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CHAPTER 1

Introduction

1.1 Motivation

There is much interest in using multiple spacecraft formations for interferometric
imaging. The advantages such formations offer include replacement of large mono-
lithic telescopes, superior angular resolution and the possibility of reconfiguration for
different imaging goals. These architectures can provide the order-of-magnitude ad-
vances in optical angular resolution via long baseline interferometry that are sought
for various NASA missions, such as the Origins program ([1, 2, 3]), and high resolu-
tion Earth imaging.

Interferometric imaging is performed by measuring the mutual intensity (the two
point correlation as defined in [4]) that results from the collection and subsequent
interference of two electric field measurements of a target made at two different
observation points. While moving relative to each other, the satellites collect and
transmit these measurements, which are later combined at a central node using pre-
cise knowledge of their locations and timing of data collection. A least squares error
estimate of the image can be reconstructed given the mutual intensity measurements,
parameters of the optical system, and the physical configuration of the observatory.

To assess the quality of the reconstructed image, the reconstructed image is



Fourier transformed into a two dimensional plane of spatial frequencies (the wave
number plane.) At any given point on the wave number plane, the modulation
transfer function (MTF) is defined as the ratio of the estimated intensity to the
true image intensity. For an interferometric imaging constellation, the MTF can be
computed given the measurement history and corresponding relative position data
between the light collecting spacecraft. In the wave number plane, a point with a
zero MTF value implies that the system is “blind” to the corresponding spatial fre-
quency, while a large value of the MTF implies that the image signal can be restored
at that wave number via an inverse Fourier transform (see [5, 6, 4, 7].) The MTF,
as a measure of the imaging system’s performance, is a function of both the optical
system and the configuration of the observatory in physical space.

This dissertation aims at obtaining a model for the MTF that, ultimately, re-
lates the quality of the reconstructed image to the motion of the (multi-spacecraft)
observatory’s motion in space. Once such a characterization is achieved, one now
has a criterion (namely, the MTF) that can be used to design the motion of the
observatory to achieve improved image quality.

Multi-spacecraft formations may be classified into two categories. The first cat-
egory is the set of all free-flying spacecraft formations, where the inter-spacecraft
relative positions is allowed to change with time. The key question is: How do we
design the motion of the formation such that the accumulated MTF is equal to or
as close to unity as possible? In this dissertation, this question is posed in a geomet-
ric optimal control setting by optimizing over image quality (with the MTF as the
criterion) and fuel expenditure. We do this for the general case where we have N
spacecraft evolving on a general manifold in Chapters 2 and 3. In Chapters 4 and 6

we focus on the dual spacecraft problem and manage to explicitly solve for the global



optimal solution to the problem for a class of spiraling formations.

The second category is that of rigid formations, where inter-spacecraft positions
are fixed in magnitude. This problem is extensively studied in Chapter 7. There
we propose an N spacecraft formation in a circular Earth orbit (or any circular
orbit in general.) The design is cast in a dimensionless setting and may, thus, be
applied to a wide range of applications, from imaging in the radio frequency range
to the visible spectrum range. Further studies explore the effect and utilization of
the perturbation J,. Due to its simplicity, this class of rigid formations has great

prospects for implementation in future NASA missions under the Origins Program

[1].

1.2 Literature Review

For an extensive literature survey of formation flying for imaging applications
we refer the reader to the comprehensive survey paper by Scharf et. al. [8]. The
dynamics and control of spacecraft formations have been given considerable attention
in the past. In these studies, investigators assume certain prescribed motions that
satisfy some imaging objective and then seek to achieve these motions via active
control. For example, in [9] the authors derive nonlinear and linear spacecraft relative
position dynamics and develop a controller design framework for linear control of
spacecraft relative position dynamics with guaranteed closed-loop stability. In [10],
the authors consider the full nonlinear relative position control problem using a
Lyapunov-based, nonlinear, adaptive control law that guarantees global asymptotic
convergence of the position tracking error in the presence of unknown, constant, or
slowly-varying spacecraft masses, disturbances, and gravity forces.

