due to the Sun and moon. Recommendations for an
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optimal combination of the two ideas are made based on the discussion about the accuracy

and the efficiency.

Various methods have been developed and verified their capability to capture the future uncertainty.

These methods are mainly focusing on describing the real dynamical system as precisely as possible

with diverse mathematical approaches. Our study is initiated by proposing a different perspective

– the profound insight of the dynamical system itself could present a possibility to improve our

current capability – to propagate uncertainty accurately.

Our main contributions are summarized with two aspects. At first, from the new perspective,

the most dominant factors in an evolution of uncertainty are identified even when the motion of

an orbiting body is perturbed by gravitational and non-gravitational sources. Specifically, these

dominant factors are captured by the secular dynamics of an orbit. Next, based on the identified

dominant factors, we propose a hybrid method by refining the analytic nonlinear mapping technique

[62, 63] with the verifications of the accuracy in mapping uncertainty and of the improvement of

computational efficiency.

Lastly, it is worth noting that the current hybrid method uses the mathematical approach be-

hind the analytic nonlinear mapping technique. This naturally suggests potential future works, that

is, the dynamical realism, we address, can be combined with different well-defined mathematical

approaches such as Gaussian Mixture Model (GMM) [17, 28, 36].



Chapter 2

Mathematical Background

2.1 Review of Probability

2.1.1 Probability Theory and Random Process

Definition 1 (The Probability Density Function). For a given continuous random vector x ∈ Rn,

the probability of x in some volume B can be defined as:

p(x ∈ B) =

∫

B
f(η) dη, (2.1)

where a function f(x) is called as a probability density function(PDF). Note that

(1) f(x) is non-negative for ∀x.

(2) The area under the curve f(x) has to be 1:

∫ ∞

−∞
f(η) dη = 1

(3) The probability of x that belongs to a subset A is given by the integral of f(x) over that

interval:

p(x ∈ A) =

∫

A
f(η) dη

(4) For a given constant C ∈ Rn, a probability becomes 0:

p(x = C) =

∫ ∞

−∞
f(η) dη = 0, for ∀x
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Definition 2 (Moments of Probability Density Function) In statistics, the moment of PDF is a

specific quantitative measure of the shape of a set of points. Table 2.1 shows significance of moments

(raw, central, standardized) in connection with named properties of distributions. In particular,

Table 2.1: Definition of the moments of probability densify function

Order (k) Raw moment Central moment Standardized moment

1 mean 0 0

2 - variance 1

3 - - skewness

4 - - kurtosis

5 - - hyper skewness

6 - - hyper kurtosis

the moments up to fourth-order, i.e., mean, variance, skewness, and kurtosis, provide information

about a shape of PDFs [65, 76].

Definition 3 (Mean and Covariance Matrix). The mean and covariance matrix for a given random

vector x ∈ Rn with a PDF f(x) are calculated by:

m = E[x ] =

∫ ∞

−∞
η f(η) dη, (2.2a)

P = E[ (x−m)(x−m)T ] =

∫ ∞

−∞
(η −m)(η −m)T f(η) dη, (2.2b)

or

mi = E[xi ] =

∫ ∞

−∞
ηi f(η) dη, (2.3a)

Pij = E[ (xi −mi)(xj −mj) ]

= E[xixj ]−mimj (2.3b)

=

∫ ∞

−∞
ηi ηj f(η)dη −mimj .

Note that the variances appear along the diagonal and covariances appear in the off-diagonal

elements.
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Definition 4 (Skewness). The skewness is the third-order standardized moment,

µ3,i =
E[xi − E[xi ] ]3

µ
3/2
2,i

.

It is a measure of symmetry, or more precisely, the lack of symmetry. Figure 2.1 shows how the

skewness and the asymmetry are connected.

(a) µ3 = −3.0 (b) µ3 = 0.0 (c) µ3 = 3.0

Figure 2.1: Example distributions with third-order standardized moments (skewness): (a) negative
skewness, (b) normal distribution, and (c) positive skewness

Definition 5 (Kurtosis). The kurtosis is the fourth-order standardized moment,

µ4,i =
E[xi − E[xi ] ]4

µ2
2,i

.

It is a measure of whether the data are peaked or flat relative to a normal distribution.

In general, an i-th order moment can be obtained by

E[x1x2 . . . xi ]. (2.4)

The central moment is a moment of a probability distribution of a random variable about the

random variable’s mean, which can be defined as follows:

µi = E[ (x1 −m1)(x2 −m2) . . . (xi −mi) ]. (2.5)

Definition 6 (Characteristic Function) The joint characteristic function(JCF) of a continuous

random vector x ∈ RN is defined as:

χ(u) = E[eju
Tx], (2.6)
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where j =
√
−1. The higher moments can be computed by

E[xγ1 ] = j−1 ∂χ(u)

∂uγ1

∣∣∣∣
u=0

, (2.7a)

E[xγ1xγ2 ] = j−2 ∂2χ(u)

∂uγ1∂uγ2

∣∣∣∣
u=0

, (2.7b)

E[xγ1xγ2xγ3 ] = j−3 ∂3χ(u)

∂uγ1∂uγ2∂uγ3

∣∣∣∣
u=0

, (2.7c)

... (2.7d)

E[xγ1xγ2 . . .xγm ] = j−m
∂mχ(u)

∂uγ1∂uγ2 . . . ∂uγm

∣∣∣∣
u=0

. (2.7e)

2.1.2 The Gaussian Probability Distribution

Definition 7 (Gaussian Probability Density Function). Let x be a Gaussian random vector, x ∼

N (m, P), where m is the mean vector and P is the covariance matrix. The Gaussian probability

density function for x is defined as:

p(x) =
1√

(2π)N |P|
exp

{
−1

2
(x−m)TP−1(x−m)

}
, (2.8)

where N is the dimension of the state. The Gaussian probability density function for the univariate

distribution is shown in Figure 2.1(b).

First two moments, i.e., m and P, are sufficient to describe the statistics of the Gaussian random

vector x completely [21, 52, 74]. This property of the Gaussian probability distribution makes it

possible to express the higher moments, e.g., E[xixjxk ], E[xixjxkxl ], E[xixj . . . xm ], as functions

of m and P. For a nonzero mean Gaussian random vector, x ∼ N (m, P), the higher-order

moments can be obtained by substituting the Gaussian JCF

χ(u) = exp

{
juTm− 1

2
uTPu

}
(2.9)
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into Equation (2.7). As a result, the first four moments of the Gaussian probability density function

are obtained by

E[xi] = mi

E[xixj ] = mimj + Pij

E[xixjxk] = mimjmk + (mkPij +mjPik +miPjk)

E[xixjxkxl] = mimjmkml + (mkmlPij +mjmlPik +mjmkPil +mimlPjk +mimkPjl +mimjPkl)

+ PilPjk + PikPjl + PijPkl

(2.10)

2.2 Review of Statistics

2.2.1 Goodness-of-Fit

The goodness-of-fit(GoF) of a statistical model indicates how well it fits a set of observations.

In general, measures of the GoF summarize the discrepancy between the modeled and observed

values in question. The GoF test can be used to make a decision in statistical hypothesis testing:

to test whether two samples are obtained from identical distributions (Kolmogorov-Smirnov test),

or whether outcome frequencies follow a specified distribution (Pearson’s χ-squared test).

2.2.2 Hypothesis Testing

Hypothesis testing is the method to determine the probability that a given hypothesis is true.

In statistics, there are two ways, “critical value approach” and “p-value approach”, to determine

whether the evidence is likely or unlikely given the initial assumption. We use the p-value1 approach

in this study since this approach is used more generally, such as in research, journal articles, and

statistical softwares. The usual hypothesis testing consists of four steps as follows:

Step 1. Making an initial assumption, the null hypothesis H0, and the alternative hypothesis, H1.

1 The p-value is the probability that a test statistic at least as significant as the one observed would be obtained
assuming that the null hypothesis were true.
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Step 2. Define a test statistic in order to assess the truth of the null hypothesis.

Step 3. Compute the p-value.

Step 4. Make the decision by comparing the p-value to an acceptable significance level(α.)

At the last step, we always make the decision either “reject the null hypothesis (p ≤ α)” or “fail

to reject the null hypothesis (p > α).” This implies that there is always a chance that we made an

error whatever the decision is. These potential errors are called by two different names – one is a

“Type I error,” and the other a “Type II error.” Table 2.2 shows how they correspond to the two

types of errors in hypothesis testing. Here are the formal definitions of the two types of errors:

Table 2.2: Type I and II errors in the hypothesis testing

Truth

Decision Null Hypothesis Alternative Hypothesis

Fail to reject null OK Type II error

Reject null Type I error OK

· Type I error: The null hypothesis is rejected when it is true.

· Type II error: The null hypothesis is not rejected when it is false.

The significance level, α, is the probability of a Type I error: the probability of rejecting a true null

hypothesis. In other words, if the null hypothesis is not rejected, it is close to the truth as large as

(1−α), called the confidence level. The probability of a Type II error, the probability of accepting

a false null hypothesis, is given by the value of β that will be small as a difference between the null

hypothesis and the truth.

2.3 Statistical Approaches of Probability Density Functions Comparison

In order to verify the accuracy of the propagated uncertainty, we introduce three statistical

methods: 1) comparing the moments of the PDF up to fourth-order, which has a graphical inter-

pretation, 2) applying the statistical energy test for a more rigorous comparison of the multivariate
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PDFs, and 3) defining a normalized standard deviation, which may be computed the fastest of

the three methods, to prove the consistency in mapping uncertainty regardless of the propagation

interval. Each of these statistical methods is briefly presented here.

2.3.1 Comparison of the Moments

In order to verify if PDFs are compatible, a natural and simple approach is to compare the

first a few moments of the sample (or distribution). As demonstrated in Section 2.1.1., especially,

first four moments are introduced as quantified values describing the shapes. A basic idea of this

approach is to verify if PDFs are compatible based on comparing their shapes [53, 66]. We select

the mean, the variance, the third-order standardized moment, and the fourth-order standardized

moments among the summarized moments in Table 2.1 in the comparison. The chosen first four

moments characterize the shape of most histograms as follows:

· The mean: a measure of location

· The second moment: a measure of spread

· The third moment: a measure of skewness

· The fourth moment: a measure of peakedness (or fat tails)

2.3.2 Statistical Energy Test

For the sake of comparing distributions in a more subtle way, we introduce a statistical en-

ergy test. This test measures the goodness of fit (GoF) that represents the discrepancy between

observed values of a system and sample values from its model [3]. A measure of the test can be

used for a statistical hypothesis testing to decide if some observed and estimated PDFs are iden-

tical. The most important property of the statistical energy test over traditional methods, e.g.,

the Kolmogorov-Smirnov test and Pearson’s chi-squared test, is to provide a manageable way to

measure the GoF of a distribution of multivariate random variable [2, 3].
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A basic assumption of the statistical energy test is that statistical observations have similar re-

lationship to the notion of electrostatic potential energy [2, 75]. Equation (2.11) shows a total

energy of a continuous charge density distribution ρ.

K =
1

8π ε0

∫ ∫
ρ(r)ρ(r′)

|r − r′| drdr
′ (2.11)

Suppose that there exists an external continuous charge density distribution, ρex, as seen in

⇢(r)

⇢ex

Figure 2.2: Two continuous charge density distributions

Figure 2.2. The total energy V of ρex with ρ can be calculated by Equation (2.11):

V =
1

8π ε0

∫ ∫
[ ρ(r) + ρex(r) ][ ρ(r′) + ρex(r′) ]

|r − r′| drdr′. (2.12)

Then, by considering a system as a positively continuous charge density distribution ρ and a

negatively external continuous charge density distribution −ρex with

∫
[ ρ(r)− ρex(r) ]dr = 0, (2.13)

we can make the total energy to be zero, i.e., free of charges. This property is applied to compare

statistical distributions through the statistical energy test by replacing probability density functions,

ρ and ρex, with obervations [2, 3].

Definition 8 (Test Statistic) The test statistic(Ψ) is a quantity, the energy, which measures the

difference between two PDFs f0(x) and f(x), x ∈ Rd, by

Ψ =
1

2

∫ ∫
[ f(x)− f0(x) ][ f(x′)− f0(x′) ]R(x, x′) dxdx′. (2.14)
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The distance function R(x, x′) is a continuous, monotonic decreasing function of the Euclidian

distance between the charges, |x− x′|. Equation (2.14) becomes a form of the electrostatic energy

of two charge distributions f and f0 of opposite sign when R(x, x′) = 1/|x−x′|, which is minimum

if the charges neutralize each other.

In order to calculate the test statistic conveniently, we rewrite Equation (2.14) as a function of the

expectation values of the distance function R:

Ψ =
1

2

∫ ∫
[ f(x)f(x′) + f0(x)f0(x′)− 2f(x)f0(x′) ]R

(
|x− x′|

)
dxdx′

=
1

2
E1 +

1

2
E2 − E3.

(2.15)

Since finite samples are considered in statistics, e.g., Monte Carlo approach, for a practical calcula-

tion, the integrals in Equation (2.15) can be replaced with corresponding sample means. Therefore,

by assuming the number of samples of the reference M and that of the other N , the test statistic,

ΨNM , can be obtained through

ΨNM =
1

N(N − 1)

N∑

i<j

R
(
|xi − xj |

)
+

1

M(M − 1)

M∑

i<j

R
(
|yi − yj |

)

− 1

NM

n∑

i=1

M∑

j=1

R
(
|xi − yj |

)
.

(2.16)

The distance function for the electrostatic energy follows inverse power laws, 1/r. There exist,

however, more options since the distance function R should be adjusted to a specific statistical

problem [2]. Throughout this research, we use a different distance function, called logarithmic

distance function,

R
(
|x− x′|

)
= − ln

(
|x− x′|+ ε

)
. (2.17)

ε is applied to avoid the singularity of the logarithm for ln 0. This new distance function allows

the test is scale invariant, has no free parameter, and offers a good rejection power against many

alternatives to the null hypothesis [81].
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As demonstrated above, the statistical energy test measures the GoF for the hypothesis testing. A

practical application of the test statistic from Equation (2.16) is as follows:

(1) set the null and alternate hypotheses:

H0 : f(x) = f0(x),

H1 : f(x) 6= f0(x).

(2.18)

(2) assume a significance level α (5% in general.)

(3) estimate a critical energy value Ψc with a Monte Carlo approach [3, 24, 34].

(4) acquire the p-value by comparing the test statistic to its critical value:

two distributions are compatible at level α if the statistical energy ΨNM is less than Ψc.

As a result of these steps, we can conclude if two distributions are compatible, i.e., the null hy-

pothesis is accepted, (or incompatible, i.e., the alternate hypothesis is accepted) with a (1 − α)

confidence level.

2.3.3 Normalized Standard Deviation

We are interested in a comparison of the positional standard deviations of the propagated

uncertainties. The dynamics, however, tend to enlarge the positional uncertainty over time, i.e., the

standard deviation increases, making an absolute comparison unsuitable to show the consistency

of a propagation. For this reason, we define a normalized standard deviation (normalized STD) as

a relative metric so as to account for this intrinsic growth in positional uncertainty. By defining

the normalized STD as Equation (2.19), we will show the consistency of the proposed propagation

method in uncertainty propagation regardless of the propagation interval. Let us assume that the

result from the Monte Carlo simulation with a full dynamical system be the truth, Xnum(t).

Normalized STD =
σ(∆δx)

σ(δxnum)
, (2.19)

where δx and ∆δx represent a deviation with respect to the reference trajectory based on the

proposed method, which is a propagated state from a given initial state, and the error of each
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component(δx − δxnum), respectively. δxnum means a true deviation with respect to the true

reference trajectory, Xnum(t).

2.4 Review of Hamiltonian Systems

2.4.1 Dynamics and Properties of the System

Definition 9 (Lagrangian Equations). The Lagrangian equations are defined as

d

dt

(
∂L

∂q̇i

)
− ∂L

∂qi
= 0, i ∈ {1, 2, . . . , n} (2.20)

where the scalar function L = L(q, q̇, t
)

and qi are the Lagrangian function and the generalized

coordinates, respectively. The Lagrangian function is a combination of the kinetic energy, T , and

potential energy, V , as

L(q, q̇, t
)

= T
(
q, q̇

)
− V (q, t)

Definition 10 (Hamiltonian Equations). The hamiltonian can be obtained from the Lagrangian

through the Legendre transformation.

H(q, p, t) = q̇ · p− L(q, q̇, t) (2.21)

By substituting Equation (2.21) into the Equation (2.20),

d

dt

[
∂L(q, q̇, t)

∂q̇

]
− ∂L(q, q̇, t)

∂q
= 0, (2.22)

we can get

d

dt

[
∂

∂q̇
(q̇ · p−H(q, p, t))

]
− ∂

∂q
(q̇ · p−H(q, p, t)) = 0. (2.23)

As a result, the Hamiltonian equations are defined as

q̇i =
∂H
∂pi

, ṗi = −∂H
∂qi

. (2.24)

The Hamiltonian is the natural mathematical structure in which to develop the theory of conser-

vative mechanical system; and a system that satisfies Hamiltonian equations is called canonical.
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Note that the Hamiltonian equations can be written with the symplectic unit matrix as



q̇

ṗ


 = J



∂H
∂qi

∂H
∂pi


 . (2.25)

Definition 11 (Symplecticity). For a given 2n × 2n matrix A, the matrix is called symplectic if

it satisfies

ATJA = J, (2.26)

where

J = J2n×2n =




0n×n In×n

−In×n 0n×n


 . (2.27)

J is the symplectic unit matrix.

Properties of the symplectic unit matrix are

JTJ = −JJ = I, (2.28a)

JαiJαj = −JiαJαj = δij , (2.28b)

det(J) = 1, (2.28c)

where δij represent the Kronecker delta function. Note that the the inverse of the symplectic

matrix, e.g., A−1, can be obtained without a matrix inversion as:

A−1 = −JATJ. (2.29)

Definition 12 (Canonical Transformations). The canonical transformations change the given vari-

ables (qi, pi) into a new set (Qi, Pi)

(qi, pi) 7−→ (Qi, Pi) (2.30)

while preserving the canonical form of the equations.

q̇i =
∂H
∂pi

, ṗi = −∂H
∂qi

7−→ Q̇i =
∂H∗
∂Pi

, Ṗi = −∂H
∗

∂Qi
, (2.31)

where H and H∗ represent the given Hamiltonian and a new Hamiltonian, respectively.
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2.4.2 Poisson Brackets

The Poisson bracket, {−,−}, for two functions of the canonical variables can be defined as

{F, G} =

n∑

i=1

(
∂F

∂qi

∂G

∂pi
− ∂G

∂qi

∂F

∂pi

)
, (2.32)

where q = (q1, . . . , qn) and p = (p1, . . . , pn) are generalized coordinates. It is worth mentioning

that Hamiltonian equations, Equation (2.24), can be rewritten with the Poisson brackets as

q̇i = {qi, H},

ṗi = {pi, H},
(2.33)

where the Hamiltonian H = H(q, p). The Poisson brackets can be rewritten with the symplectic

matrix, J, as

{F, G} = OF · (J · OG) =

(
∂F

∂z

)
· J ·

(
∂G

∂z

)T
, (2.34)

where zi = qi and zi+n = pi. Lastly, the Poisson brackets have four useful properties as follows:

(1) The Skew-symmetry (antisymmetry)

{F, G} = −{G, F}. (2.35)

(2) The linearity and bilinearity

{α1F1 + α2F2, G} = α1{F1, G}+ α2{F2, G},

{α1F1 + α2F2, β1G1 + β2G2} = α1β1{F1, G1}+ α1β2{F1, G2}

+ α2β1{F2, G1}+ α2β2{F2, G2}.

(2.36)

(3) The Leibnitz property (product rule)

{F, GH} = G{F, H}+ {F, G}H. (2.37)

(4) The Jacobi identity

{F, {G, H}}+ {G, {H, F}}+ {H, {F, G}} = 0. (2.38)
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2.4.3 The Extended Phase Space

The extended phase space is necessary when we consider non-autonomous Hamiltonian dy-

namics, which is a particular case of autonomous Hamiltonian dynamics. For a given non-autonomous

Hamiltonian in 2n-dimensional phase space, the extended phase space can be defined by introducing

the time, t, and its conjugate momenta, pt into the original phase space as seen in Equation (2.39).

q = (q1, q2, . . . , qn, t), (2.39a)

p = (p1, p2, . . . , pn, pt). (2.39b)

By assuming that the generalized coordinates are a function of a parameter τ , the Hamilton’s

equations become

dqi
dτ

= t′
∂H
∂pi

,
dpi
dτ

= −t′∂H
∂qi

(i = 1, 2, . . . , n) (2.40)

where t′ denotes the derivative of t with respect to τ . As t′ is independent of the variables qi and

pi, Equation (2.40) can be rewritten as

dqi
dτ

=
∂(Ht′)
∂pi

,
dpi
dτ

= −∂(Ht′)
∂qi

(2.41)

If pt is the conjugate momentum of the time t, a complementary differential equation may be

introduced based on the Hamilton’s equations as

t′ =
dt

dτ
=
∂(t′pt)

∂pt
. (2.42)

An unified form of these equations becomes

dqi
dτ

=
∂K
∂pi

,
dpi
dτ

= −∂K
∂qi

, (2.43a)

dt

dτ
=
∂K
∂pt

,
dpt
dτ

= −∂K
∂t
, (2.43b)

where

K
(
qi, t, pi, pt

)
= t′H+ t′pt. (2.44)

K is the new Hamiltonian of the given system in the extended phase space. In practical applications,

the relation between the time t and the parameter τ is an identity; thus, t′ = 1 in general. The

moment conjugates to the time, pt, is usually an opposite energy, i.e., −H.



Chapter 3

Nonlinear Mapping of System Dynamics

In this chapter, we discuss an analytic method of nonlinear uncertainty propagation and of

an evolution of PDF. A special solution to the Fokker-Planck equations for deterministic systems

and the concept of the State Transition Tensors (STTs) are combined so that, given an analytical

expression of both the initial probability distribution and the dynamics, the probability distribution

may be expressed analytically for all time. Moreover, the analytic expressions for calculating the

third and fourth order moments are introduced as an expansion of the previous studies [27, 62, 63].

In order to understand the STTs more clearly, the two-body dynamics is applied to the above

framework.

The outline of this chapter is as follows. A brief review of the STTs is presented. Then,

the solution of the Fokker-Planck equation for a deterministic dynamical system is discussed with

a focus on the integral invariance. This property provides a theoretical background to define the

analytic expressions of an evolution of the Gaussian distribution. Additional analytic expressions

to compute the third and fourth order moments are introduced. Then, finally, this theoretical

framework is implemented numerically in MATLAB. Lastly, by taking an example with a two-

body problem, the accuracy of the propagated uncertainty and the PDF from STTs with different

orders (up to fourth order) are investigated.
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3.1 Higher Order Nonlinear Mapping Expansion

Suppose that dynamics of an orbiting object is governed by the equations of motion as

ẋ(t) = f(t, x(t)), (3.1)

where x and f represent state vector and the equations of motion [27, 62], respectively.

Definition 13 (Solution Flow) A solution flow maps an initial state x0 (t = t0) to a state x(t) at

any time t = t. A solution of Equation (3.1) can be expressed as a function of the solution flow, φ,

as follows:

x(t) = φ(t ; x0, t0). (3.2)

Then, the solution flow satisfies

dφ

dt
= f(t, φ(t ; x0, t0)),

φ(t0 ; x0, t0) = x(t0).

(3.3)

Definition 14 (Phase Volume) A phase volume is a subset of Euclidean space RN that is closed

and bounded. Suppose that the phase volume of any given initial distribution is B0, then a phase

volume at time t is

B(t) = {x(t)|x(t) = φ(t ; x0, t0), ∀x0 ∈ B0}. (3.4)

Since the solution flow describes a future state as a function of the initial conditions, it allows to

express an evolution of distribution more conveniently. For a given reference initial condition x0,

the relative motion of δx(t) with respect to the reference (nominal) trajectory becomes

δx(t) = φ(t ; x0 + δx0, t0)− φ(t ; x0, t0), (3.5)

where δx0 represents a deviation in x0. Then, the relative motion satisfies the equation of motion

shown in Equation (3.5):

δẋ(t) = f(t, φ(t ; x0 + δx0, t0))− f(t, φ(t ; x0, t0)). (3.6)



26

Definition 15 (Taylor Series Expansion) Suppose that a given equation, F(x), is an infinitely

differentiable and real function with (F(x), x) ∈ RN , the Taylor series expansion about a point

x = a is defined as:

F i
(
x1, . . . , xN

)
=
∞∑

j=0

1

j!

[
N∑

k=1

(
xk − ak

) ∂

∂ξk

]j
F i
(
ξ1, . . . , ξN

)
∣∣∣∣∣∣
ξl=al

, (3.7)

where ξ represents a dummy variable.