The problem of rotating a satellite constellation using an adaptive controller



with actuator saturation constraints is discussed in [11]. An experimental study of
synchronized rotation of multiple autonomous spacecraft with rule-based controls is
presented in [12]. The authors in [13] derive control laws to synchronize formation ro-
tation as well as to control its attitude. In [14], the problem of rotating a constellation
using on/off thrusters while maintaining the relative distances within a specified tol-
erance is addressed. Fuel related problems, such as optimal fuel consumption during
a rotation maneuver [15] or constellation reorientation with uniform fuel expenditure
and conservation across the constellation [16], have also been addressed.

Natural orbital dynamics have also been exploited for interferometric observato-
ries [17, 18, 19, 20]. In [21], the authors design a controller for formation keeping
in circular orbit and in [22] for formation keeping during a spiral maneuver while in
orbit. In [23] the dynamics of spacecraft formation is considered under the influence
of Jy orbit perturbations, where J; invariant orbits are sought for the motion. In
[24] the authors design controllers for formation keeping using mean orbit elements,
as opposed to spacecraft positions and velocities, as the state of the system. Finally,
GPS utilization for spacecraft constellations is discussed in [25, 26] and in [27, 11, 28]
the authors propose decentralized controllers for spacecraft formations.

The use of geometric control methods for spacecraft formation flying has received
little attention, whereas extensive investigations have been conducted in the field of
robotic path planning (for more on this issue, see Section (IV) in [8].) This work is
an attempt to use geometric optimal control theory for spacecraft formation motion
planning for imaging applications.

The question of which formation motions yield satisfactory imaging goals has
not been discussed in any of the above mentioned research with the exception of

[5, 18, 19, 20, 29]. In this paper we present a framework such that spacecraft motion



planning and controller design meet desired imaging objectives.

While extensive investigations have been conducted in the field of robotic path
planning, the use of geometric control methods for spacecraft formation flying has
received very little attention (see Section (IV) in [8].) We attempt in this dissertation
to use geometric optimal control theory for spacecraft formation motion planning
for imaging applications. Formulating the motion planning problem in an optimal
control setting, we mainly rely on the use of variational approaches to analyze optimal
control problems on generalized Riemannian manifolds. This approach is based on
the work accomplished since the 1989 paper by Noakes et. al. [30], where they
derived necessary conditions for second order dynamic optimal control problems on
Lie groups. In the 1990s, Peter Crouch and his group at Arizona State University
have developed this result to generic abstract manifolds for higher order dynamic
problems in the papers [31], [32], [33], [34] and [35], with application to aircraft
optimal control and control on compact Lie groups. In the present thesis, we build
on their theoretical work and apply the results to the formation flying problem.

For a more exhaustive literature review, the reader may wish to consult the paper
[8]. In addition, more references are usually provided in the main body of the thesis,
where we also contextualize these results and relate them to the formation flying
problem as well as other related problems in robotics, control of rigid bodies and

even computer graphics.

1.3 Dissertation Outline

The dissertation is organized as follows. In Chapter 2, the basic imaging system
is described in detail. The assumptions made in this work are stated and, based on

the given assumptions and system model, a mathematical model for the Modulation



Transfer Function (MTF) of a multi-spacecraft formation is derived. An optimal
control problem is formulated with image quality, to be maximized, directly used as
an objective in the performance index. Necessary optimality conditions are derived.
These necessary conditions result in a feedback control law that has image quality
as a state of the system and the corresponding error in image quality (defined as the
difference between the value of the MTF and a given constant function) appearing in
the feedback loop. Some examples are given in one- and two-dimensions to illustrate
the formulation.