By substituting Equation (3.5) or (3.6) into F(x) and expanding it with respect to the initial state

x0, the relative motion and the relative trajectory dynamics, respectively, can be rewritten using

the Einstein summation convention as:

δx(t) =

m∑

p=1

1

p!
Φi,k1...kpδx

0
k1 . . . δx

0
kp , (3.8a)

δẋ(t) =

m∑

p=1

1

p!
Ai,k1...kpδxk1 . . . δxkp , (3.8b)

where kj ∈ {1, 2, . . . , N}, kj represents the kj-th component of the state vector.

Φi,k1...kp =
∂pφi(t ; x0, t0)

∂x0
k1
. . . ∂x0

kp

, (3.9)

Ai,k1...kp =
∂pf i(t, x(t))

∂xk1 . . . ∂xkp

∣∣∣∣
x=x∗

, (3.10)

denote STTs and a local dynamics tensor (LDT) [27], evaluated along the nominal trajectory x∗.

The STT in Equation (3.9) is equivalent to the State Transition Matrix (STM) [76] where m = 1.

In general, since we may have dynamics model rather than the solution flow, it is impossible to

generate the STT directly in most cases. For that reason, in order to get the STT, we need to use

two different expressions of the relative trajectory dynamics δẋ(t). The first expression is from a

time derivative of Equation (3.8a) as follows:

δẋ(t) =
m∑

p=1

1

p!
Φ̇i,k1...kpδx

0
k1 . . . δx

0
kp . (3.11)

The other is to substitute Equation (3.8a) into Equation (3.8b), then the relative trajectory dy-

namics can be defined as a function of the STT and initial deviations. By comparing it to Equa-

tion (3.11), one can obtain the differential equations of the STT, which are given below up to fourth
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order.

Φ̇i,a = Ai,αΦα,a, (3.12a)

Φ̇i,ab = Ai,αΦα,ab +Ai,αβΦα,aΦβ,b, (3.12b)

Φ̇i,abc = Ai,αΦα,abc +Ai,αβ(Φα,aΦβ,bc + Φα,abΦβ,c + Φα,acΦβ,b) +Ai,αβγΦα,aΦβ,bΦγ,c, (3.12c)

Φ̇i,abcd = Ai,αΦα,abcd +Ai,αβ(Φα,abcΦβ,d + Φα,abdΦβ,c + Φα,acdΦβ,b + Φα,abΦβ,cd (3.12d)

+ Φα,acΦβ,bd + Φα,adΦβ,bc + Φα,aΦβ,bcd) +Ai,αβγ(Φα,abΦβ,cΦγ,d + Φα,acΦβ,bΦγ,d

+ Φα,adΦβ,bΦγ,c + Φα,aΦβ,bcΦγ,d + Φα,aΦβ,bdΦγ,c + Φα,aΦβ,bΦγ,cd) +Ai,αβγδΦα,aΦβ,bΦγ,cΦδ,d

The initial conditions for STT can be simply defined identity tensors because Φ0
i,a = 1, iff i = a,

otherwise Φ0
i,a = 0. After solving for the STT, one can compute deviations at time t (t > t0)

analytically by adding the higher-order solution to the nominal trajectory, xi(t) = x∗i (t)+Φ ·δx0
i =

x∗i (t) + δxi(t).

3.2 Solution of the Fokker-Planck Equation for a Deterministic Dynamics

Orbital dynamics problems entailing uncertainty can be expressed with the Itô stochastic

differential equation,

δx(t) = f(x(t), t) dt+G(x(t), t) dβ(t), (3.13)

where G and β are an n-by-m matrix characterizing the diffusion and the diffusion vector, respec-

tively. Suppose that a given system satisfying the Itô stochastic differential equation, the time

evolution of a probability density function (PDF), p(x, t), over x at time t is described by the

Fokker-Planck equation [51],

∂p(x, t)

∂t
= −

N∑

i=1

∂

∂xi
[ p(x, t)fi(x, t)]+

1

2

N∑

i=1

N∑

j=1

∂2

∂xi∂xj

[
p(x, t){G(x, t)Q(t)GT (x, t)}ij

]
, (3.14)

where a single subscript and a double subscript indicate vector components and matrix components,

respectively. If one defined the Fokker-Planck equation without the diffusion terms, i.e., β(t) = 0,
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it would become simpler as

∂p(x, t)

∂t
= −

N∑

i=1

∂

∂xi
[ p(x, t)fi(x, t)]. (3.15)

Note that solutions of the FPE give the true evolution of the probability density function. However,

including these partial differential equations in the trajectory navigation problem introduces addi-

tional difficulties and is usually avoided for practical reasons. In this thesis, we consider systems

with no process noise and the probability density function satisfies the Fokker-Planck equation de-

fined in Equation (3.15). This is a reasonable model for astrodynamics problems with no thrusters

and no dissipative forces acting on the spacecraft.

Definition 16 (Integral Invariance) Consider a dynamical system with the governing equations of

motion ẋ = g(x, t) and let I(x, t) be an integral of a vector field M(x, t) over some volume B:

I(x, t) =

∫

B
M(x, t) dx. (3.16)

The integral I(x, t) is called an integral invariant if it is constant for all time, i.e., dI/dt = 0. In

general, the sufficiency condition for integral invariance can be explicitly stated as

∂M(x, t)

∂t
= −

N∑

i=1

∂

∂xi
[
M(x, t) gi(x, t)

]
, (3.17)

which is known as Liouville’s equation.

By comparing Equation (3.15) with Equation (3.17), we see that p(x, t) satisfies the sufficiency

condition for the probability to be an integral invariant. Hence, this implies that probability of any

dynamical system with no diffusion term is an integral invariant.

The integral invariant can be shown as well by using the deterministic Hamiltonian. Let us consider

a HamiltonianH(q, p), which is a function of n-dimensional generalized coordinate q and conjugate

moment p. The equation of motion, ẋ(t), can be written with the symplectic identity matrix J as

follows:

ẋ(t) = JHT
x , (3.18)
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where x = [ qT pT ]. Assuming a deterministic Hamiltonian, the Fokker-Planck equation in

Equation (3.15) can be written as follow.

∂p(x, t)

∂t
= −

N∑

i=1

[
∂p(x, t)

∂xi
ẋi + p(x, t) tr

(
JHT

xx

)]
, (3.19)

where tr(·) represents the trace of a matrix, i.e., a summation of diagonal elements. The second

term on the right-hand side is

tr
(
JHT

xx

)
= tr



Hpq Hpp

−Hqq −Hqp


 = 0.

This fact reduces the Fokker-Planck equation to:

d p(x, t)

dt
= 0. (3.20)

Thus, the solution of the Fokker-Planck equation is:

p(x, t) = p
[
φ(t ; x0, t0), t

]
= p(x0, t), (3.21)

where p(x0, t0) is assumed to be specified. A time invariance in Equation (3.20) shows that the

probability of the state in some phase volume B(t) is an integral invariant. Then, this lead to

Pr(x ∈ B) =

∫

B
p(x, t) dx

=

∫

B0
p(φ(t ; x0, t0), t)

∣∣∣∣
∂x

∂x0

∣∣∣∣ dx0

=

∫

B0
p(x0, t0) dx0,

(3.22)

which gives

p(φ(t ; x0, t0), t)

∣∣∣∣
∂x

∂x0

∣∣∣∣ = p(x0, t0). (3.23)

Since the mapping from x0 to x is canonical in the Hamiltonian system, the determinant
∣∣∂x/∂x0

∣∣

becomes 1. Equation (3.23) indicates that the PDF at a specific epoch t (t 6= t0) can be characterized

by the initial PDF; thus, if the solution is known as a function of initial conditions and the PDF is

known at any arbitrary epoch, the PDFs for all time can be found.
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3.3 Nonlinear Mapping of the Gaussian Distribution

Using the aforementioned property, shown in Equation (3.23), the mean of PDFs at any

arbitrary epoch can be rewritten as a function of the initial conditions as

E[x(t)] =

∫

∞
x(t) p(x, t) dx

=

∫

∞
φ(t;x0, t0)p(x0, t0) dx0

(3.24)

We observe that Equation (3.24) is suitable for computation of the state uncertainties using the STT

formulation because the solution flow can be expanded using the Taylor series and higher moments

can be computed using the joint conditional function(JCF) of the initial Gaussian distribution [62].

Consider the Gaussian boundary condition for the PDF. The PDF for the state δx0 can be obtained

via a linear transformation, x0 = δx0 +m0 − δm0, where m0 is the initial mean and δm0 is the

initial mean of the deviation by assuming a nonzero mean for the initial state. By substituting

these relations into Equation (2.8), the PDF yields

p(δx0, t0) =
1√

(2π)n det P0
exp

{
−1

2
(δx0 − δm0)TΛ0(δx0 − δm0)

}
. (3.25)

Since the expectation of the nominal trajectory does not change, by definition, it is easier to instead

analyze the statistics of the deviated state. As seen in Equation (3.8a), a state at future can be

mapped with the STTs and initial deviations. The nominal trajectory is fixed in time, thus the

current state mean and covariance are defined with the deviated state and STTs

δmi(t) =

m∑

p=1

1

p!
Φi,k1...kp E[δx0

k1 . . . δx
0
kp ], (3.26a)

Pij(t) =




m∑

p=1

m∑

q=1

1

p! q!
Φi,k1...kpΦj,l1...lp E[δx0

k1 . . . δx
0
kpδx

0
l1 . . . δx

0
lp ]




− δmi(t)δmj(t), (3.26b)

where {kj , lj} ∈ {1, . . . , 2n} and m is the order of the expansion of the dynamics. Consequentially,

Equation (3.26) gives an analytic method to compute the mean and covariance of a current PDF

directly.
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Up to 2m-order moment of the initial PDF is required to propagate the covariance matrix, where

an n-th order moment, κγ1,...,γn , is defined Equation (2.5) [35, 52] as

κγ1,...,γn = E[ (xγ1 −mγ1)(xγ2 −mγ2) . . . (xγi −mγi) ].

In this research, we derive the third and fourth order central moments based on the above equation

as follows:

µijk3 (t) =

(
m∑

p=1

m∑

q=1

m∑

r=1

1

p!q!r!
Φi,k1...kpΦj,l1...lqΦk,m1...mr× (3.27a)

E[δx0
k1 . . . δx

0
kpδx

0
l1 . . . δx

0
lqδx

0
m1
. . . δx0

mr ]

)
−
(
δmi(t)P jk(t) + δmj(t)P ik(t) + δmk(t)P ij(t)

)

− δmi(t)δmj(t)δmk(t),

µijkl4 (t) =




m∑

p=1

m∑

q=1

m∑

r=1

m∑

s=1

1

p!q!r!s!
Φi,k1...kpΦj,l1...lqΦk,m1...mrΦl,n1...ns (3.27b)

× E[δx0
k1 . . . δx

0
kpδx

0
l1 . . . δx

0
lqδx

0
m1
. . . δx0

mrδx
0
n1
. . . δx0

ns ]


−

{
δmi(t)δmj(t)P kl(t)

+δmi(t)δmk(t)P jl(t) + δmj(t)δmk(t)P il(t) + δmi(t)δml(t)P jk(t) + δmj(t)δml(t)P ik(t)

+δmk(t)δml(t)P ij(t)
}
− (P ijP kl + P ikP jl + P ilP jk)− δmi(t)δmj(t)δmk(t)δml(t).

3.4 Uncertainty Propagation Using State Transition Tensors

In this section, results of MATLAB implementations of the analytic theory discussed above

are shown. Then, the moments of PDF are calculated with Equations (3.26)-(3.27). An initial
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condition is defined as:

X0 =



r0

v0


 =




757700.301

5222606.566

4851499.770

2213.250611

4678.372741

−5371.314404




, (3.28)

where position and velocity are defined in m and m/s, respectively. For the Monte Carlo simula-

tions, 10,000 samples, normally distributed within some specified 3-σ region, are generated with

respect to the initial state in the Cartesian based on 1-σ Gaussian error

diag (P0) =

[
1000.02, 1000.02, 1000.02, 2.52, 2.52, 2.52

]
. (3.29)

For this analysis, the initial uncertainty is propagated with the two-body dynamics for 12 and 48

hours with the STTs up to the fourth-order. Figures 3.1-3.2 show the results of the propagation

for each period. Even though the simple two-body dynamics are introduced, the first-order STT,

i.e., STM, does not describe the uncertainty accurately. However, about fourth order, the STT

approximation is close enough to the full dynamical system. Also, the nonlinearity grows as the

propagation time is made longer, as expected. Figure 3.2 is a representation of the Monte Carlo

simulations result after 48 hours. The second order STT could follow the nonlinear evolution of

the full dynamical system. Note that higher STTs continue to be sufficient approximations to

the complete two-body dynamics even after such long propagation times. In summary, the STT

propagation, particularly above third order, continues to retain uncertainty consistency after 48

hours. It is also more clear for this case how the expansion of the dynamics converges upon the

true dynamics as one includes higher order effects. Tables 3.1-3.4 summarize the relative errors

of the mean of deviations and of the diagonal terms of covariance matrices obtained from each

order of STTs in percentages from Equations (3.26)-(3.27). As seen in Table 3.1, after 12 hours

of propagation, the propagated uncertainty with the STM is inaccurate. On the other hand,

the relative errors imply that the STTs above the second order are sufficient to map the initial
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Table 3.1: Relative errors in δm on each direction with respect to the order of STTs after 12 hours
of propagation (%)

STM STTs

2nd 3rd 4th

δmx 109.9525 18.0257e-3 17.35032e-3 26.8396e-6

δmy 95.2005 12.9850e-3 13.6389e-3 6.7264e-6

δmz 1.42828e3 686.7043e-3 390.9971e-3 2.3752e-3

δmẋ 59.3448 10.4839e-3 1.1685e-3 53.6116e-6

δmẏ 912.2435 426.8609e-3 264.8679e-3 1.3774e-3

δmż 96.67917 10.9573e-3 11.0970e-3 11.7053e-6

uncertainty. After 4 days of propagation, the relative errors in the mean of deviations are presented

Table 3.2: Relative errors in variances(diagonal terms of a covariance matrix) on each direction
with respect to the order of STTs after 12 hours of propagation (%)

STM STTs

2nd 3rd 4th

Pxx 348.6960e-3 46.0766e-3 37.5546e-6 240.2988e-6

Pyy 438.9232e-3 99.8500e-3 615.5324e-6 353.0359e-6

Pzz 61.0509e-3 66.7837e-3 9.0025e-6 12.6218e-6

Pẋẋ 67.4613e-3 64.5812e-3 28.7991e-6 31.1886e-6

Pẏẏ 55.5510e-3 61.3321e-3 3.9085e-6 7.3276e-6

Pżż 812.6804e-3 99.9410e-3 793.3978e-6 440.4987e-6

in Table 3.3. The results also imply that the second order STT propagates the initial uncertainty

with the sufficient accuracy. It is worth noting that the propagated uncertainty from the fourth

order STT describes the full dynamical system most accurately.

Table 3.3: Relative errors in δm on each direction with respect to the order of STTs after 48 hours
of propagation (%)

STM STTs

2nd 3rd 4th

δmx 104.7124 311.7035e-3 295.9309e-3 384.3329e-6

δmy 100.9504 296.8674e-3 292.9992e-3 483.8280e-6

δmz 81.7932 214.1611e-3 279.4905e-3 1.0148e-3

δmẋ 94.6232 292.6597e-3 313.6472e-3 892.9517e-6

δmẏ 79.9286 276.5333e-3 349.0988e-3 1.6933e-3

δmż 101.2280 301.0879e-3 295.8066e-3 515.3685e-6
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Table 3.4: Relative errors in variances(diagonal terms of a covariance matrix) on each direction
with respect to the order of STTs after 48 hours of propagation (%)

STM STTs

2nd 3rd 4th

Pxx 362.9316e-3 1.1741 3.8953e-3 3.6849e-3

Pyy 12.3554 1.2165e 124.9981e-3 6.0906e-3

Pzz 1.1441 1.1500 2.6303e-3 2.7136e-3

Pẋẋ 818.0988e-3 1.1262 1.3458e-3 2.0978e-3

Pẏẏ 1.1560 1.1588 2.7633e-3 2.8364e-3

Pżż 7.0179 1.3374 74.0184e-3 7.2554e-3

3.5 Conclusion

In this chapter, an analytic method of nonlinear uncertainty propagation is discussed. A spe-

cial solution to the Fokker-Planck equations for deterministic systems and the concept of the State

Transition Tensors (STTs) are combined so that, given an analytic expression of both the initial

probability distribution and the dynamics, the probability distribution may be expressed analyti-

cally for all time. Propagation of uncertainty is then only a matter of changing the time parameter

t. In particular, two-body dynamics is applied to the above framework. The propagation results are

compared with numerical Monte Carlo simulations. This example demonstrated the potential effi-

ciency and accuracy of analytic uncertainty propagation even when compared to numerical results

employing realistic parameter models. Lastly, the good agreement between the analytic and Monte

Carlo results implies that further investigation in analytic uncertainty propagation may indeed be

beneficial.
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(c) Zoom up near the right tail

Figure 3.1: Comparison of the propagated uncertainty on x-y phase space with the STTs up to
the fourth order after 12 hours. The accuracy of the propagated uncertainty with the higher-
order STT is higher. A magnified plot of the left tail (bottom-left) depicts that the fourth-order
STT (green crosses) maps the initial uncertainty with the highest accuracy: a result from the full
dynamical system, the second, and the third-order STTs is plotted in red circles, orange squares
and in magenta triangles, respectively.
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(a) Propagated uncertainty on the x-y phase space after 48 hrs
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Figure 3.2: Comparison of the propagated uncertainty on x-y phase space with the STTs up to
the fourth order after 48 hours. The accuracy of the propagated uncertainty with the higher-
order STT is higher. A magnified plot of the left tail (bottom-left) depicts that the fourth-order
STT (green crosses) maps the initial uncertainty with the highest accuracy: a result from the full
dynamical system, the second, and the third-order STTs is plotted in red circles, orange squares
and in magenta triangles, respectively.
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Figure 3.3: Propagated uncertainty with the STTs on y-z and z-x phase spaces after 12 hours (left
column) and 48 hours (right column). The accuracy of the propagated uncertainty gets higher by
introducing a higher-order STT.



Chapter 4

Canonical Perturbation Theory

Historically, the first methods were developed in the non-canonical framework1 . The per-

turbative methods, usually applied to deal with nonlinear dynamical problems, are defined based

on an expansion in power series of a “small” parameter with respect to the “known” solution of

a problem; thus, the “perturbed” and “unperturbed” systems differ in “small” quantities. Since

about a century ago, problems of celestial mechanics are exclusively dealt with the perturbative

methods; this celestial mechanical origin has characterized the structure of perturbation theory [7].

This historical background makes the perturbation techniques a powerful tool to obtain a solution

for a perturbed system for which there is already known non-perturbed solution, e.g., the two-body

motion. In this study, we use the canonical framework, originally suggested by Hamilton, since it

has the advantage that the equations of motion are written in a very simple form [7].

In this chapter, we summarize further details of the perturbation theory with a focus on

the Lie transformation method defined by Deprit [19, 42]. The properties of the transformation

method, such as

· providing a systematic way to derive higher-order solutions,

· deriving the solutions for the secular, short-period, and long-period variations separately,

inspire us to apply this specific transformation method instead of the classical Von Zeipel method

applied by Brouwer [9, 10, 50]. Advantages of the Deprit-Lie transformation method over the

1 The first person introduced perturbative methods, even if they were exclusively geometric, was Isaac Newton in
Book III of the Principia to deal with the irregularities of lunar motions.
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Von Zeipel method are from these properties. The feasibility and advantages of the Deprit-Lie

transformation method are verified by revisiting the problem originally addressed by Brouwer [9, 10].

Lastly, it is worth mentioning that, in 1966, Hori also defined the perturbation theory based on

the Lie theory [33] and, after the Deprit’s work [19], Campbell showed that both methods were

mathematically equivalent [13].

The outline of this chapter is as follows. A general definition of the Deprit-Lie transformation

method and its advantageous properties are introduced [7, 19]. Then, the generalized expressions

proposed by Kamel [42] and the symplecticity of the transformation method are addressed. Finally,

we present a practical example by revisiting the problem of the artificial satellite problem [9, 10].

From the example, the analytic solutions from the Deprit-Lie transformation method are tested to

guarantee the feasibility and the improvement of the accuracy.

4.1 Lie Transformation Method

We overview the Lie series and transformations in brief, and specifically address the algorithm

of Lie transformation defined by Deprit[19] to investigate the Hamiltonian of the problem; then,

we present a generalized algorithm by Kamel[42] for solving a homological equations. The primary

feature of the Deprit-Lie transformation method is the application of the Lie transform operator

to construct a canonical transformation in expanded form.

Definition 17 (Lie Operator). For given two analytic functions f(q, p) and W(q, p) bounded in

a domain Ω of phase space, Lie derivative of the function f generated by W is defined as a form of

the Poisson bracket {f, W}, which we now denote by the symbol

LWf = {f, W} =
n∑

i=1

(
∂f

∂qi

∂W
∂pi
− ∂f

∂pi

∂W
∂qi

)
, (4.1)

where LW is called the Lie operator.

For Hamiltonian systems, the Lie transform between two functions H and W is equivalent to the

classic Poission bracket as seen in Equation (4.1), which is generally referred to as the Lie derivative
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of H generated by W. Further, the n-th Lie derivative is defined as LnWH = LW
(
Ln−1
W H

)
and the

zeroth order derivative is the identity operator, i.e., L0
WH = H. As mentioned in Definition 17,

the functions H and W are assumed real and analytic in a bounded domain of the phase space,

i.e., Ω. This guarantees a convergent, real-valued series expansion for the resultant canonical

transformation in a neighborhood of the unperturbed system. Detailed properties and descriptions

about the Lie series and Lie transformation can be found in Appendix D.

In the original formulation, given Hamiltonian and generating functions are represented by

the series expansion about the small parameter ε as follows:

H(ζ ; ε) =
∞∑

n=0

εn

n!
Hn(ζ ; 0), (4.2a)

W(ζ ; ε) =
∞∑

n=0

εn

n!
Wn+1(ζ ; 0). (4.2b)

The 2n-dimensional vector ζ is defined as ζ = (q, p), where qi and pi are generalized coordinates

and conjugate momenta. Then, it is possible to obtain

∂H
∂ε

(ζ ; ε) =
∞∑

n=0

εn

n!
Hn+1(ζ ; 0), (4.3a)

LWH(ζ ; ε) =

∞∑

n=0

εn

n!

n∑

m=0



n

m


Lm+1Hn−m(ζ ; 0). (4.3b)

For the sake of simple notations, let us put LWξ
= Lξ. A subscript ξ denotes an order of generating

function. The Lie transformation ∆Wf [7, 19] is represented by the formal series as

∆WH =

∞∑

n=0

εn

n!
H(1)
n (ζ ; 0), (4.4)

and the recurrence extends to any n (n ≥ 0) is given by

∆k
WH =

∞∑

n=0

εn

n!
f (k)
n (ζ ; 0). (4.5)

Equation (4.5) can be rewritten as a generalized form as

H(k)
n (ζ) = H(k−1)

n+1 +
n∑

m=0



n

m


Lm+1H(k−1)

n−m . (4.6)
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In particular,

H(k)(ζ ; 0) = H(k)
0 (ζ ; ε) = H(k−1)

1 + L1H(k−1). (4.7)

Lastly, the recursion Equation (4.6) is easily visualized as shown in Figure 4.1. The figure is called

Figure 4.1: Recursive transformation of an analytic function under the Lie transformation (Deprit’s
triangle)

the Deprit’s triangle and provides a simple way to compute transformed Hamiltonian functions,

H(k)
n . Some examples from the Deprit’s triangle are given below:

O(ε0) : H(0)
0 = H0,0,

O(ε1) : H(1)
0 = H0,1 = H1,0 + LW1H0,0,

O(ε2) : H(2)
0 = H0,2 = H1,1 + LW1H0,1 = H2,0 + LW1(H1,0 +H0,1) + LW2H0,0,

O(ε3) : H(3)
0 = H0,3 = H3,0 + LW1(2H2,0 +H0,2) + LW2(2H1,0 +H0,1) + LW3H0,0

+ LW1LW1H1,0 + LW1LW2H0,0,

...

(4.8)

Lastly, for every order of ε shown in Equation (4.8), the generating functions can be written as a

form of the PDE (partial differential equation) as follows, which is called the homological equation

[19, 42].

L0(Wn) +Kn = H̃0,n, (4.9)

where H̃0,n, Kn, and L0(−) are a collection of all terms known from the previous order, transformed

Hamiltonians, and {−, H0}, respectively. A purpose of the homological equation is to separate the
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given Hamiltonian into two parts, constant and varying terms with respect to a specific variable.

The constant terms may be assigned as the transformed Hamiltonian, and the generating function,

Wn, is defined as a function including the varying terms.

For the sake of applying the Deprit-Lie transformation method, the generalized algorithm

proposed by Kamel [42] is discussed in this section. Based on the transformed Hamiltonian and

generating functions, i.e., Kn and Wn, the (semi) analytic solutions can be obtained based on

the definition of the perturbation theory. Let us assume an original set of variables as (x, X)

and a transformed set of variables as (y, Y ). The transformation is a near-identity canonical

transformation ψ : (y,Y ; ε) 7−→ (x,X), defined by the solution x(y,Y ; ε) and X(y,Y ; ε). The

solutions satisfy that

dx

dε
=
∂W
∂X

,
dX

dε
= −∂W

∂x
(4.10)

with initial conditions x(y,Y ; 0) = y and X(y,Y ; 0) = Y [19]. In the original set of variables

space, an Hamiltonian, H(x,X; ε), and generating, W(x,X; ε), functions are defined as a power

series of the small parameter ε

H(x,X; ε) =
∑

n≥0

εn

n!
Hn(x,X) =

∑

n≥0

εn

n!
Hn,0(x,X), (4.11a)

W(x,X; ε) =
∑

n≥0

εn

n!
Wn+1(x,X), (4.11b)

both of them are based on Equation (4.2). The given Hamiltonian function can be transformed

term by term up to required order in a recursive way through Equation (4.6). This procedure is

carried out systematically by solving the homological equation.

Then, suppose that the transformed Hamiltonian, K, is

K(y,Y ; ε) =

∞∑

n=0

εn

n!
Kn(y,Y ) =

∞∑

n=0

εn

n!
H0,n(y,Y ). (4.12)

If the variables satisfy the canonical equations, one can get relations from the transformed Hamil-

tonian

dyi
dt

=
∂Kn
∂Yi

,
dYi
dt

= −∂Kn
∂yi

, (i=1,. . . ,m) (4.13)



43

where yi and Yi indicate the generalized coordinates, and conjugate momenta. m represents the

number of variables. Figure 4.2 shows a procedure of the transformation. In general, the motion

STEP	  1	   STEP	  2	  

Original	  Hamiltonian	   No	  fast	  variable	   No	  angular	  variable	  

short-
period 

secular 
variations 

long-
period 

Figure 4.2: Two steps in the canonical transformation for eliminating the periodic variations from
a given Hamiltonian dynamics: 1) W extracts all terms dependent on the fast variable, e.g., mean
anomaly, from the given Hamiltonian F in order to remove the short-period variation, and 2) the
long-period variation is eliminated by W∗ from a transformed Hamiltonian in the first step, i.e.,
F∗. As a result of this procedure, the Hamiltonian at the final stage, F∗∗, has no variations which
evolve periodically.

of an orbiting object around a central body includes two different periodic variations, that is,

the short-period and long-period variations. Through the two-step transformations, these periodic

variations can be eliminated.

4.1.1 The Secular Variations

After completing the transformations, the transformed Hamiltonian can be expressed by

Equation (4.12) based on the relation given below.

K0 = H0,0 = F∗∗0 ,

K1 = H0,1 = F∗∗1 ,

K2 = H0,2 = F∗∗2 ,

K3 = H0,3 = F∗∗3 ,

...

(4.14)



44

Then, the transformed Hamiltonian K has no periodic variations; thus, one can get the analytic

solutions for the secular motion of an orbiting object through Equation (4.13).

The semi-analytic solutions eliminates only the short-period variations; thus, these solutions

can be defined by replacing F∗∗n in Equation (4.14) with F∗n, i.e., transformed Hamiltonians after

the first step. In particular, we focus on the semi-analytic solutions in analyzing the dynamical

realism since a magnitude of the long-period variations may be greater than that of the short-

period variations. In other words, it may be impossible to assume the magnitude of the long-period

variations as a noise. Lastly, here are advantages of the semi-analytic solutions.

· the semi-analytic solutions have advantages over the full analytic solutions when we consider

the resonances.

· the accuracy of a propagation with the semi-analytic solutions is better since there is no

truncation of higher-order terms, occurred in the second transformation.

4.1.2 The Periodic Variations

Based on the property of the canonical transformation, the generating function provides

information about non-constant parts; thus, the analytic solutions for the periodic variations are

derived from the generating functions. In this section, we summarize the generalized expressions

by Kamel [42] for the periodic variations. Note that the original set of variables, e.g., osculating

elements, and the transformed one, e.g., mean elements, are (x, X) and (y, Y ), respectively.

The transformation which recovers the periodic variations, converting the space from the

mean to osculating, is defined as follows:

x = y
(0)
0 +

∑

n≥1

εn

n!
LnW(y) = y

(0)
0 +

∑

n≥1

εn

n!
y

(n)
0 , (4.15a)

X = Y
(0)

0 +
∑

n≥1

εn

n!
LnW(Y ) = Y

(0)
0 +

∑

n≥1

εn

n!
Y

(n)
0 , (4.15b)
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where

y
(n)
0 =

∂Wn

∂Y
+

∑

1≤j≤n−1

Cn−1
j Gj y

(n−j)
0 , (n ≥ 1) (4.16a)

Y
(n)

0 = −∂Wn

∂y
+

∑

1≤j≤n−1

Cn−1
j Gj Y

(n−j)
0 , (n ≥ 1) (4.16b)

and
(
y

(0)
0 , Y

(0)
0

)
represent the secular variations, i.e., mean orbit. The inverse transformation,

converting the space from the osculating to mean, is simply defined as

y = x
(0)
0 +

∑

n≥1

εn

n!
Ln−W(x) = x

(0)
0 +

∑

n≥1

εn

n!
x

(n)
0 , (4.17a)

Y = X
(0)
0 +

∑

n≥1

εn

n!
Ln−W(X) = X

(0)
0 +

∑

n≥1

εn

n!
X

(n)
0 , (4.17b)

where

x
(n)
0 = −y(n)

0 +
∑

1≤j≤n−1

Cnj Gj y
(n−j)
0 , (n ≥ 1) (4.18a)

X
(n)
0 = −Y (n)

0 +
∑

1≤j≤n−1

Cnj Gj Y
(n−j)

0 . (n ≥ 1) (4.18b)

Eq. (4.16) and (4.18) are simplified expressions defined by Kamel[41], where Cnk represents the

binomial coefficients and a function Gj is

Gj = Lj −
∑

0≤m≤j−2

Cj−1
m Lm+1Gj−m−1. 1 ≤ j ≤ n (4.19)

As seen in Equations (4.15) and (4.16), the periodic variations are defined with respect to the

secular variations, i.e., mean orbit. Thus, an accurate conversion from osculating orbital elements

into mean elements is one of the most critical part in applying the analytic solutions [60].

4.1.3 Analytic Algorithm for Space Conversion

As we demonstrate so far, the fundamental idea of the transformation is to eliminate periodic

variations sequentially. An analytic conversion algorithm is based on Eq. (4.17). Basically, those

equations indicate the eliminated variation with respect to the mean orbit (or trajectory); thus, if

one wanted to have osculating elements at an arbitrary epoch t, the eliminated variation would be
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recovered by Eq. (4.15) with respect to the mean orbit at that epoch. In this section, we address a

more detailed procedure to apply the equations. Suppose that a given Hamiltonian is transformed

twice, as seen in Figure 4.2, to eliminate two angular variables as

(l, g, h, L, G, H)
STEP1
====⇒ (l∗, g∗, h∗, L∗, G∗, H∗)

STEP2
====⇒ (l∗∗, g∗∗, h∗∗, L∗∗, G∗∗, H∗), (4.20)

and the corresponding Hamiltonians at each step are F , F∗, and F∗∗, respectively.

4.1.3.1 Determination of the Mean Variables from the Osculating Variables

The secular variations are defined as

d

dt
(l∗∗, g∗∗, h∗∗)T =

∂F∗∗
∂(L∗∗, G∗∗, H∗∗)

= C,

d

dt
(L∗∗, G∗∗, H∗∗)T = − ∂F∗∗

∂(l∗∗, g∗∗, h∗∗)
= 0,

(4.21)

where C is an arbitrary 3× 1 constant vector. Equation (4.21) is integrated to

(l∗∗, g∗∗, h∗∗) = (l∗∗0 , g
∗∗
0 , h

∗∗
0 ) + C · t,

(L∗∗, G∗∗, H∗∗) = (L∗∗0 , G
∗∗
0 , H

∗∗
0 ),

(4.22)

where (l∗∗0 , g
∗∗
0 , h

∗∗
0 ) and (L∗∗, G∗∗, H∗∗) represent the initial condition in the mean variables’ space,

which are constants and determined from a given initial conditions in the osculating variables’

space. In order to obtain the mean initial conditions, we can apply Equation (4.17): the short-

period variations and the long-period variations are removed sequentially. This procedure is defined

as follows:

(1) STEP 1: elimination of the short-period variations, (l∗, g∗, h∗, L∗, G∗, H∗)

(l∗, g∗, h∗)T = (l0, g0, h0)T +
∑

n≥1

εn

n!

(
l
(n)
0 , g

(n)
0 , h

(n)
0

)T
,

(L∗, G∗, H∗)T = (L0, G0, H0)T +
∑

n≥1

εn

n!

(
L

(n)
0 , G

(n)
0 , H

(n)
0

)T
,

(4.23)

where (l0, g0, h0, L0, G0, H0) represents the initial conditions in the osculating variables’

space.
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(2) STEP 2: elimination of the long-period variations, (l∗∗, g∗∗, h∗∗, L∗∗, G∗∗, H∗∗)

This step exactly repeats the calculation performed in the step 1 with the transformed

variables, i.e., starred variables, as

(l∗∗, g∗∗, h∗∗)T = (l∗0, g
∗
0, h

∗
0)T +

∑

n≥1

εn

n!

(
l
∗ (n)
0 , g

∗ (n)
0 , h

∗ (n)
0

)T
,

(L∗∗, G∗∗, H∗∗)T = (L∗0, G
∗
0, H

∗
0 )T +

∑

n≥1

εn

n!

(
L
∗ (n)
0 , G

∗ (n)
0 , H

∗ (n)
0

)T
.

(4.24)

From the sequential computation, we can obtain the initial conditions in the mean variables’ space

for defining the secular variations in Equation (4.22).

4.1.3.2 Restoration of the Periodic Variations

This calculation is following the above procedure in reverse. At first, the long-period vari-

ations are added to the secular variations, i.e., the mean trajectory. After that, by considering

the short-period variations with respect to the trajectory defined by the secular and long-period

variations, the original trajectory in the osculating variables’ space is recovered. We can carry out

this procedure with Equation (4.17).

(1) Restore the long-period variations

By replacing y
(0)
0 and Y0 (Equation (4.17)) with (l∗∗0 , g

∗∗
0 , h

∗∗
0 ) and (L∗∗0 , G

∗∗
0 , H

∗∗
0 ), respec-

tively, we can recover an intermediate trajectory, i.e., including the secular and long-period

variations.

(2) Restore the short-period variations

With the same procedure, the short-period variations are added to the intermediate tra-

jectory.

Throughout the above procedure, the mean trajectory, i.e., defined only with the secular variations,

is restored to the original trajectory includes all periodic variations.
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4.2 The Symplecticity of the Transformation

In the case of Hamiltonian system, the Hamiltonian equations in Equation (2.24) can be

rewritten with the symplectic unit matrix J as follows:

Ẋ = J

(
∂H
∂X

)T

, (4.25)

where X = (x, X).

We would then absolutely keep this Hamiltonian character for a coordinate transformation

y to x, i.e., (y, Y ; ε) 7−→ (x, X). From Equation (4.15), this coordinates transformation can be

developed in series of power a “small” parameter ε. Then, a fundamental interpretation is obtained

as [19]

dx

dε
=

∂

∂X
W(x, X ; ε),

dX

dε
= − ∂

∂x
W(x, X ; ε), (4.26)

with a condition (x, X) = (y, Y ; 0). These relations can be rewritten with the symplectic unit

matrix as follows:

dX
dε

= J

(
∂W
∂X

)T

. (4.27)

Thus, the Deprit-Lie transformation method can keep the symplecticity in the coordinates trans-

formation as well.

4.3 Application of the Deprit-Lie Transformation

In 1969, Brouwer proposed analytic solutions for the problem of the artificial satellite theory,

derived from the Von-Zeipel canonical transformation method [9, 10]. In the solutions, secular

effects up to order two and periodic perturbations up to order first due to the zonal harmonics (J2)

is included. A procedure for deriving the solutions consists of two steps for eliminating each periodic

variation as seen in Figure 4.2. Note that functions W and W∗ are the generating functions, which

corresponds to the deterministic functions S and S∗ in [9]. For the sake of verifying feasibility

and advantages of the new transformation method, we reproduce the analytic solutions with the

Deprit-Lie transformation method. Equation (4.28) shows the solutions for the secular variations
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with the same order to those by Brouwr [9] and is exactly equivalent to the original results.

l̇ = n− 3α2J2µ
(
3s2 − 2

)

4a5η3n
− α4J2

2n

128a4eη11

[
4e5
(
2− 3s2

)2 − 16e4
(
2− 3s2

)2 − 16e2
(
2η2 − 1

) (
2− 3s2

)2

−e
{

48η5
(
2− 3s2

)2 − 8η2
(
2− 3s2

)2
+ 4

(
2− 3s2

)2
+ 15η6

(
5s4 + 8s2 − 8

)
+ η4

(
351s4 − 768s2 + 376

)}

−16η2
(
η2 − 1

) (
2− 3s2

)2 ]
, (4.28a)

ġ = −3α2J2n
(
5s2 − 4

)

4a2η4n
+

α4J2
2n

128a4eη12

[
4e5
(
135s4 − 192s2 + 68

)

−16e4
(
135s4 − 192s2 + 68

)
− 16e2

(
3s2 − 2

) (
−36η2 +

(
48η2 − 45

)
s2 + 34

)

+e
{
−8
(
21η6 − 72η5 − 131η4 − 68η2 + 34

)
+ 15

(
9η6 + 72η5 + 41η4 + 72η2 − 36

)
s4

+12
(
9η6 − 132η5 − 151η4 − 128η2 + 64

)
s2
}
− 16η2

(
η2 − 1

) (
2− 3s2

)2 ]
, (4.28b)

ḣ = −3cα2J2n

2a2η4
+

3cα4J2
2n

32a4η12

[
4e4
(
3s2 − 2

)
+ e3

(
32− 48s2

)
− 16e

(
η2 − 1

) (
3s2 − 2

)

+4
(
η6 − 6η5 − 8η4 − 4η2 + 2

)
+
(
5η6 + 36η5 + 23η4 + 24η2 − 12

)
s2
]
, (4.28c)

L̇ = 0, (4.28d)

Ġ = 0, (4.28e)

Ḣ = 0. (4.28f)

In addition, the reproduced solutions are defined up to the third order for the secular variation

and up to the second order for the periodic variations based on the advantages of the Deprit-Lie

transformation method. The third-order analytic solutions and the generating functions for the

problem are in Appendix E. The solutions are applied to propagate a state of a satellite in Low

Earth Orbit (LEO) and in Medium Earth Orbit (MEO) under J2 gravity field harmonics, i.e., J2.

The initial conditions for each example are as follows: For the both examples, the given initial

conditions are propagated for 30 days. Table 4.2 shows the standard deviation of errors in each

direction, i.e., position and velocity. Figure 4.3 depicts a time history of errors about the truth.

The truth for each example is calculated from the TurboProp 4.0 [31]. As seen in the results, the

higher-order solutions apparently improve the accuracy of the propagated state.
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Table 4.1: Initial conditions for each example

Element LEO MEO

Semimajor axis, a, (km) 7028.136 26578.136

Eccentricity, e 0.01 0.01

Inclination, i, (deg) 55.0 55.0

Longitude of the ascending node, Ω, (deg) 45.0 45.0

Argument of periapsis, ω, (deg) 60.0 60.0

Mean anomaly, ν, (deg) 105.0 105.0

Table 4.2: Standard deviation errors of the second and third order solutions about the truth for
each example under J2 gravity field harmonics perturbation

LEO MEO

2nd-order 3rd-order 2nd-order 3rd-order

σx (km) 9.6715 1.5120 23.5714e-3 2.2191e-3

σy (km) 10.2287 1.5962 23.1487e-3 2.2430e-3

σz (km) 9.9689 1.5251 22.2099e-3 737.2663e-6

σẋ (km/s) 10.3769e-3 1.6224e-3 3.4413e-6 323.9452e-9

σẏ (km/s) 10.9698e-3 1.7111e-3 3.3962e-6 327.2676e-9

σż (km/s) 10.7015e-3 1.6372e-3 3.2164e-6 105.2836e-9
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Figure 4.3: Time history of a position error on each direction in the Cartesian coordinate space for
an object in Low Earth Orbit (LEO, left column) and in Medium Earth Orbit (MEO, right column):
errors from the analytic solutions including the second-order secular+the first-order periodic effects
and from those including the third-order secular+the second-order periodic effects are plotted in
blue and red, respectively.
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4.4 Conclusion

Throughout this chapter, we summarize the Lie transformation method by following Deprit’s

definition [19] and introduce the generalized expressions by Kamel [42]. Then, a procedure for

deriving the (semi) analytic solutions for each variation is presented. We also demonstrate that the

symplecticity of the Hamiltonian system is kept for the coordinates transformation. Finally, the

feasibility and the improvement of accuracy of the Deprit-Lie transformation method are verified

by revisiting the problem of the artificial satellite theory, originally proposed by Brouwer [9]. The

semi-analytic solutions discussed in this chapter will be applied to more practical orbiting motions

for verifying the dynamical realism and developing a new method.



Chapter 5

Dynamical Realism in Mapping Uncertainty

We focus on the role that the accuracy of the dynamical model plays in consistent uncertainty

propagation, regardless of its representation. Simply put, we pose the question: how accurate

must the mapped dynamics be in order to appropriately model the uncertainty distribution? This

question is inspired by the discussion that the weak solution of the Stochastic Differential Equations

(SDE) has the same distribution as sample path from the strong (actual) solution but does not

depend on the particular noise realization [29]. The simplified models are called weak solutions of

the stochastic dynamical model. More specifically, determination of weak solutions often suffices

because the first few moments of the exact and weak solutions match to within the same order of

magnitude. As these low-order moments are those that are required in many engineering tasks, it is

possible to employ a simplified model which is computationally efficient [68, 69]. In this chapter, we

compare distributions up to the fourth moment to verify our approach. We also test the veracity of

our approximate PDFs with other tests that are independent of the moments. The main technical

contribution of this paper is the statistical investigation of so called Simplified Dynamical System

(SDS) for orbital motion, which is defined by removing the fast variable of a full dynamical system

through averaging. Not only would such a simplified model lead to reduced computational burden,

it could also shed insight into the dynamical driver of nonlinearity; e.g., secular, short-, or long-

period variations.

The outline of this chapter is as follows. The SDSs, based on the Brouwer-Lyddane theory

[9, 50] and averaged Lagrange Planetary Equations (LPEs), are defined for non-Keplerian motion
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around the Earth. The former is applied to an object on the Low Earth Orbit (LEO) with J2

gravity field harmonics and the latter to the Medium Earth Orbit (MEO) and a highly elliptic

orbit (Molniya) cases with J2 gravity field harmonics and a third-body perturbation. Then, for the

sake of investigating the dynamical realism, we use Monte Carlo simulations with 10,000 samples.

Finally, the accuracy and the improvement of the efficiency are verified through statistical methods

and through a comparison of computational times.

5.1 Simplified Dynamical System

The SDS replaces the short-period terms included in the full dynamical system with constants

by averaging. The constants are acquired from the initial offset correction, which play an important

role for the SDS since the short-period terms are not cancelled out completely by averaging in

general [67]. Using the SDS, we will investigate the relation between dynamical model precision

and the propagated uncertainty accuracy, the importance of the short-period variations relative to

the secular ones, and the enhancements in computational efficiency. In this section, we will discuss

details about two types of SDSs: an analytic approach based on the SBT and an approximated

numerical approach based on the LPEs.

5.1.1 Analytic Approach

In 1959, Brouwer had derived the analytic solutions (or solution flow) for the problem of the

artificial satellite under J2 perturbation via von Zeipel’s method. The analytic solutions of the CBT

are defined in terms of the classical orbital elements (COEs) at some given epoch. Equation (5.1)

shows the mathematical definition of a solution flow [63], φ, with respect to the initial state, xOE,

and time, t0.

xOE(t) = φ(t; xOE,0, t0), (5.1)

where xOE(t) presents a propagated state at time t. SBT is a simplified form of the CBT, and

can be derived by applying the usual averaging method to the original solution flow as seen in
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Equation (5.2)

x(t) =
1

2π

∫ 2π

0
φ(t; xOE,0, t0)dM. (5.2)

Equation (5.3) is also used in the integration [72]

dM =
(1− e2)3/2

(1 + e cos f)2
df 7−→ df =

a2

r2

√
1− e2dM, (5.3)

which is derived from a relation between the mean and true anomalies for the two-body problem.

After averaging the solutions [44], we get a new set of solutions required to define the SBT. Equa-

tions (5.4a) and (5.4b) show how the new solution flow can make the system simpler by comparing

both the CBT and SBT.

x = x0 + xsecular + xshort + xlong (5.4a)

x = x0 + xsecular + xshort + xlong, (5.4b)

where x indicates the solution flow of the SBT. The secular variations are not periodic; thus, the

solutions are the same in both cases. Since the averaging is taken about the fast variable, the long-

period terms are still functions of time; however, these terms are negligibly small for propagation

intervals used in this study since they depend on a slow variable. On the other hand, the short-

period term is converted into constants by the simplification. This means that the SBT requires at

least nine less computations than the CBT: six for computing the short-period and three for the

long-period terms. Therefore, if Monte Carlo simulations are used in this study, the use of the SBT

should reduce computational burden compared to the CBT. Note that the initial offset correction

is applied to Equation (5.4b) as a final step for the SBT.

5.1.2 Numerical Approximation Approach

The LPEs are a widely used general perturbation theory to compute the variation of pa-

rameters. We consider perturbations caused by J2 gravity field harmonics and third-body, whose
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perturbing potentials are shown in Equation (5.5a) and (5.5b) [72]

RJ2 =
µ

2r3
R2
⊕J2

[
1− 3 sin2 i sin2(ω + f)

]
, (5.5a)

Rp =
µp
d

∞∑

i=2

(r
d

)i
Pi,0(r · d/rd)

≈ 1

2

µp
d3

[
3 (r · d̂ )2 − r2

]
. (5.5b)

For the simplified LPEs, each perturbing potential, R, has to be averaged with respect to the fast

variable as in Equation (5.6)

R =
1

2π

∫ 2π

0
RdM. (5.6)

Through averaging, the perturbing potential for J2 gravity field harmonics can be redefined as

RJ2 = − µJ2R2
⊕

(a
√

1− e2)3

[
3

4
sin i− 1

2

]
(5.7)

We set the moon to be the third-body and introduce one assumption applied in previous studies

[23, 22, 73], which is to set the inclination of the third-body, i.e., the moon, as zero. Hence, the

motion of the moon exists on the equatorial plane. Figure 5.1 shows the assumption conceptually:

Figure 5.1: Illustration of the assumed dynamical system

the orbital plane of the artificial moon coincides with the equatorial plane (IM = 0◦). It helps us to
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express Equation (5.5b) in a simpler form in terms of the classical orbital elements by eliminating

sin IM in the rotation matrix. Since the propagation interval in this study is relatively shorter

than the period of the third-body, this assumption is applicable as well as beneficial to make the

derivation more manageable. Based on these assumptions, it is possible to rewrite Equation (5.5b)

as shown below

Rp =
1

2

µp r
2

d3

[
3 cos2(S)− 1

]

=
1

2

µp r
2

d3

[
3(α cos f + β sin f)2 − 1

]
,

(5.8)

where

α = cosω cos(Ω−M′)− cos i sinω sin(Ω−M′)

β = − sinω cos(Ω−M′)− cos i cosω sin(Ω−M′).

(5.9)

Thus, the perturbing potential due to the moon can be rewritten as

Rp =
1

2

µp r
2

d3

[
3(α2 cos2 f + 2αβ cos f sin f + β2 sin2 f)− 1

]
. (5.10)

Equation (5.10) can be averaged by using Equation (5.6), then,

Rp =
µpa

2n2
p

2

(ap
d

)3
{(

1 +
3

2
e2

)[
3

2
(α2 + β2)− 1

]
+

15

4
(α2 − β2)e2

}
. (5.11)

Therefore, the total averaged perturbing potential, R, can be acquired by a simple linear summation

as

R = RJ2 +Rp. (5.12)

Based on the basic definition of the LPEs [72] and the averaged perturbing potentials, the simplified

LPEs can be presented as below in terms of the classical orbital elements.

ȧ =
2

na

∂R
∂σ

(5.13a)

ė =
1

na2e

[
(1− e2)

∂R
∂σ
−
√

1− e2
∂R
∂ω

]
(5.13b)

i̇ =
1

na2
√

1− e2

[
cot i

∂R
∂ω
− csc i

∂R
∂Ω

]
(5.13c)

Ω̇ =
csc i

na2
√

1− e2

∂R
∂i

(5.13d)
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ω̇ =

√
1− e2

na2e

∂R
∂e
− cot i

na2
√

1− e2

∂R
∂i

(5.13e)

σ̇ = −1− e2

na2e

∂R
∂e
− 2

na

∂R
∂a

. (5.13f)

The analytic solutions for the second SDS can be derived simply through integrating Equa-

tions (5.13a)- (5.13f) [67]. As with the SBT, an initial offset correction has to be introduced

to map the uncertainty more accurately.