Based on the inferences achieved in Chapter 2, in Chapter 3 we formulate a new
class of optimal control problems called dynamic coverage optimal control. Here an
optimal control problem is formulated to capture the main goals of an imaging forma-
tion: minimizing fuel expenditure, maximizing signal-to-noise ratio and maximizing
coverage of the resolution disc. As opposed to being posed in terms of variables that
lend themselves to image quality and the optical domain (such as the MTF), the
dynamic coverage problem is posed completely in terms of the state space of the
system. That is to say, maximizing signal-to-noise ratio is achieved by minimizing
inter-spacecraft relative velocities. To maximize coverage of the resolution disc, we
attempt to maximize the number of relative position states assumed by the forma-
tion. In this chapter, we derive the necessary conditions for optimality and show
that a necessary condition for optimality of a planar formation motion is that it is
symmetric about the origin.

In Chapters 4 and 6, we specialize the discussion to dual spacecraft formations.
In Chapter 4 we first look at treating each spacecraft as a rigid body and formulate
the dynamic coverage optimal control problem (restricted to formation maneuvers

that already achieve coverage, which we call the set of “successful maneuvers.”) The



cost function is generalized to include optimizing over fuel consumption, deviation
of rotational and translational velocities from a given desired value and, finally,
the deviation of the configuration of the spacecraft from a given desired trajectory.
The analysis is performed entirely in free coordinates on the group of rigid body
motions SE(3). A simple example on SE(2) that is motivated by dual spacecraft
interferometry is given. This example illustrates how difficult that problem is to
solve even for the two dimensional case. Still, the methodology and approach are
novel and offer new results for coordinate-free trajectory tracking on SE(3).

Based on the conclusion in Chapter 4, in Chapter 5 we specialize the analysis
to formations of two spacecraft, each modeled as a point particle. We derive nec-
essary conditions for minimizing the cost function for a trajectory that evolves on
a (virtual) Riemannian manifold (such as a paraboloid) and satisfies a second or-
der differential equation together with some interpolation, smoothness and motion
constraints. The cost function we consider is a weighted sum of the norm squared
of the thrust (to minimize fuel expenditure) and the norm squared of the velocity
(to improve signal-to-ratio.) In the mathematical literature this problem is know
as the 7-elastic dynamic interpolation problem and, as we show in the chapter, is
also motivated by space-based interferometric imaging applications. We define the
dynamic interpolation problem, derive necessary conditions for an optimal solution
and point out the interesting connection between the dynamic interpolation problem
and imaging applications, which is the main contribution of this chapter.

The illustrative example we give in Chapter 5 is a dual spacecraft formation,
where the collector spacecraft is constrained to evolve on a virtual spherical surface.
In an imaging formation, however, the collector is required to move on a virtual

paraboloidal surface [36]. Hence, in Chapter 6 we focus our attention on the dual



spacecraft formation where the collector spacecraft is constrained to evolve on a vir-
tual paraboloidal surface (for improved optical focusing properties) while satisfying
a spiraling constraint to achieve frequency domain coverage. In this chapter we first
introduce a class of spiral motions that satisfies imaging objectives and seek simple
solutions to the problem of motion design and control of a formation for imaging
applications. Based on the observations drawn from these simple controls, an opti-
mal control problem is formulated for the proposed class of spiral motions to achieve
minimum fuel consumption, while satisfying imaging constraints. We then formu-
late an optimal control problem to minimize fuel consumption and further maximize
image quality by minimizing the relative speed, which is proportional to the signal-
to-noise ratio of the reconstructed image. We use the maximum principle to derive
the necessary optimality conditions and show that they are also sufficient and that
the resulting control law is unique. Finally, we apply a continuation method to solve
for the unique optimal trajectory.