5.2 Correction of Offset due to Periodic Terms

Even though the first-order solution, i.e., secular variation, assumes a mean motion by aver-

aging, it strongly depends on the initial conditions since the periodic parts usually have a non-zero

value after the averaging. Hence, we consider the initial offset belonging to the initial conditions.

In this section, we show general description how this initial offset correction can be calculated

briefly, and then discuss how the initial offset correction is acquired for the SBT. Let us consider
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Figure 5.2: Dependency of the first-order solution on the initial conditions.

the solution over one orbital period. An orbital element, α, at any time can be expressed as a sum

of the initial conditions, the secular term (or averaged) term, which varies linearly with time over
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one period, and the periodic term for 0 ≤ t ≤ T as

α(t) = α0 + α̇ · t+ αp, (5.14)

where α0, α̇, αp, and T represent a given initial condition, secular rate, and the periodic term, and

the orbital period respectively. Note that one orbital period is a relatively short interval compared

to the time scale of long-periodic effects; thus, it is possible to assume that the periodic term is

only short-period. The averaged value of the orbital element over one orbital period becomes

α = α0 + α̇ · T

2
+ αp. (5.15)

In Equation (5.15), αp is the average value of the periodic term. Although the averaging theory

assumes that this term is zero, it will have some non-zero value in most cases as seen in Figure 5.2. A

mean value from the averaging theory (squares) and that from the assumption (triangles) are plotted

in the figure: the ideal case is shown in Figure 5.2(a) and more general case is in Figure 5.2(b).

The time derivative of Equation (5.14) can be rearranged as a differential equation for the periodic

term as below [67, 72]

α̇p = f(x, t)− α̇(x). (5.16)

where f(x, t) is the full dynamical system for the orbital elements, i.e., α̇(x, t), and x represents a

set of orbital elements. Integrating the above equation for an arbitrary interval, t, and taking an

average, the average value of αp is given as

αp =
1

2π

∫ 2π

0

[ ∫ t

0
f(x(τ), τ)dτ − α̇(x0) · t

]
dM. (5.17)

If the ideal initial conditions were used, Equation (5.17) should become zero (Figure 5.2(a)) and

the initial offset correction is unnecessary. By applying the averaged value acquired through Equa-

tion (5.17), the corrected initial conditions can be expressed as

α(t0) = α0 + αp. (5.18)

An advantage of the analytic approach is that the computation of the initial offset correction is

simplified. The analytic solutions are defined with respect to the mean orbit, which is a charac-

teristic of the perturbation theory. More specifically, as shown in Equation (5.1), the propagated



60

state at any epoch, ti, can be computed based on the mean orbital element at the initial epoch,

xOE,0. Thus, the mean orbital elements at the initial epoch can be directly acquired by iterating

Equation (5.1) with t = 0 [12]. This conversion algorithm may be replaced with a completely

analytic method by using a generating function from a canonical transformation, e.g., von Zeipel,

Lie transformation, and so on.

For the numerical approximation approach, the periodic offset in Equation (5.14) is solved

by integrating the full nonlinear dynamics including the disturbing forces shown in Equation (5.19)

for one orbit, then, subtracting the initial conditions and the secular change acquired from the

simplified LPEs. Finally, the result is inserted into Equation (5.18) to determine the corrected

initial conditions.

aJ2 = −3µJ2R2
⊕

2|r|4
{ [

1− 5(r̂ · ẑ)2
]
r̂ + 2(r̂ · ẑ)ẑ

}
(5.19a)

a3rd = −µ3rd

[
(r − d)

|r − d|3 +
d

|d|3
]

(5.19b)

5.3 Verification of the Simplified Dynamical System

The accuracy of the SDS is verified through Monte Carlo simulations for two scenarios: a Low

Earth Orbit (LEO) satellite and Medium Earth Orbit (MEO) satellite. The altitude of the LEO

satellite is approximately 602 km, which allows the dynamical system to be highly nonlinear due

to gravitation. The MEO satellite has a similar altitude with classical global navigation satellite

systems (GNSS) such as GPS, Galileo, or Glonass; this case demonstrates the capabilities of the

proposed method when propagating the state uncertainty including the perturbation due to a third-

body. Table 5.1 provides the initial orbit elements for these scenarios. The initial conditions are

chosen to avoid singularity problems, e.g., zero eccentricity, zero inclination, and critical inclination,

because the current SDSs are defined in terms of the Delaunay variables. For the Monte Carlo

simulations, 10,000 samples, normally distributed within some specified 3-σ region, are generated

with respect to the initial Keplerian elements. We are using a large covariance so as to push
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Table 5.1: Initial Keplerian elements and propagation method for the test orbits

Element LEO MEO Molniya

Semimajor axis, a, (km) 6980.041 26578.140 26600.000

Eccentricity, e 0.1 0.01 0.74

Inclination, i, (deg) 30 55 62.8

Longitude of the ascending node, Ω, (deg) 45 45 45

Argument of periapsis, ω, (deg) 60 60 270

Mean anomaly, ν, (deg) 105 105 105

Propagation method SBT simplified LPEs

the algorithm into the highly nonlinear regime. The selected number of samples is the minimum

number of samples that ensure consistent mean and variance as shown in Figure 5.3. In the figure,

the propagated mean and variance from five iterations are represented by different symbols. After

10,000 samples, the change in the mean value is less than 1% with respect to the mean of 25,000

samples. The convergence test shows that the mean and variance do not have any significant change

over 10,000 samples. The numerical integration result with the full dynamical system is assumed
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Figure 5.3: Mean and variance after 50-orbital periods of propagation with different size of samples

as the truth. The full dynamical system includes the same perturbations as each test case, i.e.,

LEO with J2 and MEO with J2+moon, and the results from it include short periodic variations.



62

The initial state is integrated with the ode45 function in MATLAB. In this section, we compare

the propagated distributions from two different SDSs and verify the accuracy statistically.

5.3.1 Result I: The Accuracy of the SDS for LEO

A Gaussian error centered at the initial Keplerian elements of the LEO object is assumed

with standard deviations of 20 km in the semi-major axis, 0.005 in eccentricity, and 0.01◦ in the

inclination, longitude of ascending node, the argument of the pericenter, and the mean anomaly

directions. The LEO satellite case is propagated for 50-orbital periods, which is approximately

three days.

5.3.1.1 Verification of the Accuracy

For the sake of demonstration of statistical comparison, we plot the propagated distributions

for both the full dynamical model and SDS on the δx-δẋ phase-space and the histograms of the

PDFs in each direction in Figure 5.4: histogram of the conditional PDF on the δẋ(ER/s) axis

(top-left), that on δx(ER) axis (bottom-right), and the distributions of the samples on the δx-δẋ

phase space (top-right) from two different methods. Since results on the δy-δẏ and δy-δẏ phase

spaces have similar shapes to Figure 5.4, we do not attach figures on those spaces. Even though the

distribution at the initial epoch is Gaussian, the propagated uncertainty does not have a normal

distribution because of the nonlinearity in dynamics. We verify how well the SDS captures the

nonlinear effect by comparing the moments of the PDF. Table 5.2 is a summary for all coordinate

directions of the moments of the propagated distribution with the SDS and relative errors of them

with respect to the truth in percentage. All values are normalized with respect to Earth radius.

The first-order central moment, µ1, is defined to be zero, so we use actual mean values instead

of the central moment. The third and fourth-order moments are defined with the standardized

moments. The table shows that the relative errors are less than 0.5% from the truth. These values

describe the shape of the PDFs shown in Figure 5.4. For instance, a positive skewness, or third-

order standardized moment indicates that the PDF in the x direction (bottom-right) has a long tail
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Figure 5.4: Sample point distribution and its conditional histograms after 50-orbital periods of
propagation in LEO.
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Table 5.2: Central moments and relative errors after 50-orbital periods of propagation (J2 only)

1st order 2nd order 3rd order 4th order

µ1 ∆ (%) µ2 ∆ (%) µ3 ∆ (%) µ4 ∆ (%)

δx 0.1146 0.3312 0.3722 0.1392 0.4765 0.2222 2.0311 0.5313e-1

δy 0.2571 0.7574e-1 0.1218 0.2467 1.5184 0.3868e-1 4.8877 0.5524e-1

δz 0.1105 0.7904e-1 0.7482e-1 0.3944 1.0339 0.1509 3.0474 0.1357

δẋ -0.1594e-3 0.8730e-1 0.5752e-7 0.4756e-1 -1.6568 0.9476e-1 5.3795 0.1229

δẏ 0.2871e-4 0.5567 0.1174e-6 0.1514 0.2461 0.4639 1.8794 0.2171e-1

δż 0.5208e-4 0.1674 0.2451e-7 0.3037 0.8252 0.2252 2.6823 0.1176

on the right-hand side. On the other hand, that in the ẋ direction has a long tail on the opposite

side, which corresponds to the negative value of µ3.

We apply the statistical energy test to the distributions propagated with the full dynamical

system and the SDS at five orbital epochs and within one period. The significance probability,

i.e., p-value, for the hypothesis test is plotted in Figure 5.5 for every 5 orbital periods from 0 to

50 orbital periods of propagation, Figure 5.5(a), and within 49-50 orbital periods of propagation,

Figure 5.5(b). As seen in the figure, the significance probability is always larger than the designated

significance level of α = 5%. This result represents that the distribution propagated with the SBT

is equal to that from the full dynamical system with a 95% confidence level.

5.3.1.2 Periodic Effects Within One Period

Since the short-period variations are replaced with constants, a periodic offset exists between

the distributions computed using the full dynamical system and the SDS. Figure 5.6 shows an

oscillation in the offset on the g-G phase-space between 49 and 50 orbital periods. In the figure,

the distributions of the deviation about the mean computed with the numerical integration (black

crosses) and those with the SBT (gray circles) reflect the difference between the full and constant

short-period terms. To investigate the impact in the accuracy of the propagated uncertainty due

to the offset, we compare the skewness and kurtosis of PDFs in the ECI coordinate frame, which is

shown in Figure 5.7: time history of the moment from the truth is represented with triangles and

that from the SDS squares. As seen the figure, both statistical values from two dynamical systems
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Figure 5.5: Time history of the p-value (solid line) with the SBT and the designated significance
level, α (dotted line).
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Figure 5.6: The effects from the short-period terms inside one orbital period on the g-G phase
space.
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match each other. Therefore, the short-period variations are a negligible factor in the propagation

of uncertainty in ECI coordinates.
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Figure 5.7: Time history of the skewness and kurtosis in the δx direction within one period plotted
over time.

5.3.1.3 Consistency of the SBT in Uncertainty Propagation

The L2-norm of the STD for the true distribution (squares) and that for the error (triangles),

∆δx, increase in time as shown in Figure 5.8(a). The time history of the normalized STD of each

position component is plotted in Figure 5.8(b): x (squares), y (circles), and z (triangles). The

figure shows that the normalized STD varies less than 0.3% for a propagation of approximately

one week. Therefore, it is possible to see that the propagated uncertainty with the SDS follows the

truth consistently.

5.3.2 Result II: The Accuracy of the SDS for MEO

The initial distribution at the initial epoch for the MEO is generated with the same initial

error, 1-σ, to the LEO case. This MEO satellite is propagated for 30 orbit periods, which is about

15 days.
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Figure 5.8: Time history of L2-norm and normalized STD for LEO.
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5.3.2.1 Verification of the Accuracy

Figure 7.2 shows the distributions on the δx-δẋ phase-space and the histograms of the PDFs

belonging to each direction: the conditional PDF on the δẋ(ER/s) axis (top-left), that on δx(ER)

axis (bottom-right), and the distributions of the samples on the δx-δẋ phase space (top-right)

from two different methods. To verify the results statistically, we summarize the moments of the

PDFs and relative errors in Table 5.3. The PDF in the δẋ direction, at top-left in Figure 7.2,

δx

0 0.2 0.4

δ
ẋ
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Figure 5.9: Sample point distribution and its conditional histograms after 30-orbital periods of
propagation in MEO.

has a slightly asymmetric shape, which corresponds to the small skewness µ3. Relative errors of

the moments with respect to the truth are less than 0.1%; thus, the SDS in this scenario, which

includes the multiple perturbations, captures the nonlinearity and maps the uncertainty accurately.
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The gravitational force of the two-body problem, which is inversely proportional to the square of

Table 5.3: Central moments and relative errors after 30-orbital periods of propagation (MEO,
J2+moon)

1st order 2nd order 3rd order 4th order

µ1 ∆ (%) µ2 ∆ (%) µ3 ∆ (%) µ4 ∆ (%)

δx 0.2684e-1 0.2990e-1 0.1610e-1 0.2520e-1 0.8429 0.1592e-1 3.1445 0.7941e-2

δy 0.2153e-1 0.2377e-1 0.8941e-1 0.3712e-1 0.2993 0.4522e-2 2.4681 0.1848e-3

δz -0.4725e-2 0.6861e-1 0.1822 0.2194e-1 -0.4414e-1 0.5888e-1 2.3731 0.3081e-3

δẋ -0.1417e-5 0.9387e-3 0.3730e-8 0.3781e-1 -0.9819e-1 0.2023e-1 2.3822 0.1126e-2

δẏ 0.2596e-5 0.6200e-1 0.2122e-8 0.3193e-1 0.2309 0.4495e-1 2.4272 0.1520e-2

δż 0.4070e-5 0.4401e-1 0.2221e-9 0.9406e-1 1.0773 0.4937e-2 3.6383 0.4653e-2

the distance, causes the largest nonlinearity in the dynamical system with a given altitude for this

case. Thus, the relative error becomes smaller than that in the previous test.

The accuracy of the uncertainty propagated with the simplified LPEs is also verified through

the energy test. A time history of the significance probability is computed for two cases, over

several orbital epochs and within one period, as before. As seen in Figure 5.10, the significance

probabilities are larger than the significance level in both cases: every 1 orbital period from 0 to 50

orbital periods of propagation, Figure 5.10(a), and within 29 ∼ 30 orbital periods of propagation,

Figure 5.10(b). Therefore, the propagated uncertainty including both the effects of J2 gravity field

harmonics and the moon’s perturbation is equal to the truth with a 95% confidence level.

5.3.2.2 Periodic Effects Within One Period

The periodic offset on the Delaunay element space and the time history of moments in the

ECI coordinates frame are also investigated to verify the accuracy of the SDS under the multiple

perturbations The distributions on the g-G phase-space within 29-30 orbital periods are compared

in Figure 5.11. In the figure, the distributions of the deviation about the mean computed with the

numerical integration (black crosses) and those with the simplified LPEs (gray circles) reflect the

difference between the full and constant short-period terms. Similar to the LEO case, there exists

an oscillating offset in element space. However, this offset does not have a critical effect when the
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Figure 5.10: Time history of the p-value (solid line) with the simplified LPEs and the designated
significance level, α (dotted line).
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distributions are considered in the Cartesian space. The time history of the skewness and kurtosis

in the Cartesian space in the x direction are plotted in Figure 5.12: the history from the truth is

plotted with triangles and that from the SDS squares. As seen in the figures, even though there

exists an offset in element space, it does not influence uncertainty propagation in ECI coordinates.

δg
-0.3 -0.2 -0.1 0 0.1 0.2 0.3

δ
G

-0.015

-0.01

-0.005

0

0.005

0.01

0.015

(a) M = 30◦

δg
-0.3 -0.2 -0.1 0 0.1 0.2 0.3

δ
G

-0.015

-0.01

-0.005

0

0.005

0.01

0.015

(b) M = 90◦

δg
-0.3 -0.2 -0.1 0 0.1 0.2 0.3

δ
G

-0.015

-0.01

-0.005

0

0.005

0.01

0.015

(c) M = 150◦

δg
-0.3 -0.2 -0.1 0 0.1 0.2 0.3

δ
G

-0.015

-0.01

-0.005

0

0.005

0.01

0.015

(d) M = 210◦

δg
-0.3 -0.2 -0.1 0 0.1 0.2 0.3

δ
G

-0.015

-0.01

-0.005

0

0.005

0.01

0.015

(e) M = 270◦

δg
-0.3 -0.2 -0.1 0 0.1 0.2 0.3

δ
G

-0.015

-0.01

-0.005

0

0.005

0.01

0.015

(f) M = 330◦

Figure 5.11: The effects from the short-period terms inside one orbital period on the g-G phase
space.

5.3.2.3 Consistency of the Simplified LPEs in Uncertainty Propagation

Figure 5.13 shows that the time history of the L2-norm of the STD for the true distribution

(squares) and that for the error (triangles), ∆δx, (Figure 5.13(a)) as well as the normalized STD of

each component (Figure 5.13(b)) for 0 to 30 orbital periods of propagation. Similar to the previous

case, the normalized STD varies within a small region, less than 0.1%, for each component. Hence,

the propagated uncertainty with the SDS for the MEO case also maintains consistency.
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Figure 5.12: Time history of the skewness and kurtosis in the δx direction within one period plotted
over time.
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Figure 5.13: Time history of L2-norm and normalized STD for MEO.
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5.3.3 Result III: The Accuracy of the SDS for Highly Elliptical Orbit

As a particular case, we apply the SDS to propagate uncertainty of objects in the highly

elliptical orbit, i.e., Molniya. Table 5.4 is a summary of the moments of the propagated uncertainty

with the SDS and relative errors of them about the truth in percentage. Each value on each

direction is normalized with respect to Earth radius. As seen in the table, the relative errors of the

moments about the truth are less than 1.3%.

Table 5.4: Central moments and relative errors after 30-orbital periods of propagation (Molniya,
J2+moon)

1st order 2nd order 3rd order 4th order

µ1 ∆ (%) µ2 ∆ (%) µ3 ∆ (%) µ4 ∆ (%)

δx -0.1238e-3 0.5668 0.4108e-1 0.2238 0.1820e-1 4.8874 2.3879 0.6740e-2

δy -0.8298e-2 0.4336 0.1052e-2 1.2248 -0.9647 0.9431 3.3395 0.5936

δz -0.1175e-1 0.1304e-1 0.5023e-1 0.6947 -0.2403 0.3446 2.4664 0.2749e-1

δẋ 4.7262e-07 1.1428 4.7478e-12 0.4250 0.8108 0.8444 3.0177 0.4020

δẏ 7.8976e-07 0.8233 3.3971e-10 1.8018 0.2025 0.7714e-1 2.4665 0.5631e-2

δż 5.0601e-07 0.2438 8.4819e-10 1.6981 0.9417e-1 0.48664 2.4158 0.7443e-2

The propagated distribution on the δx-δẋ and the histograms of the PDFs belonging to each

direction is shown in Figure 7.5: the conditional PDF on the δẋ(ER/s) axis (top-left), that on

δx(ER) axis (bottom-right), and the distribution of the samples on the phase-space (top-right)

from the SDS and truth. Since the comparison of the distributions and histograms on another

phase-spaces, i.e., δy-δẏ and δz-δż, are analogous to them on the δx-δẋ phase-space, we skip the

figures on those phase-spaces.

Figure 5.15 presents a history of the p-value over time: each orbit period and within one orbit

period. As seen in the figure, the SDS is verified to be applicable to the highly elliptic orbit case.

A wedge-shaped curve at the right-hand side in the figure is appeared around the perigee: in case

of the Molniya orbit, orbital elements are rapidly changed in passing the perigee.
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Figure 5.14: Sample point distribution and its conditional histograms after 30-orbital periods of
propagation in Molniya.
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Figure 5.15: Time history of the p-value (solid line) with the simplified LPEs and the designated
significance level, α (dotted line).
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5.4 Performance Improvement of the Simplified Dynamical System

The SDS has lower nonlinearity relative to the full dynamical system since it replaces the

short period variations with constants, which allows us to use a wider integration step for state

propagation. Therefore, there exists an additional advantage, an improvement in the computational

efficiency, following this simplification. We compare the number of dynamical equation function

calls and total elapsed time for the integration to quantify this improvement. All computations for

these test results are performed on a laptop, 2.8 GHz Intel R© Core i7 and 4 GB 1067 MHz DDR3.

Total elapsed times from the full dynamical system and the simplified LPEs are about 32815.7

seconds and about 2371.9 seconds respectively; thus, total elapsed time shows remarkable enhance-

ment, about 13.8 times faster. The elapsed time is an average of measurements acquired from 10

runs. A comparison of the number of dynamical equation function calls is shown in Figure 5.16.

There are 65,623 required function calls to propagate one sample for 50 orbital periods for the full

dynamical system, whereas this number is reduced to just 85 for the SDS. This result is a clear

indication of the advantage of SDS’s lower nonlinearity.
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Figure 5.16: Comparison of the number of function calls in the full dynamical system (squares)
and the SDS (triangles)

Since the approximated numerical approach is still using a numerical integrator for state propaga-
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tion, it is possible to further improve the computational efficiency by reformulating this approach

analytically. This motivates the future implementation of a new analytic SDS. Moreover, deriv-

ing an expanded analytic solution including more perturbations, e.g., the Sun or Solar Radiation

Pressure (SRP), or that with the non-singular variables are also of interest.

5.5 Conclusion

The idea of the weak solution for stochastic partial differential equations [29] motivates us to

identify a dominant variation and explore the Simplified Dynamical System (SDS) for uncertainty

propagation. The main goals of this section is to verify the accuracy and performance improvement

of the SDS, as well as to identify the dominant variation in uncertainty propagation.

Throughout this chapter, we show that the SDS is capable of propagating the initial PDF

while maintaining accuracy even though the short-period variations are regarded as constants. It is

worth mentioning that we also discuss how much the short-period variations influence the mapping

of uncertainty is also tested by comparing distributions within one period. The replacement of

periodic variations apparently make an offset in the orbit element space; however, it is verified that

there is a negligible effect in mapping uncertainty in the Cartesian space. Figure 5.17 represents a

ratio of a magnitude of the short-period variations with respect to the semi-major axis in percentage.

This result could be meaningful in that most of the applications of the space situational awareness,

such as a collision assessment, are usually described based on the Cartesian space. Therefore, we

can conclude that the most dominant variation for the accurate propagation of uncertainty is the

secular variation of the dynamical system of the orbiting bodies.

We also introduce a new statistical method, called the statistical energy test, for comparing

multivariate PDFs more rigorously [2, 3]. Based on this test, we conclude that the propagated

uncertainty with the SDS is verified that it describes the true uncertainty accurately with 95% of

confidence level for every test scenarios.
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Figure 5.17: The ratio of short-period variation in the Cartesian coordinate frame: time history of
the ratio for the LEO case on each axis is at the top, and that for the MEO case on each axis is at
the bottom.



Chapter 6

Expansion of the Simplified Dynamical System through the Deprit-Lie

Transformation

In Chapter 5, we have verified that the Simplified Dynamical System (SDS) improves the

computational efficiency while maintaining the accuracy and concluded that the secular variations

are the most dominant factor in mapping uncertainty. The goal of this chapter is to expand the

previous discussion by introducing higher-order secular dynamics to the SDS and by considering

additional perturbations exerting on orbiting objects. The Deprit-Lie transformation method is

applied to define the SDS for this expanded system since it provides a systematic way to compute

the higher-order averaged dynamics, as well as to include additional perturbations. In this chapter,

we define the SDS includes the second-order, i.e., O(ε2), secular dynamics, called the expanded

SDS, through the Deprit-Lie transformation method. The expanded SDS considers multiple per-

turbations, such as J2 gravity field harmonics, a gravitational attraction due to the moon, and a

direct Solar Radiation Pressure (SRP). The ephemerides of the Sun and moon are calculated from

the JPL ephemeris file (DE405) from January 19, 2008 00:00:00 UCT to February 2, 2008, 23:59:59

UCT (15 days). In particular, the assumption considered in the averaged LPEs, i.e., a planar

motion, is released by introducing a distance angle. The cannonball model with the two different

area-to-mass ratios is realized to describe a disturbance due to the SRP.

The outline of this chapter is as follows. Each Hamiltonian of the perturbations is presented,

and then is grouped with respect to the magnitude of the small parameter, J2. In order to magnify

effects of the third-body attraction and a SRP, an object on the Medium Earth Orbit (MEO) is
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considered. In particular, we propagate uncertainty of low area-to-mass ratio and high area-to-

mass ratio (HAMR) objects with the expanded SDS. Then, a new initial offset correction method

is suggested for the expanded SDS based on the property of the Deprit-Lie transformation. Inves-

tigation of the accuracy and the computational enhancement are also carried out with the Monte

Carlo simulations. Finally, the accuracy of the propagated uncertainty with the expanded SDS are

verified throughout the statistical approaches.

6.1 Simplified Dynamical System from the Deprit-Lie Transformation

For any given deterministic Hamiltonian, we can systematically derive the analytic solutions

up to any desired order through the Deprit-Lie transformation method. The analytic solutions can

be presented as

X(t) = Xsecular(X0, t) + XLP(Xsecular) + XSP(Xsecular), (6.1)

where Xsecular, XLP, and XSP represent the analytic solution for the secular variations, long-period

variations, and short-period variations. Note that the solution for the secular variations is the

only time-dependent function. The others are defined with respect to the solution of the secular

variations; thus, the both periodic variations are varied about the mean trajectory.