In Chapter 7, we propose a novel class of satellite constellations that can act
as interferometric observatories in Low Earth Orbit (LEO), capable of forming high
resolution images in time scales of a few hours without the need for active con-
trol. An optimization procedure is also defined that supplies m pixels of resolution
with a minimum number of satellites. For the example considered, this procedure
results in an observatory that is within 0-2 satellites from a lower bound of /m
satellites. We introduce a linear imaging constellation and formulate a concise 0-1
mathematical program, the solution of which is the solution to optimal aperture
configuration for full coverage of the wave number plane. The effect of eccentric
spacecraft trajectories and gravity field J; perturbations on wave-number plane cov-

erage are then considered. Conditions for complete wave-number plane coverage are



found for certain classes of orbit perturbations. This analysis leads to design criteria
for interferometric observatories that ensure wave-number plane coverage as a func-
tion of perturbation strength. We also address short-period J, perturbations and
derive expressions for in-plane perturbations in position as a function of the orbital
elements and obtain an upper bound for the magnitude of the perturbed in-plane
position vector. Finally, we adjust the nominal observatory design in such a way as
to guarantee full coverage of the u-v plane under general eccentricity perturbations
and short-period J, effects.

Final remarks, conclusions and open research problems are addressed in Chapter

Finally, in the appendices we provide some background information on geometric
mechanics and geometric optimal control theory. In Appendix A we review basic
definitions and results from geometric mechanics that are used in Chapters 3 and 5.
We also make references to the necessary basic text and literature. In Appendix C, we
extend the work in Chapter 5 on the dynamic interpolation problem to the case when
a gravitational field is acting on the manifold. In Appendix D we investigate optimal
control of under-actuated systems with application to Lie groups. An important
application of the result provided in the appendix is the control of under-actuated

spacecraft.

1.4 Thesis Contributions

Here are the main contributions of this thesis:

MTF and Image Quality-Dependent Feedback Control The first contribution
is the derivation of the MTF and using it to directly derive a controller that is

a function of image quality in the optimal feedback control law. See Chapter
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Dynamic Coverage Optimal Control Problem We use geometric optimal con-
trol theory to study spacecraft formation motion control for imaging applica-
tions. The problem formulated is called dynamic coverage optimal control and

is treated in Chapter 3.

Constrained Optimal Trajectory Tracking on SE(3) Constrained Optimal tra-
jectory tracking of a single rigid body on SE(3) and its subgroups is treated in

Chapters 4 and 5 on R? and Appendix A for SO(3).

Solving the Spiraling Dual Spacecraft Formation Problem The problem of
optimally controlling a spiraling dual spacecraft formation on a paraboloid is

treated in Chapter 6.

Multi-Spacecraft Earth Orbiting Observatories A novel design and analysis
of a new class of interferometric observatories in Earth orbit is treated in Chap-

ter 7.
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1.5 Remarks

What is covered in this dissertation? As discussed in Chapter 2, the most
important assumption made in the present work is that the target is “sufficiently”
far away from the observatory. This makes the present work applicable to exo-solar
imaging. Depending on the desired resolution, the formation designs proposed in
this dissertation may be made applicable to, say, Earth imaging from low Earth
orbits. Though the mathematical derivation is different for near-target imaging, the
conceptual approach is identical and, as discussed in the present work, the proposed
designs are scalable to suit various (close and far range) imaging applications. It is
important to note that the proposed designs are guaranteed only for far range targets
and none are provided for near range target imaging, though we do not discard this

possibility.

Notation We have tried to unify notation as much as we can. For instance,
we use the same variable definitions across all chapters and appendices. Bold-faced
variables indicate vectors or covectors. Scalars are denoted by italic Greek and Latin
symbols. Still, to every rule there is an exception and exceptions will arise due to,
for example, a conflict between present notation and conventional notation used in
the literature. This is especially true in Chapter 4 and A, where, in order to conform
with the more than a century-long history of Lie group notation, we have opted to
use, say, the italic (non-bold) symbol g to denote position in configuration space,
whereas a configuration variable in the rest of the dissertation is usually denoted by
the bold-faced variable q.

Much of our analysis depends on the choice of an appropriate metric for the space

under consideration. In this dissertation, we use inner products on function space,
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R", a Lie group G or, more generally, a manifold M. In most instances, we explicitly
state or define the inner product used. Often times, we assume that the choice of

inner product is inferred from the context.



CHAPTER 2

Optimal Formation Control for Imaging and Fuel
Usage

The Modulation Transfer Function (MTF) is a function over the two dimensional
spatial frequency domain defined as the ratio of the reconstructed image intensity
to the true image intensity. Given knowledge of the MTF, we are able to obtain the
true image intensity from the current reconstructed image intensity. In this chapter
we precisely define and derive the MTF and show its dependence on the motion
of a sparse system of N telescopes. This formulation includes a noise model to
represent contamination of the optical signal and is used to define a cost function for
an optimal control problem including imaging and fuel performance measures. We
derive the necessary optimality conditions for a generic multi-spacecraft formation
and specialize them to a two-spacecraft formation. We show that the optimal solution
must be symmetric about the origin of the coordinate system and that its center of
mass must be fixed in space. Simulation results are provided to further investigate
this control law. This work is fundamental to current and future work related to
motion path planning of separated spacecraft interferometric missions used for the
imaging of astronomical targets.

In Section (2.1) of this chapter we derive the MTF of a constellation of N space-

15
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craft interacting together in an interferometric imaging mission. In Section (2.2) we
postulate a noise model to augment the derived MTF model for the measurements.
In Section (2.3) we formulate an optimal control problem to maximize the MTF
over the resolution disc and use the Pontryagin’s maximum principle to derive the
necessary optimality conditions. In Section (2.4) we specialize the result to the two
spacecraft formation control problem and in Section (2.5) we give examples to test the
optimal control laws and illustrate the ideas presented in earlier sections. In Section
(2.6) we further specialize the analysis and provide a solution to the two spacecraft,
one-dimensional problem. Finally, in Section (2.7), we conclude the chapter with a

few final remarks and discuss future research directions.

2.1 The Imaging Problem and the Modulation Transfer Func-
tion

Refer to Figure (2.1). Let o denote an extended incoherent source, whose
effective dimension is given by d. Let ' = (2, yg.0) and q = (zp,yp, 2+ (p) be the
position vectors of a point () on the image plane I and a point P on the observation
surface O, respectively. The image plane [ is the plane on which an image of o
is reconstructed and is set to be coincident with the z-y plane of our coordinate
system, which is centered, say, at the geometric center of 0. On the other hand,
the observation surface O’ is one on which the constellation evolves and is located
at a distance z from I. The observation plane is a plane through O’, on which we
project the motion of the constellation to be used in later analysis. Let D denote the
effective dimension of the constellation, d denote the effective size of the target o and

Ar denote the aperture area. We need the following assumptions in this chapter.

Assumption 2.1.1. The aperture area Ap is much smaller than the size of the
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constellation. In other words, A; < D?.

Assumption 2.1.2. The observation plane O is sufficiently far away from the target

o. In other words, D/z < 1 and d/z < 1.

d < z P
X
1 /! I
~
L
S R(P,Q)
y ~a 0041
Extended A
incoherent
source, ¢ T
r=(Xq:¥, 0)
a r=(Xp,¥p2+Cp)

Figure 2.1: The basic imaging situation.

The main objective of the imaging constellation is to reconstruct the light in-
tensity distribution deposited by ¢ on I using light collected in a set of regions
A1, Ao, ..., An, which represent the entry pupils of the separated telescopes and N
is the number of apertures in the system.