By definition, the SDS is simply defined from Equation (6.1) by considering only first two

terms on the right-hand side; thus

X(t) = Xsecular(X0, t) + XLP(Xsecular), (6.2)

which is also called as the semi-analytic solutions. In a practice implementation, the semi-analytic

solutions, i.e., SDS, is obtained by performing only the first two steps in Figure 4.2.

6.2 Expansion of the Dynamical System through the Transformation

For the sake of testing the expanded SDS, we consider the non-Keplerian motion under

multiple perturbations: J2 gravity field harmonics, the gravitational attraction due to the moon,
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and the SRP. Since the motions of the sun and the moon make the Hamiltonian time-variant, the

extended variables has to be considered for applying the Deprit-Lie transformation method, that is

(l, g, h, L, G, H) →
(
l, g, h, k$, k�, L, G, H, H$, H�

)
. (6.3)

The Delaunay variables are introduced for the canonical transformation since this set of variables

are canonical, i.e., satisfies Equation (2.24). The original definition of the Delaunay variables are

l = M, L =
√
µa,

g = ω, G = L
√

1− e2,

h = Ω, H = G cos I,

(6.4)

where a, e, I, Ω, ω, and M represent a semi-major axis, eccentricity, inclination, longitude of

ascending node, argument of periapsis, and the mean anomaly, i.e., the classical orbital elements.

The extended angular variables, k$ and k�, represent the mean longitude of the moon and that of

the Sun: these variables are

k$ = ν$ · t+ C$,

k� = ν� · t+ C�,
(6.5)

where ν$ and ν� are the mean motion of the moon and the Sun, respectively. The conjugate

momenta corresponding to each angular variable are H$ and H�. The Hamiltonians corresponding

to the extended variables can be defined by Equation (2.40) as follows:

H$ = −ν$H$,

H� = −ν�H�.
(6.6)

Then, the Hamiltonians for each perturbation have to be grouped with respect to their magnitudes.

We use the mean motion of the moon, ν$, as the small parameter in order to define the Hamiltonian

of the non-Keplerian motion.

H =

4∑

n=0

εn

n!
Hn = H0 +

ν$
1!
H1 +

ν2
$
2!
H2 +

ν3
$
3!
H3 +

ν4
$
4!
H4. (6.7)
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Each Hamiltonian in Equation (6.7) corresponds to the perturbing terms included in the non-

Keplerian motion as given below.

O(ε0) : H0 = Hk = − µ

2a
,

O(ε1) : H1 =
1

ν$
H$,

O(ε2) : H2 =
2!

ν2
$

(Ho +H3b +H�) ,

O(ε3) : H3 = 0,

O(ε4) : H4 =
4!

ν4
$
Hs,

(6.8)

where Hk, Ho, H3b, and Hs indicate the Hamiltonians for the Keplerian motion, J2 gravity field

harmonics, gravitational attraction due to the moon, and SRP. A detailed description about the

Hamiltonian for each perturbation is presented here.

6.2.1 Keplerian Motion with J2 Gravity Field Harmonics

We consider the Earth as a point mass including the effect of J2 gravity field harmonics, then

the disturbing function can be written in the form:

U = − µ

2a
+
µ

r1

∑

n=2

Jn

(
α

r1

)n
Pn(sin δ), (6.9)

where µ, r1, α, δ, and Pn(x) denote the gravitational parameter of the Earth, radial distance of

the orbiting body, earth radius, declination of the satellite, and the Legendre polynomial [72]. By

using an expression by Brouwer [9], sin δ is defined in terms of the orbital elements.

sin δ = sin i sin(g + f)

In the verification of the SDS, we include only the second-order zonal harmonics; thus, the Hamil-

tonians for the Keplerian motion and J2 gravity field harmonics perturbation can be defined by

Hk = − µ

2a
,

Ho =
1

2

µ

r1

(
α

r1

)2

J2

[
3

2
s2 − 3

2
s2 cos(2f + 2g)− 1

]
.

(6.10)
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6.2.2 Gravitational Attraction due to the Moon

For the sake of releasing the assumption applied in Chapter 5, the disturbance due to a

perturbing body is revisited based on a spatial distribution depicted in Figure 6.1. A gravitational

�
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⌘̂
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Earth (0) Satellite (1)

Sun (3)

Moon (2)

Figure 6.1: Relative positions of the Earth, satellite, moon, and Sun: the inertial coordinates frame
is expressed in unit vectors (ξ̂, η̂, ζ̂) and ⊗ indicates the barycenter between the Earth and moon.

potential due to N objects is simply defined in Equation (6.11) in terms of the relative position

vector [67].

U3b =
1

2

N∑

i=0

N∑

j=0
j 6=i

Gmimj

|rij |
, (6.11)

where G, mi, and rij represent the universal gravitational constant, mass of i-th body, and a relative

position vector between i and j bodies, respectively. By assuming r1 � r03, Equation (6.11) can

be rewritten in a form of polynomial series expansion [72], and then we truncate terms higher than

the second-order. As a result of this procedure, the Hamiltonian for the moon’s attraction becomes

as follows:

U3b =
µ2r

2
1

2r3
2

(3 cos2 θ12 − 1), (6.12)

where µ2 and µ3 represent the gravitational parameters of the moon and the Sun, respectively. A

more detailed description for rewriting Equation (6.11) to (6.12) can be found in [67]. An angle θ12

in Equation (6.12) is the included angle between the position vectors r1 and r2, called an angular
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distance. Figure 6.2 shows a geometric relations between relative vectors.

Equatorial plane ŷ

ẑ

x̂ (vernal equinox, �)
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~r1

ê?

n̂?n̂1

ê1

Figure 6.2: Geometric relation between two orbiting bodies with respect to a central body: direction
cosines for defining the potential due to perturbing bodies and SRP are derived from this geometry.

The angular distance θ1m can be obtained by a dot product as

cos θ1m =
r1 · rm
r1 rm

= r̂1 · r̂m, (6.13)

where θ1m denotes the angular distance between the position vectors of the satellite and m-th

perturbing body. The next step is to express Equation (6.13) in terms of the extended variables

presented in Equation (6.3). This conversion can be carried out by rotations based on Figure 6.2,

r̂i(a, e, I, Ωω, M) = R3(−Ω)R1(−I)R3(−ω −M)




1

0

0



, (6.14)
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The classical orbital elements, (Ω, ω, M), can be rewritten with the Delaunay variables, (h, g, l).

As a result, the unit position vectors for the satellite and m-th body are

r̂1 =




cosh1 cos(f1 + g1)− cos I1 sinh1 sin(f1 + g1)

cos I1 cosh1 sin(f1 + g1) + sinh1 cos(f1 + g1)

sin I1 sin(f1 + g1)




r̂m =




coshm cosum − cos Im sinhm sinum

cos Im coshm sinum + sinhm cosum

sin Im sinum



,

(6.15)

where um = fm + gm represents the mean longitude. Finally, by substituting Equation (6.15)

into (6.13), we can rewrite Equation (6.13) in terms of the Delaunay variables as

cos θ1m = Tc,m cos f1 + Ts,m sin f1, (6.16)

where

Tc,m =
1

4
{(c1 + 1)(cm + 1) cos(g + h− hm − um) + (c1 − 1)(cm − 1) cos(g − h+ hm − um)

−(c1 + 1)(cm − 1) cos(g + h− hm + um)− (c1 − 1)(cm + 1) cos(g − h+ hm + um)}

+ s sm sin g sin(um)

Ts,m =
1

4
{(c1 − 1)(cm + 1) sin(g − h+ hm + um)− (c1 + 1)(cm + 1) sin(g + h− hm − um)

−(c1 − 1)(cm − 1) sin(g − h+ hm − um) + (c1 + 1)(cm − 1) sin(g + h− hm + um)}

+ s sm cos g sin(um).

By Equations (6.16), a potential for the gravitational attraction in Equation (6.12) can be redefined

in terms of the Delaunay variables. Since the potential is identical to the Hamiltonian, we can define

the Hamiltonian for the gravitational attraction as

H$ = U3b =
µ2r

2
1

2r3
2

{3(Tc,2 cos f1 + Ts,2 sin f1)2 − 1}. (6.17)
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6.2.3 Solar Radiation Pressure

The Hamiltonian due to the SRP perturbation of the cannonball model [32] is simply defined

Hs = −β r

r2
�,sat

cos θ13, (6.18)

where β and θ13 represent the solar perturbation strength and the angular distance between the

satellite and the Sun. The solar perturbation strength is defined by

β = (1 + ρ)
Asat

msat
PΦ,

where the solar constant, PΦ, is approximately 1 × 108 kg km3/s2/m2 [72]. As similar to the

gravitational attraction, this Hamiltonian is also rewritten by Equation (6.16) as follows:

Hs = −β r1

r2
13

(Tc,3 cos f1 + Ts,3 sin f1). (6.19)

6.3 Analytic Algorithm for the Offset Correction

The Deprit-Lie transformation method provides a systematic way to recover or extract the

short-period variations from the full dynamical system as discussed in Section 4.1.3. A new analytic

initial offset correction algorithm is proposed based on this property of the transformation method.

From the homological equations, the generating functions are obtained sequentially. In order to

convert the initial conditions from the osculating to the mean spaces, we can use the inverse

transformation given in Equation (4.17), which is

y = x
(0)
0 +

∑

n≥1

εn

n!


−y(n)

0 +
∑

1≤j≤n−1

Cnj Gj y
(n−j)
0


 , (n ≥ 1)

Y = X
(0)
0 +

∑

n≥1

εn

n!


−Y (n)

0 +
∑

1≤j≤n−1

Cnj Gj Y
(n−j)

0


 , (n ≥ 1)

where (x0, X0) represents a given initial conditions in the osculating space. The second terms on

the right-hand side of the above equations stand for the corrections in order to convert the given

initial condition from the osculating to the mean spaces precisely. It is worth noting again that

these corrections are very sensitive to the order of semi-analytic solutions. Because an additional
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order of solutions shifts the mean orbit, even though even though a magnitude is tiny; thus, one

has to calculate the generating function up to necessary orders. In particular, the SDS is defined

by eliminating the short-period variations; thus, the given original Hamiltonian is transformed only

once. Therefore, we can define the analytic conversion algorithm by considering Equation (4.23)

only.

6.4 Verification of the Expanded Simplified Dynamical System

We focus on verifying the expanded SDS with two aspects: 1) if the SDS is applicable

to propagate uncertainty with additional perturbations, and 2) if the analytic initial correction

algorithm works properly. The SDS is tested with two scenarios with the different SRP effect in

Table 6.1: Initial Keplerian elements and parameters for the test orbits

Element MEO MEO (HAMR)

Semimajor axis, a, (km) 26578.140 26578.140

Eccentricity, e 0.01 0.01

Inclination, i, (deg) 55.0 55.0

Longitude of the ascending node, Ω, (deg) 45.0 45.0

Argument of periapsis, ω, (deg) 60.0 60.0

Mean anomaly, ν, (deg) 105.0 105.0

Reflectivity, ρ 0.2 0.2

A/m, (m2/kg) 2.0 20.0

MEO; one has a small area-to-mass ratio, 2.0 m2/kg, and the other is assumed as a high area-to-

mass ratio (HAMR) object with 20 m2/kg as the area-to-mass ratio. Table 6.1 shows an initial state

for the centered object in the orbital elements space. Through the tests, we verify the capabilities of

the SDS when propagating the state uncertainty with the multiple perturbations, as well as show

the analytic correction algorithm plays the expected role properly. The verification of the SDS

is performed through Monte Carlo simulations. For the simulation, normally distributed 10,000

samples are generated within 3-σ region. An 1-σ Gaussian error centered at the initial Keplerian

elements of the MEO object is assumed with standard deviations of 20 km in the semi-major axis,
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0.005 in eccentricity, and 0.01◦ in the inclination, longitude of ascending node, the argument of the

pericenter, and the mean anomaly directions. The ephemerides of the Sun and moon have been

obtained from the JPL ephemeris file (DE405) from January 19, 2008 00:00:00 UCT to February

2, 2008, 23:59:59 UCT (15 days), which covers the period studied. We note that the effect due
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Figure 6.3: Propagated uncertainty due to different area-to-mass ratios (after 15 days): the first
case, A/m = 2.0, is plotted with blue circles, and the other, A/m = 20, is plotted with red crosses.

to the difference in the area-to-mass ratio in the evolution of uncertainty. Figure 6.3 shows the

propagated uncertainty with the given initial conditions after 15 days. As seen in the figure, both

distributions have an almost identical shape, but there exists an offset on every phase-space. The

standard deviation of the offset between the distributions is

σoffset =
(
165.872 km, 27.642 km, 155.761 km, 0.0302 km/s, 0.0463 km/s, 0.0192 km/s

)
.

6.4.1 Result I: The Accuracy of the Expanded SDS for MEO

We present results from the first scenario, i.e., A/m = 2.0 m2/kg, and verify the accuracy of

the propagated uncertainty through the statistical approaches.

6.4.1.1 Moments Comparison

As the first statistical verification, we compare the central and standardized moments of

the PDFs quantitatively and graphically : 1) Table 6.2 presents quantities of the moments of

the PDFs and relative errors, and 2) Figure 6.4 shows the distributions on the δy-δẏ phase-space
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and the histograms of the PDFs belonging to each direction for a graphical interpretation: the

density distribution on the δẏ (ER/s) axis (top-left), on the δy (ER) axis (bottom-right), and the

distributions of the samples on the δy-δẏ phase space (top-right). As seen in the density distribution

on δy axis (bottom-right) in Figure 6.4, the distribution is strongly skewed. This is apparently

described with the third-order standardized moment, i.e., the skewness, on the δy direction in

Table 6.2; the negative skewness describes that the PDF has a long left tail. Every value in the

table is normalized with respect to Earth radius. Results on other phase-spaces are summarized

in the Appendix. Figure 6.5 shows time-histories of the skewness and kurtosis calculated by the

SDS (blue squares) and the full dynamical system (red triangles) within one orbital period in the

ECI coordinate frame. From the time-histories, we conclude that the short-period variations are

negligible in an evolution of uncertainty within one orbital period.

Table 6.2: Higher-order central moments and relative errors after 15 days with A/m=2.0(m2/kg)

1st order 2nd order 3rd order 4th order

µ1 ∆ (%) µ2 ∆ (%) µ3 ∆ (%) µ4 ∆ (%)

δx -0.01672 0.04432 0.1163 0.01223 -0.2000 0.05017 2.4143 0.2088e-2

δy -0.02759 0.3290e-2 0.4950e-2 0.1617 -1.4515 0.06098 4.7376 0.01161

δz -0.01157 0.06028 0.1632 0.01162 -0.1210 0.06424 2.3863 0.1063e-2

δẋ 3.2538e-06 0.05319 1.6593e-09 0.05021 0.3314 0.07711 2.4863 0.7935e-2

δẏ -5.5847e-07 0.3615 3.8851e-09 0.02311 -0.03463 0.3972 2.3724 0.6109e-3

δż -3.8145e-06 0.01414 5.5176e-10 0.1408 -0.6566 0.08328 2.8402 0.02922

6.4.1.2 Statistical Energy Test

The statistical energy test is applied to compare the PDFs at every orbital period and those

within one orbital period. For both comparisons, we assume that the significance level, α, for the

statistical energy test is set as 5%. Figure 6.6 plots a time-history of the p-value (blue circled line)

with respect to the significance level (red dotted line). As a result of the tests, we can conclude

that the propagated uncertainty by the SDS is identical to the truth with a 95% confidence level

in both comparisons. In particular, the result shown in Figure 6.6(b) more robustly supports the

conclusion that the short-period variations are negligible.
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Figure 6.5: Time history of the skewness and kurtosis in the δy direction within one period plotted
over time.
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Figure 6.6: Time history of the p-value (solid line) with the SDS and the designated significance
level, α (dotted line).
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6.4.1.3 Normalized Standard Deviation

We plot a time history of the normalized STD in Figure 6.7. Figure 6.7(a) shows the standard

deviation from the full dynamical system (red squares) and that of errors in the propagated states,

i.e., the STD of (XSDS −XNum), in time. As seen in the figure, the standard deviation increases

in time; thus, it is not suitable to check the consistency of the SDS with it. On the other hand, the

normalized STD, shown in Figure 6.7(b), varies less than 0.1% in time. Therefore, the SDS can

propagate the initial distribution consistently in time.
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Figure 6.7: Time history of L2-norm and normalized STD for 15 days (A/m = 2.0).

6.4.2 Result II: The Accuracy of the Expanded SDS for the HAMR Objects

In this simulation, we assume a area-to-mass ratio as 20 m2/kg, i.e., high area-to-mass ratio

(HAMR) objects. As seen in Figure 6.3, the enlarged SRP effect makes difference in the propagated

uncertainty with hundreds of kilometers in distance, but the propagated distributions of the samples

have similar shapes.
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6.4.2.1 Moments Comparison

As the same way to the first simulation, the results are compared quantitatively and graphi-

cally in Table 6.3 and Figure 6.8. The table shows that a maximum relative error in the first-order

moment is about 2.5 %. As seen in Figure 6.8 (top-right), the propagated uncertainty on the δy-δẏ

phase-space has a similar distribution to the previous test. The time-history of the skewness and

Table 6.3: Higher-order central moments and relative errors after 15 days with A/m=20.0(m2/kg)

1st order 2nd order 3rd order 4th order

µ1 ∆ (%) µ2 ∆ (%) µ3 ∆ (%) µ4 ∆ (%)

δx -0.01648 0.3290 0.1098 0.3915 -0.2033 0.5325 2.4195 0.02597

δy -0.02594 0.1795 0.4680e-2 1.6879 -1.4096 0.8170 4.5914 0.8486

δz -0.01016 0.9858 0.1546 0.01554 -0.1096 0.9636 2.3847 0.9780e-2

δẋ 2.6840e-06 0.9742 1.6054e-09 0.4348 0.2791 1.1723 2.4521 0.08030

δẏ -8.3935e-07 2.4861 3.4399e-09 0.4614 -0.05675 2.8265 2.3796 0.01655

δż -3.5334e-06 0.1035 4.1710e-10 2.1652 -0.7022 0.9565 2.9232 0.3863

kurtosis on each axis is plotted in Figure 6.9: results from the SDS (blue squares) and from the

full dynamical system (red triangles). As seen in the time-histories, even though the short-period

variations are ignored, the propagated uncertainty with the SDS is describing the true distribution

accurately.

6.4.2.2 Statistical Energy Test

Figure 6.10 presents the time-history of the p-value for the propagated HAMR objects. The

significance level, α, is also assumed as 5 %; thus, we can conclude that the SDS propagates the

uncertainty of the HAMR objects accurately with 95 % confidence level.

6.4.2.3 Normalized Standard Deviation

As seen in Figure 6.11, the normalized STD varies less than 0.6 % at most. From this result,

we can conclude that consistency loss in mapping the uncertainty of the HAMR for 15 days is less

than 1%. This result, however, motivates us to expand the analytic solution for SRP effect up to
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Figure 6.9: Time history of the skewness and kurtosis in the δy direction within one period plotted
over time.
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level, α (dotted line).



96

# of orbital periods
0 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30

lo
g
(L

2
-n
or
m

of
th
e
S
T
D
)
(k
m
)

10
-2

10
-1

10
0

10
1

10
2

10
3

10
4

(a) Time history of L2-norm between the STD

# of orbital periods
0 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30

N
o
rm

a
li
ze
d
S
T
D

(%
)

0

0.5

1

1.5

2

2.5

3

3.5

4

4.5

5

(b) Time history of normalized STD on each direction

Figure 6.11: Time history of L2-norm and normalized STD for 15 days (A/m = 20.0).



97

second- or higher-order since the result shows that the normalized STD linearly increases.

6.5 Performance Improvement of the Expanded SDS

All computations for discussed test results are performed on a laptop, 2.8 GHz Intel R© Core

i7 and 4 GB 1067 MHz DDR3. Total elapsed times from the full dynamical system and the SDS are

about 1.5360e6 seconds and about 3.3431e4 seconds, respectively; thus, total elapsed time shows

remarkable enhancement, about 46 times faster. Figure 6.12 shows the elapsed time to propagate

the initial uncertainty from one to 30 orbital periods. The number of dynamical equation function

calls per points is about 2.2216e4 times for the full dynamical system and 300 times for the SDS.

One of the aspects we are focusing on is the analytic initial offset correction algorithm. So far, we
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Figure 6.12: Elapsed time for propagating the samples from 1 to 30-orbital periods with the full
dynamical system(red triangles) and the SDS (blue circles)

verify the accuracy of the SDS, which means that the new correction algorithm provides an accurate

mean orbit. In the computational efficiency point of view, this new algorithm has an advantage

over the aforementioned methods since it computes the corrections with no integrations.



98

6.6 Conclusion

The property of the Deprit-Lie transformation method [19] inspires us to expand the Sim-

plified Dynamical System (SDS) and to replace the initial offset correction algorithm with a fully

analytic one. The expanded SDS, based on the second-order secular (averaged) dynamics, con-

siders multiple perturbations, such as J2 gravity field harmonics, gravitational attraction of the

moon, and a direct Solar Radiation Pressure (SRP). And the analytic initial correction algorithm

is implemented by using the generating functions. Thus, the main goal of this chapter is to verify

the capability of the expanded SDS in two aspects, i.e., accuracy and efficiency.

Throughout this chapter, we describe how the Deprit-Lie transformation method is applied

to define the expanded SDS and the analytic initial offset correction algorithm; and we verify

how accurately and efficiently the expanded SDS propagates the initial uncertainty. The three

statistical methods show that the SDS is, with even better computational efficiency, capable of

propagating uncertainty while maintaining accuracy, even though an evolution of uncertainty is

disturbed by multiple perturbations. In particular, an evolution of uncertainty of high area-to-

mass ratio (HAMR) objects is tested since these objects are one of the most interesting targets in a

field of the Space Situational Awareness (SSA). Through this test, we also verify that the expanded

SDS is applicable to map uncertainty for this special cases. One interesting result of this test is

that the propagated uncertainty has a similar shape, Figures 6.5 and 6.9, to that of the objects

with low area-to-mass ratio, even though their absolute spatial distributions have a few hundreds

kilometers offset in distance shown in Figure 6.3.

Lastly, we define the new initial offset correction algorithm based on the generating function

and show that it successfully replaces with the previous ones. As seen in Equation (6.3), the

analytic initial offset correction algorithm calculates the corrections straightforwardly; thus, this

may be another advantage of an application of the Deprit-Lie transformation method.



Chapter 7

Development and Application of the Hybrid Method

As we have discussed so far, the efficient and accurate representation of uncertainty for

orbiting objects under nonlinear dynamics is a topic of great interest for space situational awareness.

Throughout Chapter 5 and 6, we show that the Simplified Dynamical System (SDS) is capable of

mapping uncertainty efficiently while maintaining the accuracy. In this chapter, we propose a new

method, called a hybrid method, to map PDFs directly to any desired epochs without applying

Monte Carlo simulations. This new method is defined by combining two ideas. First, we derive the

second-order semi-analytic solutions based on a Deprit-Lie transformation to describe an orbiting

motion under multiple perturbations. From the semi-analytic solutions, the SDS is defined by

eliminating the short-period variation. Next, this SDS will be rewritten in a form of the State

Transition Tensors (STTs), which can analytically map uncertainty while capturing the nonlinearity

of higher-order dynamics. Verification of the method is performed statistically by comparing the

moments and statistical energy test.

The hybrid method presented here is developed under multiple perturbations, including J2

gravity field harmonics, a direct Solar Radiation Pressure (SRP), and gravitational attractions due

to the Sun and moon. We generate a set of combinations with the second-order secular dynamics

and the STT up to third-order to investigate differences in accuracy and processing time.

The outline of this chapter is as follows. A new Hamiltonian that includes an additional

perturbation, i.e., Sun’s attraction, is presented, which is more deliberate than that considered in

Chapter 6. Then, we present detailed descriptions about a procedure to combine the SDS and
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STTs. The hybrid method can be designed to have different levels of accuracy by adjusting the

expansion level of the Deprit-Lie theory and the order of expansion in the STTs. Lastly, the hybrid

method is verified by applying it to practical orbital problems. In order to increase the effects of the

non-gravitational perturbations, medium earth orbit (MEO) and highly eccentric orbit (Molniya)

are chosen as examples.

7.1 Hamiltonian Dynamics for Non-Keplerian Motion

The Hamiltonian is redefined by introducing the gravitational attraction due to the Sun.

Similar to Chapter 6, the mean motion of the moon is used as the small parameter (i.e., ε = n2)

to group the Hamiltonian in expandable form as

H =
4∑

n=0

εn

n!
Hn. (7.1)

Each Hamiltonian in Equation (7.1) corresponds to the perturbing terms included in the non-

Keplerian motion as given below.