Consider one polarization state and let U denote some component of the electric
field of a quasi-monochromatic light with mean frequency v (corresponding to a
wavelength \) and a bandwidth Av. Provided that the travel time of light rays
connecting any two points within I or within O (but not connecting I and O) is
much smaller than the coherence time! 1/Av, an approximate expression of the

Huygens-Fresnel principle is (see page 371 of [4]):

1 esz
U(q,t :—/d2 '— A, q)U(d,t 2-1.1
(q,t) >, qR(q’q,) (d,9)U(d,1) (2-1.1)

'Hence, the mutual path differences between points within O or within I are small compared to
the coherence length; however, otherwise time delays will need to be included for path correction
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apart from a phase factor, where A(q’,q) is the known complex-valued inclination

factor (see [4], page 371 for definition), with ¢ being the speed of light in vacuum,

__ 27y
k= c

= 27” and R(q,q’) = |q — | is the distance from P to Q.

To obtain the energy preserving estimate of the inverse of the field given in
Equation (2-1.1) and given that light is collected over a limited entry pupil, one
can reverse the time direction in the imaging situation of Figure (2.1). Treat light
collectors as projectors, reverse the roles of surfaces I and O and again apply the

Huygens-Fresnel principle to get:

—sz (a,9")

Us(d,t) = Z/m )A(q ,q)U(q, t). (2-1.2)

U¢(d',t) is the field on the focal plane of an ideal optical instrument (consisting of
physical optical processing instruments such as lenses, mirrors, beam splitters, etc)
having the specified entry pupil and relying on some photo-detection process at the
focal plane to acquire the image. The estimate of the image intensity, as obtained

by accumulating the energy (U¢(q',t)U*(d',t)) over a time period [0, 1], is
t
IL(q) =g / A (U (d, U (d, 1)), (2-13)
0
where ¢ is a constant of proportionality. Using Equation (2-1.2), one gets:

I ’ q e & e—k(R(a1,q')—R(q2,9"))
()= 5a / Tzfm q1/n T
><A(q,q)A*(q,q)J(ql,q2,r), (2-1.4)

where q; (i = 1,2) are integration variables,

J (a1, da,t) = (U™ (q1,t) U (qa, 1)) (2-1.5)
is the mutual intensity function, and
1 if ¢ € I in within the aperture field-of-view

Ayld) = (2-1.6)
0 otherwise
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is the picture frame function used to model the restriction of the image plane to the
aperture field-of-view.

Let q; = (24, i, Z + (;) denote the position vector of the centroid of aperture i
(¢ =1,...,N.) Assumption (2.1.1) implies that the constellation is long baseline

interferometric imaging system. Moreover, Assumption (2.1.2) implies that we have:

+0 (%) (217

where (; < z has been ignored. Hence, R(q;,q') ~ Z (i = 1,2) in the denominator

Rla.d) = y/(wr—20)* + (yp — yo)* + 2

(zp — z0) N (yp — yo)”
272 272

= Z |1+

of expression (2-1.4) but not in the exponent term since higher order terms will play
a significant role when making higher order approximations of the exponential term
to be made below. Assumption (2.1.2) also implies that the inclination factor varies
very little with respect to the motion of the entry pupil and the position of the point
@ € I. Hence, AA* = |A]2 may be treated as a constant and be pulled outside the

integral. Therefore, by assumptions (2.1.2) and (2.1.1) we have:

g|A .
L(q) = )\’22‘2 /dTZ/ d2q1/ d2q€ k(R(q1,9")— R(q2q))J(q1,qg, ),
(2-1.8)

where now we use the angular position vector  to locate the point @ on 1.