H0 = Hk = − µ

2a
,

H1 = H$,

H2 = Ho + F1,$ + F� +H�,

H3 = 0,

H4 = Hs + F2,$,

(7.2)

where Hk, Ho, and Hs indicate the Hamiltonians for the Keplerian motion, J2 gravity field harmon-

ics, and SRP. Newly defined Hamiltonian F� represents the gravitational attraction due to the Sun;

and F1,$ and F2,$ represent the second and third order terms of the Legendre polynomial of the

gravitational attractions due to the moon, respectively. Lastly, H$ and H� are conjugates of the

extended variables for describing the motion of the Sun and moon [32, 70]. A detailed description

about each Hamiltonian will be presented in this section.

From series expansion of Equation (6.11), the new Hamiltonians for describing the gravita-
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tional attractions are simply defined as

U3b =
µ2r

2
1

2r3
2

(3 cos2 θ12 − 1) +
µ3r

2
1

2r3
3

(3 cos2 θ13 − 1) +
µ2r

3
1

2r4
2

(
5 cos3 θ12 − 3 cos θ12

)
, (7.3)

where µ2 and µ3 represent the gravitational parameters of the moon and the Sun, respectively.

Replacing the trigonometric functions with Equation (6.16), then

U3b =
µ2r

2
1

2r3
2

{3(Tc,2 cos f1 + Ts,2 sin f1)2 − 1}+
µ3r

2
1

2r3
3

{3(Tc,3 cos f1 + Ts,3 sin f1)2 − 1}

+
µ2r

3
1

2r4
2

{
5(Tc,2 cos f1 + Ts,2 sin f1)3 − 3(Tc,2 cos f1 + Ts,2 sin f1)

}
.

(7.4)

Each term in the above equation can be defined the Hamiltonians Fodot, F1,$, and F2,$, respec-

tively, as follows:

F� =
µ3r

2
1

2r3
3

{3(Tc,3 cos f1 + Ts,3 sin f1)2 − 1},

F1,$ =
µ2r

2
1

2r3
2

{3(Tc,2 cos f1 + Ts,2 sin f1)2 − 1},

F2,$ =
µ2r

3
1

2r4
2

{
5(Tc,2 cos f1 + Ts,2 sin f1)3 − 3(Tc,2 cos f1 + Ts,2 sin f1)

}
.

(7.5)

As a result, the expanded form of Equation (7.2) is given below:

O(ε0) : H0 = Hk = − µ

2a
,

O(ε1) : H1 =
1

ν$
H$,

O(ε2) : H2 =
2!

ν2
$

(
Ho + F� + F1,$ +H�

)
,

O(ε3) : H3 = 0,

O(ε4) : H4 =
4!

ν4
$

(
Hs + F2,$

)
.

(7.6)

7.2 The Hybrid Method

7.2.1 Combination of the Two Concepts

In Chapters 5 and 6, the Monte Carlo simulations are applied to propagate uncertainty. A

motivation of a hybrid method is to find a way to avoid using this computationally expensive
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procedure. The salient idea of the hybrid method is a combination of advantages of the SDS and

the STT. As described in Chapter 3, the STT is generated from an expanded dynamical system

by taking higher-order terms to capture nonlinearity. Even though the SDS has lower nonlinearity,

it is still nonlinear dynamical system. Thus, the combination consists of two steps: expanding the

STT as a form of the Taylor series expansion, and then generating the STT by taking terms from

the expanded SDS. Through this procedure, the hybrid method can have the advantages of each

idea. In summary, Figure 7.1 presents the advantages of each idea and the hybrid method.

 
§  based on the semi-analytic solution 
§  derived from the Lie-Deprit canonical method 
§  improves computational efficiency by eliminating the 

short-period variation 

Simplified Dynamical System 

 
§  defines a deviation with respect to a nominal trajectory 
§  captures nonlinearity by including additional terms in 

a Taylor series expansion 
§  expresses an uncertainty at an arbitrary epoch as a 

function of the initial uncertainty and the nominal 
trajectory 

State Transition Tensor 

 
§  propagates the nominal trajectory efficiently with the 

simplified dynamical system 
§  directly maps the initial uncertainty to any epoch with 

the state transition tensor 

Hybrid method 

Figure 7.1: The combination of the advantages of the SDS and STT

The semi-analytic solutions are derived from Equation (7.6) through the Deprit-Lie transformation

method. Suppose that the semi-analytic solutions (SDS), Ẋsds, is

Ẋsds =
[
l̇, ġ, ḣ, k̇$, k̇�, L̇, Ġ, Ḣ, Ḣ$, Ḣ�

]
. (7.7)
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For the sake of deriving the LDT, Equation (7.7) can be rewritten as follows:

f = Ẋsds =
[
l̇, ġ, ḣ, k̇$, k̇�, L̇, Ġ, Ḣ, Ḣ$, Ḣ�

]T

=

[
∂K
∂L

,
∂K
∂G

,
∂K
∂H

,
∂K
∂H$

,
∂K
∂H�

, −∂K
∂l
, −∂K

∂g
, −∂K

∂h
, − ∂K

∂k$
, − ∂K

∂k�

]T

,

(7.8)

where K represents the transformed Hamiltonian, i.e., complete the elimination of the short-period

variations. From Equation (3.10), the LDTs can be calculated by taking the partial derivative

recursively with respect to the state vector. Since we use the extended variables, the state vector

is

Xext =
[
l, g, h, k$, k�, L, G, H, H$, H�

]
. (7.9)

For instance, the LDTs up to third-order are obtained as Equation (7.10).

A1st =
∂f

∂Xext
, A2nd =

∂A1st

∂Xext
, A3rd =

∂A2nd

∂Xext
. . . (7.10)

It is worth noting that the first-order LDT, A1st, is a Jacobian matrix whose dimension is 10× 10

as follows:

A1st =




K6,1 K6,2 K6,3 K6,4 K6,5 K6,6 K6,7 K6,8 K6,9 K6,10

K7,1 K7,2 K7,3 K7,4 K7,5 K7,6 K7,7 K7,8 K7,9 K7,10

K8,1 K8,2 K8,3 K8,4 K8,5 K8,6 K8,7 K8,8 K8,9 K8,10

K9,1 K9,2 K9,3 K9,4 K9,5 K9,6 K9,7 K9,8 K9,9 K9,10

K10,1 K10,2 K10,3 K10,4 K10,5 K10,6 K10,7 K10,8 K10,9 K10,10

−K1,1 −K1,2 −K1,3 −K1,4 −K1,5 −K1,6 −K1,7 −K1,8 −K1,9 −K1,10

−K2,1 −K2,2 −K2,3 −K2,4 −K2,5 −K2,6 −K2,7 −K2,8 −K2,9 −K2,10

−K3,1 −K3,2 −K3,3 −K3,4 −K3,5 −K3,6 −K3,7 −K3,8 −K3,9 −K3,10

−K4,1 −K4,2 −K4,3 −K4,4 −K4,5 −K4,6 −K4,7 −K4,8 −K4,9 −K4,10

−K5,1 −K5,2 −K5,3 −K5,4 −K5,5 −K5,6 −K5,7 −K5,8 −K5,9 −K5,10




,

(7.11)

where Ki,j = ∂2K/(∂Xext,i∂Xext,j). In order to compute higher-order LDTs, we have to compute

elements included in tensors obtained by substituting Equation (7.8) into (7.10), then, the number
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of elements in tensors exponentially increases. For instance, if the second-order LDT is defined

based on the given extended variables, then,

A2nd,i =
∂

∂Xext,i
A1st (7.12)

where i represents an i-th element of the state vector, e.g., Xext,4 = k$. Therefore, we have to

compute 1,000 elements to obtain the second-order LDT because its dimension becomes 10×10×10.

7.2.2 Simplified Computation based on the Symplecticity

Complexity of higher-order LDTs grows exponentially as the order increases: specifically,

the number of elements evolves m2, m3, . . ., mp, where m and p means a dimension of a state

vector and a desired order of STT, respectively. This cumbersome computation could be reduced

by considering the symplecticity, shown in Equation (2.25), of the Hamiltonian dynamics.

In order to find a general expression easier, we temporarily define LDTs based on 6-dimensional

state space X . A first order LDT is the Jacobian matrix A1st, then second and third order LDTs

are as follows:

A2nd(:, :, n) =
∂A1st

∂Xn
=




K4,1,n K4,2,n K4,3,n K4,4,n K4,5,n K4,6,n

K5,1,n K5,2,n K5,3,n K5,4,n K5,5,n K5,6,n

K6,1,n K6,2,n K6,3,n K6,4,n K6,5,n K6,6,n

−K1,1,n −K1,2,n −K1,3,n −K1,4,n −K1,5,n −K1,6,n

−K2,1,n −K2,2,n −K2,3,n −K2,4,n −K2,5,n −K2,6,n

−K3,1,n −K3,2,n −K3,3,n −K3,4,n −K3,5,n −K3,6,n




, (7.13)

and the third order LDT is obtained by taking partial derivatives to A2nd, i.e., ∂A2nd/∂Xm, with
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respect to the state vector.

A3rd(:, :,m, n) =




K4,1,m,n K4,2,m,n K4,3,m,n K4,4,m,n K4,5,m,n K4,6,m,n

K5,1,m,n K5,2,m,n K5,3,m,n K5,4,m,n K5,5,m,n K5,6,m,n

K6,1,m,n K6,2,m,n K6,3,m,n K6,4,m,n K6,5,m,n K6,6,m,n

−K1,1,m,n −K1,2,m,n −K1,3,m,n −K1,4,m,n −K1,5,m,n −K1,6,m,n

−K2,1,m,n −K2,2,m,n −K2,3,m,n −K2,4,m,n −K2,5,m,n −K2,6,m,n

−K3,1,m,n −K3,2,m,n −K3,3,m,n −K3,4,m,n −K3,5,m,n −K3,6,m,n




,

(7.14)

where m and n indicate m-th and n-th elements in the state vector X , respectively (0 ≤ m, n ≤ 6).

Subscripts of elements in a tensor means

Ki,m, n =

(
∂

∂Xn

)(
∂

∂Xm

)(
∂K
∂Xi

)
. (7.15)

Equations (7.13) and (7.14) can be simply expressed in

Ak =



A11 A12

A21 A22


 , (7.16)

where

A22 = −AT11, (7.17a)

A12, A21 : Symmetric matrices (7.17b)

As a result of Equation (7.17), the number of elements for generating the STT is reduced to half.

The above symplectic relation can generalize each element to vectorize tensors as follows:

Ak(i, j,m, n, . . .) =





Ki+N/2,j,m,n,... i = 1, . . . , N/2

−Ki−N/2,j,m,n,... i = N/2 + 1, . . . , N,

(7.18)

where k and N represent the order of the dimension of a state vector, respectively. A range of each

index, i.e., j,m, n, . . ., is between 1 and N . An element in tensors is relocated in a vector based on
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the regulation in Equation (7.18); and the relocation of an elements from tensors to the vector is

expressed generally by

Ak(i1, i2, . . . , ik) = Ak(i1 + (i2 − 1)N + (i3 − 1)N2 + . . .+ (ik − 1)Nα), (7.19)

where N and α are the number of state vectors and order of the STT, respectively.

In summary, the primary advantage of the hybrid method is two-fold: the SDS propagates

the nominal trajectory, basis of the STTs, more rapidly, and the STTs directly maps the initial

deviation to any desired epoch instead of using the Monte Carlo simulations.

7.3 Verification of the Hybrid Method

The accuracy and improved efficiency of the hybrid method are investigated through two

simulations: a Medium Earth Orbit (MEO) and a highly elliptical orbit (Molniya). Table 7.1

provides the initial orbit conditions for each scenario. The JPL ephemeris file (DE405) has been

Table 7.1: Initial Keplerian elements and parameters for the test orbits

Element MEO Molniya

Semimajor axis, a, (km) 26578.140 26578.140

Eccentricity, e 0.01 0.74

Inclination, i, (deg) 55.0 63.0

Longitude of the ascending node, Ω, (deg) 45.0 45.0

Argument of periapsis, ω, (deg) 60.0 270.0

Mean anomaly, ν, (deg) 105.0 105.0

Reflectivity, ρ 0.2 0.2

A/m, (m2/kg) 2.0 2.0

applied to calculate the positions of the Sun and the moon from January 19, 2008 00:00:00 UCT to

February 2, 2008, 23:59:59 UCT. For the sake of generating the truth, Monte Carlo simulations are

used with 300,000 samples. The samples, normally distributed within some specified 3-σ region, are

generated with respect to the initial condition. A Gaussian error centered at the initial Keplerian

elements of the both object is assumed with standard deviations of 10 km in the semi-major axis,

0.05 in eccentricity, and 0.01◦ in the inclination, longitude of ascending node, the argument of
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the pericenter, and the mean anomaly directions. A propagation interval is 30-orbital periods (≈

15 days.) A propagated distribution of the samples from Monte Carlo simulations with the full

dynamical system is assumed as the truth. The full dynamical system, include short periodic

variations, uses the same perturbations as each test case, i.e., J2 gravity field harmonics, SRP, and

gravitational attractions from perturbing bodies. The ode45 function in MATLAB is applied to

integrate the initial state. The accuracy and the improvement of the efficiency are verified through

statistical approaches and through a comparison of computational times, respectively.

7.3.1 Result I: The Accuracy of the Hybrid Method for MEO

7.3.1.1 Moments Comparison

We verify how well the hybrid method captures the nonlinear effect graphically and quanti-

tatively by comparing the moments of the PDF. The uncertainties from the numerical integration

and hybrid method are plotted on the δx-δẋ phase-space, and the histograms of the PDFs in each

direction in Figure 7.2 in order to demonstrate a statistical comparison. The histogram of the

conditional PDF on the δẋ(ER/s) axis (top-left), that on δx(ER) axis (bottom-right), and the

distributions of the samples on the δx-δẋ phase space (top-right) are from two different methods.

Since results on the δy-δẏ and δy-δẏ phase spaces have similar shapes to Figure 7.2, we do not

include figures on those spaces. First of all, we can see that the propagated uncertainty with the

hybrid method describes the truth accurately from a plot on the δx-δẋ phase space. Moreover, it

is intuitively observed that the initial distribution loses its Gaussianity because of the nonlinear

effects of the dynamical system, seen in the PDF on δx axis (bottom-right); the PDF has a right

long tail, which is compatible to a positive skewness in Table 7.2. This table shows the moments of

the propagated distribution with the hybrid method and relative errors with respect to the truth

for δx axis. All values are normalized with respect to Earth radius. The table shows that the

relative errors are less than 0.02% from the truth at most.

The STM has similar accuracy in the mean and variance, but, for the higher-order moments, the
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Figure 7.2: Sample point distribution and its conditional histograms after 30-orbital periods of
propagation in MEO.
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Table 7.2: Central moments and relative errors on x-axis after 30-orbital periods of propagation
(MEO)

Mean Variance Skewness Kurtosis

µ1 ∆ (%) µ2 ∆ (%) µ3 ∆ (%) µ4 ∆ (%)

STM 4.3307e1 1.1262e-2 1.5851e5 3.5856e-2 4.5546e-1 2.5119e-1 2.6102 5.9306e-2

2nd STT 4.3316e1 9.9390e-3 1.5861e5 2.7296e-2 4.5660e-1 2.9677e-3 2.6117 6.5514e-4

3rd STT 4.3317e1 1.1706e-2 1.5861e5 2.7325e-2 4.5660e-1 3.3154e-3 2.6117 6.8701e-4

relative error gets larger, i.e., less accurate, than the STTs; thus, the combination with the STT

should be necessary to get a more accurate result. Moreover, an advantage of the STT in the accu-

racy point of view is also appeared when we directly map the initial mean and the initial covariance.

As demonstrated in Equation (3.26), the current mean and covariance can be directly calculated

from the initial mean and covariance. Table 7.3 presents the directly mapped mean with the STM

and the STTs in the Delaunay variables space. This table shows that the STTs provide a higher

Table 7.3: Errors in the analytically propagated mean with respect to the truth (MEO)

STM STT (2nd order) STT (3rd order)

∆δl -386.9584e-6 -52.5691e-6 -53.3358e-6

∆δg 371.7383e-6 52.3290e-6 53.0957e-6

∆δh -105.0857e-9 -124.8589e-9 -124.8321e-9

∆δL 17.0751e-3 17.0751e-3 17.0751e-3

∆δG 30.6445e-3 30.6445e-3 30.6445e-3

∆δH 2.8398e-3 2.6646e-3 2.6633e-3

accuracy than the STM more apparently. One more thing worth mentioning is that the accuracy

of the propagated uncertainty with the second and third order STTs is identical. This infers that

there may exist an optimal combination between the order of semi-analytic solutions and that of

STTs.

7.3.1.2 Optimal Combination for the Hybrid Method

As seen in Tables 7.2 and 7.3, the accuracy of the hybrid method based on second and third

order STTs is similar, but it is different from a result that the higher order STT has the higher
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accuracy demonstrated in Fujimoto el al. [27] or Park et al. [64]. This, however, could be explained

with a dynamical accuracy of the SDS, i.e., errors due to the ignored short-period variation. As

seen in Figure 7.3, the correction values from the third-order STT are less than 0.1% with respect to

a magnitude of the short-period variation in time; thus, it could be negligible even if the accuracy

is improved. On the other hand, the values from the second-order STT are worth considering

because of their magnitude and growing effect in time. Therefore, for the given non-Keplerian

# of epochs
5 10 15 20 25 30

%
o
f
h
ig
h
-o
rd
er

S
T
T

co
rr
ec
ti
o
n
s
in

M

0

0.5

1

1.5

2

2.5

3

3.5

(a) Corrections of the mean anomaly in time

# of epochs
5 10 15 20 25 30

%
o
f
h
ig
h
-o
rd
er

S
T
T

co
rr
ec
ti
o
n
s
in

Ω

0

0.005

0.01

0.015

0.02

0.025

(b) Corrections of longitude of the ascending node in time

Figure 7.3: Time history of a ratio of correction values from the second and third-order STTs with
respect to the short-period variation. Figure 7.6(a) shows the corrections in the mean anomaly
in time. As seen in the figure, the correction of the mean anomaly from the third-order STT is
negligible. Figure 7.6(b) depicts an evolution of longitude of the ascending node, and it represents
that the corrections from the STTs are less than 0.03%. This angle changes slowly, i.e., almost the
constant, in time in the given dynamical system, i.e., almost linear evolution; thus, the high order
STTs are meaningless for this angle.

motion, we may be able to suggest an optimal combination of the hybrid method in propagating

the uncertainty from this comparison.

7.3.1.3 Statistical Energy Test

As more rigorous statistical verification, the statistical energy test is introduced. The sig-

nificance level(α) for the hypothesis test is set at 5%. The test is applied to uncertainties based
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on the STM and the second order STT at every five orbital periods of propagation. As seen in

Figure 7.4, the calculated p-value for every case is larger than the designated significance level,

which represents that the propagated uncertainties are equal to the truth with a 95% confidence

level.
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Figure 7.4: Time histories of the p-value from the STM (circles in magenta), the second (triangles
in green), and third (squares in blue) order STT with the SDS and the designated significance level,
α (dottedline)

7.3.2 Result II: The Accuracy of the Hybrid Method for Highly Elliptical Orbit

7.3.2.1 Moments Comparison

The verification of accuracy for the highly elliptic orbit case is carried out in the same

manner. Figure 7.5 shows the distributions on the δx-δẋ phase-space and the histograms of the

PDFs belonging to each direction: the conditional PDF on the δẋ(ER/s) axis (top-left), that on

δx(ER) axis (bottom-right), and the distributions of the samples on the δx-δẋ phase space (top-

right) from two different methods. Table 7.4 shows the moments of the PDFs and relative errors

up to fourth order in the Cartesian coordinate space for the statistical verification. There exists

a difference in accuracy, but the hybrid method captures nonlinearity and maps the uncertainty
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Figure 7.5: Sample point distribution and its conditional histograms after 30-orbital periods of
propagation in Molniya.
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accurately in this case as well. The worst result in the table is the mean from the hybrid method

based on the STM: it is about 7%. On the other hand, the relative errors of the mean from the

STTs are almost 100 times smaller; thus, we can also conclude that the hybrid method based

on the STTs is necessary. Finally, we can see that the hybrid methods defined with the second

and third order STTs map the uncertainty with similar accuracy in this highly elliptic case. As

Table 7.4: Central moments and relative errors on x-axis after 30-orbital periods of propagation
(Molniya)

Mean Variance Skewness Kurtosis

µ1 ∆ (%) µ2 ∆ (%) µ3 ∆ (%) µ4 ∆ (%)

STM 2.1018 7.6028 4.1792e5 1.0382e-1 8.0660e-3 1.3802e1 2.3972 1.0533e-3

2nd STT 1.9546 6.3190e-2 4.1796e5 9.3720e-2 7.1024e-3 2.0742e-1 2.3972 9.0759e-5

3rd STT 1.9546 6.3206e-2 4.1796e5 9.3699e-2 7.1024e-3 2.0747e-1 2.3972 1.0740e-4

seen in the previous case, the mean and the covariance after 15 days later are calculated with with

Equation (3.26), and Table 7.5 presents the propagated values with the STM and STTs. This result

Table 7.5: Errors in the analytically propagated mean with respect to the truth (Molniya)

STM STT (2nd order) STT (3rd order)

∆δl -14.9890e-6 -13.5673e-9 -13.5729e-9

∆δg -23.9734e-9 -15.7318e-9 -15.7317e-9

∆δh 102.1294e-9 -11.7265e-9 -11.7276e-9

∆δL -5.5091e-3 -5.5091e-3 -5.5091e-3

∆δG 116.4601e-3 116.4601e-3 116.4601e-3

∆δH -58.6631e-3 -58.6285e-3 -58.6285e-3

also clarifies that the hybrid method based on the STM is less accurate than that based on the

STTs, as well as shows that the third order STT makes no improvement in the accuracy. Figure 7.6

depicts a ratio of corrections from the second and the third order STTs; this figure implies that the

correction from the third order STT is negligible. Therefore, as before, we can suggest the optimal

combination of the hybrid method.
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Figure 7.6: Time history of a ratio of correction values from the second and third-order STTs with
respect to the short-period variation. Figure 7.6(a) shows the corrections in the mean anomaly
in time. As seen in the figure, the correction of the mean anomaly from the third-order STT is
negligible. Figure 7.6(b) depicts an evolution of longitude of the ascending node, and it represents
that the corrections from the STTs are less than 0.03%. This angle changes slowly, i.e., almost the
constant, in time in the given dynamical system, i.e., almost linear evolution; thus, the high order
STTs are meaningless for this angle.
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7.3.2.2 Statistical Energy Test

As in the previous example, the p-value is calculated at every five orbital periods. The

same conditions, e.g., significance level and orbital periods of propagation, are applied to this

case. Similarly, p-values for all considered epochs are larger than the significance level, shown in

Figure 7.7; thus, we conclude that the propagated uncertainties with the hybrid method for the

highly elliptic orbit case are equal to the truth with a 95% confidence level.
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Figure 7.7: Time histories of the p-value from the STM (circles in magenta), the second (triangles
in green), and third (squares in blue) order STT with the SDS and the designated significance level,
α (dottedline)

7.4 Performance Improvement of the Hybrid Method

For the sake of showing the improvement in computational efficiency, we observe the elapsed

time it takes to map the initial uncertainty over 15 days. The number of samples is 300,000. The

ephemerides of the Sun and moon at each integration epoch are linearly interpolated with the

MATLAB internal function ‘interp1.’ Three approaches are used: 1) Monte Carlo simulations with

the numerical integration, 2) Monte Carlo simulations with the SDS, and 3) the hybrid method. All

computations are performed on a laptop, 2.8 GHz Intel R© Core i7 and 4 GB 1067 MHz DDR3. The
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elapsed time is the average value acquired from 10 runs (the M-C with the numerical integration

is from 2 runs.)

Table 7.6: Comparison of elapsed time in propagating the uncertainty

Method elapsed time (seconds) Remarks

Numerical M-C 5.6598e6 (≈ 65.5 days) −
SDS M-C 7.1184e4 (≈ .8 days) −

Hybrid method
2nd STT 80.7167 include elapsed time

3rd STT 111.3365 for computing STTs

As seen in Table 7.6, the hybrid method extremely improves the performance in propagating the

uncertainty. The elapsed times for the hybrid method are less than 0.002 % with respect to that

for Monte Carlo simulations with the full dynamical system.

7.5 Conclusion

The hybrid method is inspired by a question how we can avoid to use Monte Carlo simulations

in mapping uncertainty without losing accuracy. A fundamental idea of the hybrid method is to

combine the advantages of the State Transition Tensors (STTs) and the Simplified Dynamical

System (SDS). The most remarkable advantage of the STT is that it maps an initial deviation

directly to that at any desired epoch, as well as that it captures nonlinearity of the dynamical

system. Because of these strengths, the STT is selected as the answer. The hybrid method is

defined through two steps: 1) expanding the SDS as a form of the Taylor series expansion, and

then 2) generating the STT up to an order where we want. This combined method, ideally, is

expected to have the advantages of the two fundamental ideas, i.e., SDS and STT.

In this chapter, we generate the STT up to third order to define the hybrid method and

apply them to the two non-Keplerian motions under multiple perturbations, i.e., J2 gravity field

harmonics, a direct Solar Radiation Pressure (SRP), and gravitational attractions due to the Sun

and moon (lunisolar perturbation). The accuracy of the propagated uncertainty and the improve-

ment of a performance are verified through the two statistical methods and through the comparison
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of elapsed times. From the test, the hybrid method is verified as a more efficient method while

maintaining the accuracy for uncertainty propagation.

Lastly, we also proposed that the optimal combination for the hybrid method for the given

cases. As shown in Figures 7.3 and 7.6, the second order STT is the dominant part to improve the

accuracy for mapping uncertainty. This implies that the second order STT is enough to capture the

nonlinearity of the SDS. Related to this result, it is also worth considering the optimal combination

for the SDS that has higher nonlinearity, such as a Low Earth Orbit (LEO) case.



Chapter 8

Conclusion and Future Works

8.1 Conclusion

In recent years, Space Situational Awareness (SSA) has become increasingly important as

the number of tracked Resident Space Objects (RSOs) continues their growth. In order to keep

pace with this situation, various methods have been proposed to propagate uncertainty accurately

by capturing the nonlinearity of the dynamical system. The methods mostly focus on expressing

motion of the RSOs with more realistic mathematical descriptions. However, to understand the

evolution of uncertainty more rigorously and to propose a new method for mapping uncertainty,

an investigation of the dynamical system itself should be fruitful. This idea can be clarified with

the motivational question of this research, which is

“How much precision is needed in describing the dynamical motion of a spacecraft to ensure an

accurate determination of propagated orbit uncertainty?”

In this dissertation, we examine the question by verifying the dynamical realism in propagating un-

certainty accurately, and then we ultimately apply the answer to develop the more efficient method

while maintaining the accuracy.

In Chapter 3, an analytic method of nonlinear uncertainty propagation and of an evolution of

PDF are discussed. A special solution to the Fokker-Planck equations for deterministic systems
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and the State Transition Tensors (STTs) concept are combined so that, given an analytical ex-

pression of both the initial probability distribution and the dynamics, the probability distribution

may be expressed analytically for all time. Moreover, the analytic expressions for calculating the

third and fourth order moments are introduced. In order to understand the STTs more clearly, the

two-body dynamics is applied to the above framework. Consequently, the results demonstrate the

potential efficiency and accuracy of analytical uncertainty propagation even when compared to nu-

merical results employing realistic parameter models and the good agreement between the analytic

and Monte Carlo results implies that further investigation in analytic uncertainty propagation may

indeed be beneficial.

In Chapter 4, we reviewed the Deprit-Lie transformation method and its the generalized expres-

sions. One of the most advantageous property of this transformation is the systematic process, such

as obtaining the generating functions. The algorithms for converting the variables’ spaces and for

restoring the periodic variations are also addressed. Then, the symplecticity of the transformation

is verified. Lastly, for practical applications, a procedure for deriving the (semi) analytic solutions

was presented; and the feasibility and the improvement of accuracy of the transformation method

were verified by revisiting the problem of the artificial satellite theory.

In Chapter 5, the idea of the weak solution for stochastic partial differential equations[29] mo-

tivates us to identify a dominant variation and explore the Simplified Dynamical System (SDS) for

uncertainty propagation. For the first verification of the motivational question, we have focused

on the dynamical realism in mapping uncertainty and verified the accuracy and the performance

improvement of the SDS, as well as identified the dominant variation in uncertainty propagation.

Throughout this chapter, we show that the SDS is capable of propagating the initial PDF while

maintaining accuracy even though the short-period variations are regarded as constants. It is

worth mentioning that we also investigate the influence of the short-period variations in mapping

uncertainty by comparing distributions within one period. The replacement of periodic variations
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apparently make an offset in the orbit element space; however, it is verified that there is a neg-

ligible effect in mapping uncertainty in the Cartesian coordinates space. In conclusion, the most

dominant variation for the accurate propagation of uncertainty is the secular variation of the dy-

namical system of the orbiting bodies. Moreover, we have introduced a new statistical method,

called the statistical energy test, for comparing multivariate PDFs more rigorously[2, 3]. Based on

this test, we conclude that the propagated uncertainty with the SDS describes the true uncertainty

accurately with 95% of confidence level for every test scenario.

In Chapter 6, the property of the Deprit-Lie transformation method[19] inspires us to expand

the SDS and to replace the initial offset correction algorithm with a fully analytic method. The

expanded SDS, based on the second-order secular (averaged) dynamics, considers multiple pertur-

bations, such as J2 gravity field harmonics, gravitational attraction of the moon, and a direct Solar

Radiation Pressure (SRP). And the analytic initial correction algorithm is implemented based on

the generating functions. Thus, the main goal of this chapter is to verify the capability of the

expanded SDS in two aspects, i.e., accuracy and efficiency. Throughout this chapter, we describe

how the Deprit-Lie transformation method is applied to define the expanded SDS and the analytic

initial offset correction algorithm. Then, we have verified the accuracy and the improvement of

computational efficiency through the statistical approaches and through the comparison of pro-

cessing times, respectively. In particular, an evolution of uncertainty of high area-to-mass ratio

(HAMR) objects is tested as a more extreme case. Through this test, we verify that the expanded

SDS is applicable to map uncertainty for the HAMR objects accurately and efficiently. Lastly, we

define the new initial offset correction algorithm based on the generating function and show that

it successfully replaces the previous methods. This should be another advantage of an application

of the Deprit-Lie transformation method.

In Chapter 7, the hybrid method is proposed based on a question “How can we avoid using Monte

Carlo simulations in mapping uncertainty without losing accuracy?” A fundamental idea of the



121

hybrid method is to combine the advantages of the STTs and the SDS. The most remarkable ad-

vantages of the STT are that it maps an initial deviation directly to that at any desired epoch

and that it captures nonlinearity of the dynamical system. Because of these strengths, the STT is

selected as the answer. The hybrid method is defined through two steps: 1) expanding the SDS as

a form of the Taylor series expansion, and then 2) generating the STT up to an order where we

want. This combined method, ideally, is expected to have the advantages of the two fundamental

ideas, i.e., SDS and STT. In this chapter, we generate the STTs up to third order to define the

hybrid method and apply each order of the STTs to the two non-Keplerian motions under multiple

perturbations, i.e., J2 gravity field harmonics, a direct SRP, and gravitational attractions due to

the Sun and moon (lunisolar perturbation). The accuracy of the propagated uncertainty and the

improvement of the computational efficiency are verified through the two statistical methods and

through the comparison of elapsed times. From the test, the hybrid method is verified as a more

efficient method while maintaining the accuracy for uncertainty propagation. Lastly, we also pro-

posed the optimal combination of the both ideas for the hybrid method for the given examples. As

shown in Figures 7.3 and 7.6, the second order STT is the dominant part to improve the accuracy

for mapping uncertainty. This implies that the second order STT is sufficient to capture the non-

linearity of the SDS. Related to this result, it is also worth considering the optimal combination

for the SDS that has higher nonlinearity, such as a Low Earth Orbit (LEO) case.

8.2 Future Works

We will briefly mention about planned follow-up studies. The future works can be classified

to twofold. At first, we will explore more practical applications based on the SDS. Next, based

on (semi) analytic solutions, various celestial mechanics problems would be investigated, such as

resonances, frozen orbits, and so on. Following is a short summary:

� We are planning to expand the current hybrid method by incorporating additional pertur-

bations relevant to Earth-orbiting objects to the uncertainty propagation, such as the full effect
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due to the oblateness or the tesseral harmonics of the Earth or drag. As well as it is also investi-

gated to generate the hybrid method for more practical problems, which include a control law, a

filtering, and so on. Brief descriptions about these works are given below:

• Expansion of the SDS to non-autonomous Hamiltonian case

· Incorporate of drag force in the SDS [8, 11, 16].

· According to Two Line Elements (TLE) released by North American Aerospace Defense

Command (NORAD), there are many known objects on a low altitude (≤ 2.0 ER.)

· Introduce practical measurements data such as GPS occultation, radiosonde, etc.

• Estimation with sparse tracking for space debris

· Some space debris, such as the fragments of the Chinese Fengyun-1C satellite, have stable

orbits: thus, they need to be monitored over long-period of time.

· Nonlinear mapping of uncertainty becomes diluted after some period of propagation.

· Study map to incorporate measurements into highly distorted uncertainty distributions.

· Use my methods of uncertainty mapping and representation from my thesis.

· Apply modern estimation approaches, e.g., particle filter.

, , 

mi Pi, 

mj Pj mk Pk

Figure 8.1: Incorporation of the tracking date to update the propagated uncertainty: Aa region of
the propagated uncertainty spreads over time. After some time later, everywhere in a trajectory is
under the propagated uncertainty region. By updating this region with sparse tracking data, the
uncertainty region may be prevented from an infinite inflation.

• Collision assessment and avoidance strategy

· The hybrid method propagate uncertainty more efficiently while keeping accuracy [60]

· Map uncertainties of a satellite and potentially hazardous objects analytically.
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· Assess if propagated uncertainty had any overlap by applying Bayes’ theorem.

· One could design an avoidance strategy by applying the statistically correct trajectory

and nonlinear statistical targeting [62, 64].

δm1(t)

δm2 (t)

Figure 8.2: Collision assessment and avoidance strategy

� The (semi) analytic solutions and the generating functions, derived from the Deprit-Lie trans-

formation, can provide more insight to analyze resonances or to understand trajectories of celestial

bodies itself (or those around small bodies.) Thus, this approach would be useful to explore reso-

nant orbits for space debris removal as well as to study a long-term evolution of celestial bodies,

such as a formation of the Saturn’s ring or a motion of particles within a galactic disk.
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Appendix A

Useful Mathematical Techniques

A.1 Calculus of Derivatives

Taking partial derivatives to any given orbital dynamics are necessary not only for deriving

the Lagrange Planetary Equations, but also for applying the Deprit-Lie transformation method.

In particular, implicit relations between phase variables have to be considered when we use the

dynamical system for an orbiting object, such as a relation between the mean and true anomalies.

Before discussing the partial derivatives, we clarify basic relations between the mean, the true, and

the eccentric anomalies in the orbiting motion as follows [72]:

cosE =
e+ cos f

1 + e cos f
,

sinE =

√
1− e2 sin f

1 + e cos f
,

cos f =
cosE − e

1− e cosE
,

sin f =

√
1− e2 sinE

1− e cosE
.

(A.1)

Next are the associated differential relationships of the anomalies.

dM = (1− e cosE)dE,

dM =
(1− e2)3/2

(1 + e cos f)2
df,

dE =

√
1− e2

1 + e cos f
df,

df =

√
1− e2

1− e cosE
dE

(A.2)
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From the relations defined in Equations (A.1) and (A.2), we can get

∂E

∂(e, M)
=
(a
r

sinE,
a

r

)
,

∂f

∂(e, M)
=

(
2 + e cos f

1− e2
sin f,

(a
r

)2√
1− e2

)
,

∂r

∂M
= ae sinE

∂E

∂M
=
a2e

r
sinE =

ae√
1− e2

sin f,

∂r

∂(a, e, i, Ω, ω)
=
(r
a
, −a cos f, 0, 0, 0

)
,

∂u

∂e
=
∂u

∂f

∂f

∂e
=

2 + e cos f

1− e2
sin f,

∂u

∂M
=
∂u

∂f

∂f

∂M
=
(a
r

)2√
1− e2,

∂u

∂(a, i, Ω, ω)
= (0, 0, 0, 1),

(A.3)

where u = f + ω. It is worth mentioning that these results are useful when we define the implicit

relations between the Delaunay variables since the Deprit-LIe transformation method in this study

is defined in the Delaunay variables space. More detailed derivation procedure is presented in

Beutler[6].

We can obtain another useful partial derivatives based on the relationships listed below:

tan
f

2
=

√
1 + e

1− e tan
E

2
, (A.4a)

E = M(t) + e sinE, (A.4b)

M(t) = n(t− T0). (A.4c)

From Eq. (A.4), we can find dependencies between the variables as

f = f(e, E),

E = E(M, e),

M = M(a, T0).

(A.5)
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Then,

∂f

∂a
=
∂f

∂E

∂E

∂M

∂M

∂a
, (A.6a)

∂f

∂e
= {f}e +

∂f

∂E

∂E

∂e
, (A.6b)

∂f

∂T0
=
∂f

∂E

∂E

∂M

∂M

∂T0
, (A.6c)

where {f}e specially designates the partial derivative of the true anomaly with respect to e, ignoring

the dependency of E on e. T0 can be replaced with M0 or M(T0) or σ0 [80]. Here are additional

results:

∂f

∂E
=

1√
1− e2

p

r
, (A.7a)

∂M

∂a
= − 3

2a
M(t), (A.7b)

∂f

∂a
= −3a

√
1− e2

2r2
M(t), (A.7c)

∂f

∂e
=

1

1− e2

p

r
sin f, (A.7d)

∂f

∂T0
= − nap

r2
√

1− e2
. (A.7e)

Lastly, as demonstrated, the Deprit-Lie transformation method uses the Delaunay variables defined

in Equation (6.4). In this study, auxiliary variables, (ξ, f, g, h, a, n, e, η, s, c), are introduced to

express the semi-analytic solutions in the closed-form by rewriting the given dynamical system.

These variables are defined as follows:

ξ =
a

r
=

1 + e cos f

1− e2
=

1

1− e cosE
f

a =
L2

µ
n =

µ2

L3

e =

√
1−

(
G

L

)2

η =
√

1− e2 =
G

L

s = sin I =

√
1−

(
H

G

)2

c = cos I =
H

G

g h

(A.8)

Table A.1 shows partial derivatives of the auxiliary variables with respect to the Delaunay variables.

For the sake of solving the higher-order homological equations, Equation (A.8) and the relations in
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Table A.1: Table of partial derivatives

∂/∂L ∂/∂G ∂/∂H ∂/∂l

ξ ξ2η2

na2e cos f − ξ2η
na2e cos f 0 − ξ2eη sin f

a 2
an 0 0 0

n − 3
a2 0 0 0

s 0 c2

na2ηs − c
na2ηs 0

c 0 − c
na2η

1
na2η 0

e η2

na2e − η
na2e 0 0

η η
na2

1
na2 0 0

f 1+ξη2

na2e sin f − 1+ξη2

ηna2e sin f 0 ξ2η



133

the table are applied. For instance, the second-partial derivatives for computing L2
1H0,0 are defined

as:

∂2ξ

∂l2
=

∂

∂l

(
−ξ

2e

η
sin f

)
= −2

e2ξ

η

(
∂ξ
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sin f − ξ2e

η

(
∂ sin f

∂l

)
=
ξ3e3

η2
(1− cos 2f)− ξ4ne

η
cos f.

(A.9)

With the same idea, we also get

∂2f

∂l2
=

∂

∂l
(ξ2η) = −2ξ3e sin f, (A.10a)

∂2

∂l2
(a, n, s, c, e, η) = 0. (A.10b)

A.2 Averaging of Orbital Dynamics

The simplified dynamical system eliminates the short-period variations from the full dynam-

ical system. Even when the Deprit-Lie transformation is applied, an averaging of orbital dynamics

is necessarily applied. In this section, useful mathematical approaches are summarized to make

results in a closed-form.

The expansion of quantities of the form rn and 1/rn in terms of Fourier series coefficients is useful

to carry out averaging equations [72].

(1 + e cos τ)n =
∞∑

m=0

anm cos(mτ) (A.11a)

1

(1 + e cos τ)n
=

∞∑

m=0

bnm cos(mτ) (A.11b)

where the coefficients are defined as follows:

an0 = cn0 (A.12a)

ank = 2
(e

2

)k
cnk (A.12b)

bn0 =

√
1− e2

(1− e2)n
fn0 (A.12c)

bnk = (−1)k2
(e

2

)k √1− e2

(1− e2)n
fnk (A.12d)
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The coefficients cnk and fnk have the general definitions:

cnk =





∑[(n−k)/2]
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n!
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(
e
2

)2l
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(A.13a)
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(A.13b)

f1
k =

(
2

1 +
√

1− e2

)k
(A.13c)

where [a] = floor(a), integer part in a. A practical application of the above relations are given in

Equation A.14 [44].
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(a
r

)3
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cos(2f) = 0 (A.14b)
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r
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cos(f) = e(1− e2)−5/2 (A.14c)
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sin(3f) = 0 (A.14d)
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2
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)
(A.14e)
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r
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cos(2f) =
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4
e2(1− e2)−7/2 (A.14f)
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sin(2f) =

(a
r
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cos(4f) =
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)5
sin(4f) = 0 (A.14g)

(A.14h)
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(a
r

)6
= (1− e2)−9/2
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1 + 3e2 +

3

8
e4

)
(A.15a)
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(A.15c)
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cos(3f) =

e3

2
(1− e2)−9/2 (A.15d)

(a
r

)6
cos(4f) =

e4

16
(1− e2)−9/2 (A.15e)

(a
r

)6
cos(jf) = 0, (j > 4) (A.15f)

(A.15g)

Note that the mean values of cos j f (j = 1, 2, . . .) with respect to the mean anomaly do not become

zero, but it can be generalized as [44]

cos jf =


 −e(

1 +
√

1− e2
)



j

(1 + j
√

1− e2). (A.16)

Throughout this section, we shortly present the useful mathematical expressions applied in this

study. There are a lot of additional useful expressions that are not summarized here. We recom-

mend to review a works by Ahmed [1], Jefferys [37], and Metris [55].
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Taylor Series Expansion of Orbital Dynmaics

The state transition tensor is defined by taking higher-order terms in an expanded dynamical

system. In general, the Taylor series expansion is applied to rewrite the dynamical system with

respect to the initial conditions or the reference trajectory. Here, we summarize the Taylor series

expansion for a single variable and multiple variables.

f(x⇤ + �x) =
1X

n=0

f (n)(x)

n!
�xn

�����
x=x⇤

=


f(x⇤) +

@f(x)

@x
�x +

1

2!

@2f(x)

@x2
(�x)2 +

1

3!

@3f(x)

@x3
(�x)3 + H.O.T.

�

x=x⇤

Figure B.1: Example of the Taylor series expansion for a single variable

Figure B.1 shows the basic form of the Taylor series expansion. As mentioned briefly, the

state transition tensors take higher-order terms of this expansion for capturing the nonlinearity

of the dynamical system. The traditional linearized mapping matrix, i.e., state transition matrix,

uses only the first-order expansion plotted in red line. On the other hand, the state transition

tensors include additional terms up to any desired order. As an example, we show the second and

third-order state transition tensors which are depicted in green and blue, respectively.

The Taylor series expansion in multivariate phase space have much more complicate form since

one has to consider correlation between each variable. Equation (B.1) shows the expansion when
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the number of variables is two.

f(x, y) = f(x∗, y∗) +
∂f

∂x
(x− x∗) +

∂f

∂y
(y − y∗)

+
1

2!

[
∂2f

∂x2
(x− x∗)2 +

2∂2f

∂x∂y
(x− x∗)(y − y∗) +

∂2f

∂y2
(y − y∗)2

]

+
1

3!

[
∂3f

∂x3
(x− x∗)3 +

3∂3f

∂x2∂y
(x− x∗)2(y − y∗) +

3∂3f

∂x∂y2
(x− x∗)(y − y∗)2 +

∂3f

∂y3
(y − y∗)3

]

+
1

4!

[
∂4f

∂x4
(x− x∗)4 +

4∂4f

∂x3∂y
(x− x∗)3(y − y∗) +

6∂4f

∂x2∂y2
(x− x∗)2(y − y∗)2+

4∂4f

∂x∂y3
(x− x∗)(y − y∗)3 +

∂4f

∂y4
(y − y∗)4

]
+H.O.T.

(B.1)

We can use a compact expression of the Taylor series expansion with multivariate variables. Suppose

that x = (x, y) and a = (a, b). Then, the expansion around x∗ = a becomes

f(x, y) = f(a, b) + fx(a, b)(x− a) + fy(a, b)(y − b)

+
1

2!

[
fxx(a, b)(x− a)2 + 2fxy(a, b)(x− a)(y − b) + fyy(y − b)2

]
+ . . . ,

(B.2)

which is the compact form of Equation (B.1).

For any given number of variables, the Taylor series expansion can be generalized [4, 5, 57],. Let

us assume that a given function f(x) is an infinitely differentiable and real function with f , x ∈

Rn. Then, the expansion about a point x = a is defined as follows:

f i
(
x1, . . . , xN

)
=
∑

j≥0

1

j!

[
N∑

k=1

(
xk − ak

) ∂

∂ξ

k
]j

f i
(
ξ1, . . . , ξN

)
∣∣∣∣∣∣
ξm=am

, (B.3)

where ξ denotes a dummy variables. If one introduces a vector form, this expression becomes a

compacter as:

f i(x) =
∑

j≥0

1

j!
[ (x− a) · ∇ξ ]j f i(ξ)

∣∣∣
ξ=a

, (B.4)

where ∇ represents a gradient operator.
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Lie Series and Transformation

C.1 Lie Series

C.1.1 Properties of the Lie Operator

The primary feature of the Deprit-Lie transformation is the application of the Lie transfor-

mation operator to construct a canonical transformation in expanded form.

Definition 18 (Lie Operator). For given two analytic functions f(q, p) and W(q, p) bounded in

a domain Ω of phase space, Lie derivative of the function f generated by W is defined as a form of

the Poisson bracket {f, W}, which we now denote by the symbol

LWf = {f, W} =

n∑

i=1

(
∂f

∂qi

∂W
∂pi
− ∂f

∂pi

∂W
∂qi

)
, (C.1)

where LW is called the Lie operator.

The Lie operator satisfies below relations

LW(α · f + β · g) = α · LWf + β · LWg, (C.2a)

LW(f · g) = f · LWg + g · LWf, (C.2b)

LW{f ; g} = {f ; LWg}+ {LWf ; g}, (C.2c)

based on the properties of the Poisson brackets shown in Equations (2.35) - (2.37), and

LVLWf = L{W ;V}f + LWLVf, (C.3)
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from the Jacobi’s identity in Equation for given real constants α, β, and any analytic function

V (q, p) in the domain Ω. By recurrence over n, Equations (C.2a) - (C.2c) can be extended to

become

LnW(α · f + β · g) = α · LnWf + β · LnWg, (C.4a)

LnW(f · g) =
∑

0≤m≤n



n

m


LmWf · Ln−mW g, (C.4b)

LnW{f ; g} =
∑

0≤m≤n



n

m


 {LmWf ; Ln−mW g}, (C.4c)

where 

n

m


 =

n!

(n−m)!m!

is the binomial coefficient.

C.1.2 Generating Function for the Inverse Transformation

Let the function W(y, Y ) satisfy conditions sufficient to ensure a relation

exp(εLW)f =
∞∑

n≥0

εn

n!
LnWf, (C.5)

one can get a derivative

d

dε
exp(εLW)f = exp(εLW)LWf

and express in a general form, called the commutation theorem[7] as follows.

Theorem 1 (The Commutation Theorem) If z ≡ (q, p) denotes the generic point of Ω and Zi =

exp(εLW)zi (i = 1, 2, . . . , 2n), then, for any function F (z) analytic in the domain Ω, one has

exp(εLW )F (z1, z2, . . . , z2n) = F (Z1, Z2, . . . , Z2n), (C.6)

and, in particular,

exp(εLW)(f, g) =
(

exp(εLW)f, exp(εLW)g
)
. (C.7)
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If one differentiate the functions Zi with respect to ε, then

dZi
dε

= exp(εLW)(LWZi) = exp(εLW) Θi(z). (C.8)

By applying the commutation theorem,

dZi
dε

= exp(εLW) Θi(Z1, Z2, . . . , Z2n). (C.9)

Therefore we can say that the solutions of Equation (C.9), which satisfy the initial conditions

Zi|ε=0 = zi, are represented by the Lie series Zi = exp(εLW)zi. Lastly, by Equation (C.7), Lie’s

theorem is defined as follows.

Theorem 2 (The Lie’s Theorem) Let the transformation z = z(ζ) be given, from the 2n-dimensional

vector z = (q, p), where qi and pi are generalized coordinates and conjugate momenta, to the 2n-

dimensional vector ζ = (ξ, η). If ε is a constant parameter and an analytic function W(z) exists

such that the series

ζ(ε) = exp(εLW)z (C.10)

converges on a domain of the space z, then the transformation z = z(ζ) is a canonical.

The function W is the generating function for the canonical transformation in Equation (C.10). If

an analytic function V is sufficient to satisfy the inverse transformation z = exp(εLV)ζ, then

exp(εLV)ζ = exp(εLV) [ exp(εLW)z ]

= exp [ ε(LW + LV) ]z = z.

(C.11)

Therefore, the operator exp [ ε(LW + LV) ] must be the identity operator. i.e., : that is LW+LV = 0,

from which V = −W.

C.2 Lie Transformation

The Lie transfromation is a “contaminated Lie series” by the methods of perturbation theory.

The canonical transformation represented by the Lie series will have to differ by a small amount

from the identity transformation. In particular, Deprit[19] proposed this transformation by defining
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the generating functions W as a function of the generalized coordinates, conjugate momenta, and

a smal parameter ε. For a given function W(ζ ; ε), the Lie transformation operator[19] is defined

by

f → ∆Wf = LW f +
∂f

∂ε
. (C.12)

C.2.1 Properties of the Lie Transformation Operator

The transformation operator also has similar properties to the Lie series operator as follows.