Recall that q; and qy are vectors specifying any two points on any of the entry
pupils 4; (i = 1,...,N.) With Assumption (2.1.1) one can safely treat each entry
pupil as a measurement point (that is, 4; is now a point) and, hence, find that the
mutual intensity function J (qi, qq,t) is independent of where within the pupil the
interference is made for all q; € A,, and qs € A,, and all m,n € {1,..., N}. Instead,
it is now a function of the position vectors, denoted q; (i = 1,..., N), of the entry

pupils; J(q1,92,t) = J (Qm, dn, t) for all pairs m,n € {1,..., N}. This enables us
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to drop the integrals over A,, and A,. Hence, Equation (2-1.8) can be rewritten as

g AP A7

]e (q,) - )\222

t
A ( >/ dTZ e_lk(R(qm,q’)_R(q",q'))J (qm7 qn77—) ) (2_19)
0

m,n

This gives the algorithm by which the image intensity estimate can be derived
from mutual coherence measurements. This, however, does not afford an estimate
of the quality of the image so obtained. To attain this, we need an expression for
I. (d') as a function of the “true” image intensity, I (q'). We do this as follows. An
approximate expression for J (g, q,) in terms of the true image intensity I (q') is

given by:

J (U, Gn) = /l A2 et (Rlamat) =R(anai)) (g1 ) (2-1.10)

272
where this is the small angle approximation of the Huygens-Fresnel principle, ob-

tainable by direct manipulation of Equation (2-1.1). From Equation (2-1.7), we also

have
11
R (qm7 q) - R(qm q) = % éAxmn (mm - 21‘@ + xn)
1
+§Aymn (Ym — 2yg + yn) |, (2-1.11)

where Ay, = T — 2, and AyYpp = Y — Yn. Substituting (2-1.10) and (2-1.11) into
(2-1.9), we get
2
L(q) = |Xlz4 Z/ dT/d2qle £ (A (a2 )+8vmn (v =34)) T () |
(2-1.12)
where we recall the definition of q' = (2,%/,0) is a (fixed) point at ¢ € I and the

definition of the variable of integration ¢} = («7,¥},0). Adopting a more compact

notation we have

A" AZ o
I (d) = g'@ Anld) 2 / dT / Pqpet B (D (qp),  (2-113)
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where AQun = (T — Tny Ym — Yn, 0) and -7 is the vector inner product.
Let

Mo () = [ a1 (q) e (B la=ei) 2114
I
and recall the following identities of the Fourier transform

Flgh) = gh 2115)
Flg(qe?m@d] = (v —a),

where g(v) = F(g(q)) denotes the Fourier transform of g and * denotes the convo-

lution operator. Substituting (2-1.14) into (2-1.13), one gets:

L(q) _g|£4|zf Z/ dr A, (a) My () - (2-1.16)

Taking the Fourier transform of this expression and using the first of Equation (2-

1.15) we get
~ A A ~
iw.t) = \Alz4 Z / dr A, (v) * Mo (v). (2-1.17)

Applying the second identity in Equatlons (2-1.15) to Equation (2-1.14), we have

Myn(v) = I () § <1/ - A;‘;””) . (2-1.18)

Using the definition of a convolution, we have

A

A, (V) % My (v) = /A (v — V)M (V) dV
_ / A — )W) <1/ - Agm”) v/

z
1 Aqmn r Aan
= A,(v— I . 2-1.1
(v — Sk (= (2-1.19)
Note that the intensity can be expanded:
7 Aqmn 7 Aqmn
I =1 —
(Shen) = e+ S —y)
. oI | ( Ay
= 10+a ( e ”’)*“'
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If we assume that oL

v ( o

o — 1/) and higher order terms are sufficiently small, then

this, Equation (2-1.19) and Equation (2-1.17) imply

I (v,t) = 'ﬁzf Z / drA, < A;‘m")f(u). (2-1.20)

oI (%

2L (S9ze — ) is small if either (1) the slope of I(v) is small for all frequencies v

such that ||v|| < 7, (that is, within the region where A, is 1), or if (2) all frequencies
{v:|lv| <rp} is such that |lv— Aqm" | is sufficiently small. The first condition is
satisfied whenever the intensity varies slowly over any disk is the frequency domain
whose radius is 1, and the second is satisfied whenever the effective width of the
picture frame function r, is sufficiently small. We assume that either one or both of
these conditions are satisfied.