∆W(α · f + β · g) = α∆Wf + β∆Wg, (C.13a)

∆W(f g) = f ·∆Wg + g ·∆Wf, (C.13b)

∆W{f ; g} = {∆Wf ; g}+ {f ; ∆Wg}, (C.13c)

∆V∆W = ∆W∆V + L{W ;V} + L∂W/∂ε−∂V/∂ε. (C.13d)

As well as there exist similar properties in a recursive application of the operator

∆n
W(α · f + β · g) = α ·∆n

Wf + β ·∆n
Wg, (C.14a)

∆n
W(f · g) =

∑

0≤m≤n



n

m


∆m

Wf ·∆n−m
W g, (C.14b)

∆n
W{f ; g} =

∑

0≤m≤n



n

m


 {∆m

Wf ; ∆n−m
W g}, (C.14c)

In order to simplify the expressions in Equations (C.14a) - (C.14c), the function of ζ which results

from ε = 0 in the expression ∆n
W(ζ ; ε)f(ζ ; ε), will be more simply written as f (n)(ζ ; 0).

C.2.2 Specific Derivation of the Lie Transformation Operator

Consider the formal power series

EW(f) =
∑

n≥0

1

n!
εnf (n)(ζ ; ε)

∣∣∣∣∣∣
ε=0

=
∑

n≥0

1

n!
εnf (n)(ζ; 0). (C.15)
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The mapping EW : f 7−→ EW(f) is called the Lie transformation generated by W [19]. Similar to

the properties given in Equations (C.14a) - (C.14c), one can obtain

EW(α · f + β · g) = α · EW(f) + β · EW(g), (C.16a)

EW(f · g) = EW(f) · EW(g), (C.16b)

EW{f ; g} = {EW(f) ; EW(g)}. (C.16c)

Equation (C.16c) defines the formal power series

ζ′ = EW(ζ) =
∞∑

n=0

1

n!
εnζ(n)(ζ ; 0) (C.17)

define a canonical transformation (ζ, ε) 7−→ ζ′. If ζ is a vector (ξ, η), where ξ and η represent the

generalized coordinates and the conjugate momenta, Deprit demonstrated Equation (C.17) can be

interpreted based on a condition ζ′ = ζ at the point ε = 0 as follows [19]:

dξ

dε
=

∂

∂η
W(ξ, η ; ε),

dη

dε
= − ∂

∂ξ
W(ξ, η ; ε) (C.18)

Then, from Equations (C.14a) - (C.14c), we also obtain the relations

dx

dε
= (x;W ) = ∆wx,

d2x

dε2
= ((x;W );W ) +

(
x;
∂W

∂ε

)
= ∆2

wx, . . . (C.19)

Consequently, an expansion of ζ′ in power series of a small parameter ε can be expressed in Equa-

tion (C.17). For a given function f (ξ′, η′, ε), Equation (C.18) could be generalized along the

solution (ξ′(ξ, η, ε), η′(ξ, η, ε)) as

df

dε
= ∆Wf,

d2f

dε2
= ∆2

Wf, . . . . (C.20)

In the same idea, this becomes

f
(
ξ′(ξ, η, ε), η′(ξ, η, ε)

)
=

∞∑

n=0

1

n!
εn (∆n

Wf)ε=0 , (C.21)

which can be expressed symbolically in

f(EW(ξ), EW(η) ; ε) = (EW(f))(ξ, η ; ε). (C.22)
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Equation (C.22) shows the rule to convert a function of (ξ′, η′, ε) into that of (ξ, η, ε) through the

canonical transformation given in Equation (C.18).

f
(
ξ′(ξ, η, ε), η′(ξ, η, ε)

)
= f(EW(ξ), EW(η); ε)

= (EWf)(ξ,η; ε)

=
∑

n≥0

1

n!
εn (∆n

Wf)ε=0︸ ︷︷ ︸
f (n)

=
(
∆0
Wf
)
ε=0︸ ︷︷ ︸

f (0)

+
1

1!
ε
(
∆1
Wf
)
ε=0︸ ︷︷ ︸

f (1)

+
1

2!
ε2
(
∆2
Wf
)
ε=0︸ ︷︷ ︸

f (2)

+
1

3!
ε3
(
∆3
Wf
)
ε=0︸ ︷︷ ︸

f (3)

+ . . .

(C.23)

Each term in the series expansion in Equation (C.18), e.g., ζ(k), can be defined at the point ε = 0

as follows:

∆
(k)
W f =

∑

n≥0

1

n!
εnf (k)

n

⇒ ∆0
W = f

(0)
0 +

1

1!
εf

(0)
1 +

1

2!
εf

(0)
2 +

1

3!
εf

(0)
3 + . . . = f

(0)
0 = f (0) where, ε = 0

⇒ ∆1
W = f

(1)
0 +

1

1!
εf

(1)
1 +

1

2!
εf

(1)
2 +

1

3!
εf

(1)
3 + . . . = f

(1)
0 = f (1) where, ε = 0

...

⇒ ∆k
W = f

(k)
0 +

1

1!
εf

(k)
1 +

1

2!
εf

(k)
2 +

1

3!
εf

(k)
3 + . . . = f

(k)
0 = f (k) where, ε = 0

(C.24)

Thus, the symbolic expression, Equation (C.22), can be rewritten by using Equation C.24 in

f
(
ξ′(ξ, η, ε), η′(ξ, η, ε)

)
= f

(0)
0 +

1

1!
εf

(1)
0 +

1

2!
ε2f

(2)
0 +

1

3!
ε3f

(3)
0 + . . . (C.25)

From the above discussion, the generalized expression describing the Deprit’s triangle, Equa-

tion (4.6), is obtained from a given formal series, Equations (4.2). Here we present a detailed

procedure of this mapping. Suppose that we have

W (y,Y ; ε) =
∑

n≥0

1

n!
εnWn+1(y,Y ), (C.26a)

f(y,Y ; ε) =
∑

n≥0

1

n!
εnfn(y,Y ). (C.26b)
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Then, we get each term of the right-hand side on Equation (C.12) as

∂f

∂ε
(y,Y ; ε) =

∑

n≥0

1

n!
εnfn+1(y,Y ), (C.27a)

LWf(y,Y ; ε) =
∑

n≥0

1

n!
εn

∑

0≤m≤n



n

m


Lm+1fn−m(y,Y ). (C.27b)

Let us use a concise form LWp = Lp for convenience. Trom Equations (C.23) and (C.27), the first

transformation of a function f is

∆Wf = ∆1
Wf = LWf(y,Y ; ε) +

∂f

∂ε
(y,Y ; ε) =

∑

n≥0

1

n!
εnf (1)

n (y,Y ), (C.28)

Then, by an iteration,

∆2
Wf =

∑

n≥0

1

n!
εnf (2)

n (y,Y ),

...

∆k
Wf =

∑

n≥0

1

n!
εnf (k)

n (y,Y ).

(C.29)

Since previous papers [19, 42] only provides or applies the generalized expression of this iteration,

we address details as follows:

f(y,Y ; ε) = f0(y,Y ) +
1

1!
εf1(y,Y ) +

1

2!
ε2f(y,Y ) +

1

3!
ε3f(y,Y ) + . . . (C.30a)

∆1
Wf(y,Y ; ε) = ∆1

Wf0(y,Y ) +
1

1!
ε
(
∆1
Wf(y,Y )

)
+

1

2!
ε2
(
∆1
Wf(y,Y )

)
+

1

3!
ε3
(
∆1
Wf(y,Y )

)
+ . . .

=

(
∂f0

∂ε
+ LWf0

)

︸ ︷︷ ︸
f
(1)
0

+
1

1!
ε

(
∂f1

∂ε
+ LWf1

)

︸ ︷︷ ︸
f
(1)
1

+
1

2!
ε2
(
∂f2

∂ε
+ LWf2

)

︸ ︷︷ ︸
f
(1)
2

+
1

3!
ε3
(
∂f3

∂ε
+ LWf3

)

︸ ︷︷ ︸
f
(1)
3

+ . . .

=
∑

n≥0

1

n!
εnf (1)

n (C.30b)

Note that we consider the expansion at the point of ε = 0. Then, only one term f
(1)
0 is remained

in Equation C.30b, which can be generalized as

EWf = (∆k
Wf)ε=0 =

[
f

(k)
0 +

1

1!
εf

(k)
1 +

1

2!
ε2f

(k)
2 +

1

3!
ε3f

(k)
3 + . . .+

1

n!
εnf (k)

n + . . .

]

ε=0

= f
(k)
0 .

(C.31)
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Therefore, higher-order transformations, i.e., f
(k)
n , are regularized as (n ≥ 0)

f (k)
n (y, Y ) = f

(k−1)
n+1 +

∑

0≤m≤n



n

m


Lm+1f

(k−1)
n−m , (C.32)

which describes the Deprit’s triangle. In particular, when n = 0, we can simply get

f (k)(y,Y ; 0) = f
(k)
0 (y,Y ; ε) = f

(k−1)
1 + L1f

(k−1)
0 . (C.33)

Equation C.34 shows some examples of the regulation.

f
(1)
2 = f3 + L1f2 + 2L2f1 + L3f0

f
(2)
1 = f

(1)
2 + L1f

(1)
1 + L2f0

f (3) = f
(3)
0 = f

(2)
1 + L1f1

...

(C.34)

In summary, as shown in Equations C.25 and C.31, only the terms with 0 in the subscript, i.e.,

f
(k)
0 , are necessary results for the transformation. Thus, we can mention that the others, i.e.,

f
(k)
n (n 6= 0), are intermediate terms to calculate the last expressions, f

(k)
0 .



Appendix D

Simplification and Normalization

In Chapter 6, we transform a given Hamiltonian with two steps, simplification and normal-

ization, in order to eliminate the short-period variations. These approaches are originally proposed

by Deprit [18, 20]. This section briefly summarizes each method with a focus on a practical imple-

mentation.

D.1 Simplification

The elimination of the parallax [18] invented by Deprit is the basis of simplification. This

idea does not remove the coordinates from the Hamiltonian, but the Hamiltonian is reduced to a

simpler one. We summarize a role of this method with the abstract in [18]: “When the perturbation

affecting a Keplerian motion is proportional to r−n (n ≥ 3), a canonical transformation of Lie

type will convert the system into one in which the perturbation is proportional to r−2. Because it

removes parallactic factors, the transformation is called the elimination of the parallax.”

We apply the Deprit-Lie transformation methods by replacing the polar-nodal variables, used

in the original paper [18], with the Delaunay variables [49]. The primary technical contribution of

the simplification is to reduce computations needed for performing further normalizations drasti-

cally. A main idea of this approach can be realized with

1

rm
7−→ 1

r2

(
1 + e cos f

a (1− e2)

)m−2

, (D.1)

where r, a, e and f represent a distance from the Earth’s center of mass to an orbiting object, the

semi-major axis, the eccentricity, and the true anomaly. A term
√

1− e2 is usually replaced with
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η. Then, required computations in the transformation, such as integrations, can be simplified by

a2η dl = r2 , df, (D.2)

where l denotes the mean anomaly. Let us take the perturbation due to the earth oblateness as an

example.

HJ2 =
1

2

µα

r3
J2

[
3

2
s2 − 3

2
s2 cos(2f + 2g)− 1

]
. (D.3)

In an implemented manipulator, Equation (D.1) converts the simplification is applied as follows:

HJ2 =
1

2

µ

r

(α
r

)2
J2

[
3

2
s2 − 3

2
s2 cos(2f + 2g)− 1

]

=
µ

2

(α
r

)2
J2

[
3

2
s2 − 3

2
s2 cos(2f + 2g)− 1

](
1 + e cos f

a η2

)
.

(D.4)

Then, by following the Deprit-Lie transformation procedure, one can redefine the given Hamilto-

nian to have (1/r)n (n ≤ 2) and get the generating functions, Ws, from the homological equation.

Figure D.1 depicts how the simplification and normalization are connected. The transformed Hamil-
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Figure D.1: Simplification and Normalization: the simplification (red box) reduces an order of
(1/r) in the given Hamiltonian to make calculations simpler. The normalization, a following step,
removes the coordinates from the Hamiltonian, e.g., elimination of the short-period variations.

tonian in the simplification step (red box), H∗0,0, H∗0,1, and H∗0,2, are obtained by extracting terms
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independent of the true anomaly from Equation (D.4). Then, one can get the generating functions

by solving the homological equations. Let us use a subscript s to express the generating function

for the simplification.

D.2 Normalization

A normalization represents a procedure to eliminate all the coordinates, i.e., angular variables,

sequentially from the Hamiltonian [20, 48, 49]. The normalized Hamiltonian, i.e., K∗0,i in Figure D.1,

is the kernel of the Lie derivative about the unperturbed solution (the Keplerian motion), which is

ker(L0) = {F (l, g, h, L, G, H) | L0(F ) = 0 } . (D.5)

In summary, through the normalization, the Delaunay action L, an integral of H0, generates an

infinitesimal contact transformation [20]. This local map replaces a perturbed Hamiltonian R by

R′ such that R′ ∈ ker(L0). Note that the normalization (green box) allows reducing the number of

degrees of freedom by one unit, e.g., K = K(−, g, h, L, G, H). This normalization can be simply

carried out by

Kn =
〈
H̃0,n

〉
=

1

2π

∫ 2π

0
H̃0,n dl, (D.6)

where H̃0,n is a combination of previous terms as discussed in Equation (4.9). The normalization

can be preceded by a preparatory simplification which eliminates these kinds of terms, thus notably

easing the normalization process.

We take special note that the generating function, W, for the elimination of the short-period

variations, i.e., STEP1 in Figure 4.2, is obtained by

W =Wi s +Wi n. (D.7)



Appendix E

Analytic Solutions and Generating Functions of the Problem of the Artificial

Satellite Theory

The third-order analytic solutions after eliminating all periodic variations are given below:

l̇ = n− 3α2J2µ
(
3s2 − 2

)

4a5η3n
− α4J2

2n

128a4eη11

[
4e5
(
2− 3s2

)2 − 16e4
(
2− 3s2

)2 − 16e2
(
2η2 − 1

) (
2− 3s2

)2

−e
{

48η5
(
2− 3s2

)2 − 8η2
(
2− 3s2

)2
+ 4

(
2− 3s2

)2
+ 15η6

(
5s4 + 8s2 − 8

)
+ η4

(
351s4 − 768s2 + 376

)}

−16η2
(
η2 − 1

) (
2− 3s2

)2 ]
+

α6J3
2n

2048a6 (5c2 − 1)3 η11

[
20c6

{
84η4s2

(
225s4 − 315s2 + 98

)

−1650η3
(
15s6 + 14s4 − 40s2 + 16

)
+ 5η2

(
50175s6 − 85790s4 + 43048s2 − 10000

)

−4500η
(
21s6 − 62s4 + 56s2 − 16

)
− 9

(
37975s6 − 77590s4 + 51408s2 − 13200

)}

−3c4
{

7η4s2
(
14625s6 − 21600s4 + 5740s2 + 1568

)
− 6600η3

(
15s6 + 14s4 − 40s2 + 16

)

−18000η
(
21s6 − 62s4 + 56s2 − 16

)
− 10η2

(
19125s8 − 141150s6 + 196360s4 − 89232s2 + 20000

)

+3
(
23625s8 − 504900s6 + 959780s4 − 620032s2 + 158400

)}

+3c2
{

7η4s4
(
1125s6 + 2625s4 − 7420s2 + 3724

)
− 1320η3

(
15s6 + 14s4 − 40s2 + 16

)

−3600η
(
21s6 − 62s4 + 56s2 − 16

)
− 10η2

(
2250s10 + 1425s8 − 30350s6 + 41848s4 − 18160s2 + 4000

)

+9
(
1125s10 + 75s8 − 34040s6 + 64844s4 − 41440s2 + 10560

)}
− 63η4s6

(
14− 15s2

)2

+264η3
(
15s6 + 14s4 − 40s2 + 16

)
+ 720η

(
21s6 − 62s4 + 56s2 − 16

)

+20η2
(
1350s10 − 2520s8 − 1047s6 + 3734s4 − 1816s2 + 400

)

−9
(
1125s10 − 2100s8 − 5240s6 + 12616s4 − 8288s2 + 2112

) ]
, (E.1a)
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ġ = −3α2J2n
(
5s2 − 4

)

4a2η4n
+

α4J2
2n

128a4eη12

[
4e5
(
135s4 − 192s2 + 68

)

−16e4
(
135s4 − 192s2 + 68

)
− 16e2

(
3s2 − 2

) (
−36η2 +

(
48η2 − 45

)
s2 + 34

)

+e
{
−8
(
21η6 − 72η5 − 131η4 − 68η2 + 34

)
+ 15

(
9η6 + 72η5 + 41η4 + 72η2 − 36

)
s4

+12
(
9η6 − 132η5 − 151η4 − 128η2 + 64

)
s2
}
− 16η2

(
η2 − 1

) (
2− 3s2

)2 ]

+
α6J3

2n

2048a6η12 (4− 5s2)4

[
−200c10

{
8
(
147η4 + 1375η3 + 5381η2 − 7875η − 19278

)

+225
(
36η4 − 55η3 + 669η2 − 315η − 1519

)
s4 − 20

(
378η4 + 385η3 + 8579η2 − 6975η − 23277

)
s2
}

+20c8
{

16
(
294η4 − 5500η3 − 6013η2 + 24750η + 58719

)
+ 375

(
486η4 − 440η3 + 5409η2 − 3150η

−16331) s6 − 50
(
4266η4 + 5060η3 + 45783η2 − 58410η − 196935

)
s4 + 20

(
2163η4 + 18920η3

+20792η2 − 101700η − 233595
)
s2
}

+ c6
{
−64

(
147η4 − 35750η3 − 78744η2 + 177750η + 428097

)

−16875
(
75η4 − 278η2 + 219

)
s8 + 6000

(
42η4 + 440η3 − 7239η2 + 3150η + 17717

)
s6

+100
(
16089η4 + 30580η3 + 564282η2 − 523980η − 1904331

)
s4 − 160

(
4473η4 + 41690η3

+136992η2 − 273150η − 705945
)
s2
}

+ c4
{
−640

(
1210η3 + 2921η2 − 6120η − 14781

)

+16875
(
3η4 − 20η2 + 21

)
s10 + 2250

(
327η4 − 938η2 + 603

)
s8 − 300

(
3783η4 + 2640η3 − 52990η2

+18900η + 112299) s6 + 120
(
2303η4 − 6820η3 − 169792η2 + 135720η + 510885

)
s4

+16
(
6027η4 + 128920η3 + 523814η2 − 889200η − 2366481

)
s2
}

+ 64
(
1617η3 + 4048η2 − 8235η

−19914) + 13500
(
3η4 − 17η2 + 16

)
s12 + 450

(
102η4 + 409η2 − 653

)
s10

−15
(
21363η4 + 7040η3 − 148942η2 + 50400η + 292027

)
s8 + 4

(
86310η4 − 550η3 − 1267437η2

+731880η + 3172947) s6 − 4
(
27783η4 − 94182η3 − 1018558η2 + 1017270η + 3335247

)
s4

−32
(
11693η3 + 45496η2 − 75825η − 199668

)
s2
]
, (E.1b)
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ḣ = −3cα2J2n

2a2η4
+

3cα4J2
2n

32a4η12

[
4e4
(
3s2 − 2

)
+ e3

(
32− 48s2

)
− 16e

(
η2 − 1

) (
3s2 − 2

)

+4
(
η6 − 6η5 − 8η4 − 4η2 + 2

)
+
(
5η6 + 36η5 + 23η4 + 24η2 − 12

)
s2
]

+
cα6J3

2n

512a6η12 (4− 5s2)4

[
50c8

{
8
(
147η4 + 1375η3 + 5381η2 − 7875η − 19278

)

+225
(
36η4 − 55η3 + 669η2 − 315η − 1519

)
s4 − 20

(
378η4 + 385η3 + 8579η2 − 6975η − 23277

)
s2
}

−10c6
(
16
(
147η4 + 2750η3 + 11056η2 − 15750η − 38703

)
+ 3375

(
13η4 − 34η2 + 21

)
s6

−900
(
45η4 + 55η3 − 873η2 + 315η + 1642

)
s4 + 10

(
105η4 − 3080η3 − 76066η2 + 55800η + 190521

)
s2
)

−3c4
{
−16

(
49η4 + 2750η3 + 11252η2 − 15750η − 38801

)
+ 5625

(
4η4 − 7η2 + 3

)
s8

−1500
(
91η4 − 206η2 + 115

)
s6 + 100

(
1402η4 + 495η3 − 10026η2 + 2835η + 15950

)
s4

−40
(
805η4 − 770η3 − 20672η2 + 13950η + 48507

)
s2
}
− 304

(
55η3 + 227η2 − 315η − 777

)

−16875
(
η4 − 4η2 + 3

)
s12 + 1125

(
37η4 − 184η2 + 147

)
s10 + 75

(
314η4 + 1333η2 − 1647

)
s8

−30
(
3839η4 + 660η3 − 14718η2 + 3780η + 20647

)
s6 + 2

(
41454η4 + 3245η3 − 362129η2 + 165465η

+688989) s4 − 12
(
1323η4 − 2442η3 − 32740η2 + 26070η + 82361

)
s2
]
, (E.1c)

L̇ = 0, (E.1d)

Ġ = 0, (E.1e)

Ḣ = 0. (E.1f)

The generating functions W1, W2, W∗1 , and W∗2 are as follows:

W1 =
α2J2n

8η3

[
−3es2 sin(f + 2g)− es2 sin(3f + 2g) + 2e

(
3s2 − 2

)
sin f

−3s2 sin(2(f + g)) + 2
(
3s2 − 2

)
(f − l)

]
, (E.2a)

W2 =
α4J2

2ns
4

256a2eη7

[
−24e3 sin(2f + 2g) + 78e3 sin(4f + 2g)− 15e3 sin(2f + 4g)− 3e3 sin(4f + 4g)

+3e3 sin(6f + 4g)− 360e3f cos 2g + 60e3(f − l) + 30e3 sin(2f) + 360e3l cos 2g

−1344e2 sin(f + 2g) + 128e2 sin(3f + 2g)− 12e2 sin(3f + 4g) + 12e2 sin(5f + 4g)
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−216e2 sin f + 72eη sin 2f − 336e sin(2f + 2g) + 12e sin(4f + 4g)− 480e(f − l)− 72e sin 2f

+288η sin f − 288 sin f ] +
α4J2

2ns
2

256a2eη7

[
48e3 sin(2f + 2g)− 60e3 sin(4f + 2g) + 336e3f cos 2g

+96e3(f − l) + 48e3 sin 2f − 336e3l cos 2g + 1232e2 sin(f + 2g)− 80e2 sin(3f + 2g)

+864e2 sin f − 96eη sin 2f + 320e sin(2f + 2g) + 864e(f − l) + 96e sin 2f − 384η sin f

+384 sin f ] +
α4J2

2n

256a2eη7

[
−96e3(f − l)− 48e3 sin 2f − 512e2 sin f + 32eη sin 2f

−384e(f − l)− 32e sin 2f + 128η sin f − 128 sin f ] , (E.2b)

W∗1 =
α2J2ns

2e2
(
15s2 − 14

)

32η3 (5s2 − 4)
sin 2g, (E.2c)

W∗2 =− α4J2
2(η − 1)ns2

1536a2eη11 (4− 5s2)2 (5c2 − 1)

[
(η + 1)

(
15s2 − 14

)
c2
{

12
(
4e5
(
15s4 − 22s2 + 8

)

−16e4
(
15s4 − 22s2 + 8

)
+ e

(
−16

(
η6 − 6η5 − 8η4 − 4η2 + 2

)
+ 5

(
5η6 + 36η5 + 23η4

+24η2 − 12
)
s4 − 4

(
66η5 + 63η4 + 44η2 − 22

)
s2
)

+ 16
(
η2 − 1

)2 (
15s4 − 22s2 + 8

))

−19eη4
(
η2 − 1

)
s2
(
15s2 − 14

)
cos 2g

}
−
(
5s2 − 4

){
44e5(η + 1)

(
2− 3s2

)2 (
15s2 − 14

)

−176e4(η + 1)
(
2− 3s2

)2 (
15s2 − 14

)
+ e

(
16
(
105η7 + 469η6 + 55η5 − 197η4 − 308η3

−308η2 + 154η + 154
)

+ 45
(
25η7 − 199η6 − 81η5 + 63η4 + 264η3 + 264η2 − 132η − 132

)
s6

+6
(
125η7 + 4373η6 + 1277η5 − 1531η4 − 4488η3 − 4488η2 + 2244η + 2244

)
s4

−8
(
435η7 + 3091η6 + 603η5 − 1197η4 − 2508η3 − 2508η2 + 1254η + 1254

)
s2
)

+176(η − 1)2(η + 1)3
(
2− 3s2

)2 (
15s2 − 14

)}
+ 2e(η − 1)(η + 1)2η4s2

×
(
14− 15s2

)2 (
13s2 − 10

)
cos 2g

]
sin 2g (E.2d)