Now, let
M(v,t) 52/ drA, ( Aq;j >), (2-1.21)
9\A| AT

where 3 = ==, then

I (v,t) = Mw,t)I (v). (2-1.22)

The function M is the modulation transfer function (MTF)?2. Referring to Equa-
tion (2-1.21), we see that the MTF is simply the superposition of the set of “coverage”
functions A , each evaluated at Aq’””.

Thus the MTF is defined as the ratio of the estimated intensity to the true image
intensity. For an interferometric imaging constellation, the MTF can be computed

given the measurement history and corresponding relative position data between the

light collecting spacecraft. In the wave number plane, a point with a zero MTF value

2The Assumption (2.1.2) has directly led to the elimination of (; from the derivation. Hence,
Equation (2-1.22) presents a valid model for the system whenever z > 1. This assumption, however,
does not imply that there is a need to constrain the formation to the observation plane O.
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implies that the system is “blind” to the corresponding sinusoidal pattern, while a
large value of the MTF implies that the image signal can be restored at that wave
number via an inverse Fourier transform (see [6, 4, 7].) The MTF, as a measure of
the imaging system’s performance, is a function of both the optical system and the
configuration of the observatory in physical space.

Let the picture frame have a diameter d equal to the size of o: d = 2d (with o
entirely contained in A,.) Pixelating the image plane into an m x m grid, the size of
each pixel is L = d/m, and the resulting angular resolution is §, = L/z. Additionally,
the angular extent of the desired picture frame is approximately given by 6, = d/z,
leading to 6, = m#,. Dimensions of features in the wave number plane are the
reciprocals of the corresponding dimensions in the physical plane. The resolution
disc, D,, is a disc of diameter ~ 1/6, and is the region where we desire the MTF
to have nonzero values (or, equivalently, wave number plane coverage.) Making the

simplifying assumption that

R R 1 if jv| <,
Al(v) = A,(v) = , (2-1.23)

0 otherwise

where r, is the effective radius of the true function A,. This incurs a sensible error
only at the edge of the domain of flp. The picture frame region is a circular disc of
diameter 2r, ~ 1/6, that is used to approximate the effective size of flp (equivalently,
assume that Ap is a hat-shaped function.) Therefore, the diameter of the resolution
disc is m times the diameter of the picture frame disc in the wave number plane (see
Figure (2.2).)

As the relative projected position vector, Aq,,,, varies in the physical plane, the

picture frame disc moves in the wave number plane, where its center follows the

Admn

o Each satellite, by itself, will contribute

trajectory of the vectors given by
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a disc that is centered at the origin with a diameter of ~ 1/6,, and each pair of

satellites will contribute two discs of diameter ~ 1/, located 180 degrees apart with

a radius of ‘%‘ from the center. This symmetry in the frequency domain is due
to the fact that % = —A‘;%.
y B

Resolution Disc ~1 /6

Telescope
field-of-view

Required
angular
resolution
:9'

Vx

Picture Frame Discs

~1/80
-q,.(@) P
/x z

Picture frame
=0 p

Space of Spatial Frequencies
Image Plane

Figure 2.2: Physical and wave number plane variables. To indicate time progress,
we show the trajectory on an interval [to, t].

2.2 A Noise Model

In Section (6.3), we need to evaluate the performance of controllers for a class
of spiraling maneuvers. It is desired to have a performance index that takes into
account a noise model of the imaging process. Hence, we wish to augment the
model in Equation (2-1.22) with a noise model. We only give a brief discussion
of this topic. For a more detailed discussion, we refer the reader to the thesis by
[5]. Assume that the rate of photon arrival satisfies a Poisson distribution. This
incurs Poisson fluctuations in the measurement of J (q,,,q,). Via Equation (2-1.4),

where J (q,,,q,) appears in the integrand, the noise in I, (q') also satisfies Poisson
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statistics. Let T be the average value of the signal I (v), which is assumed estimable
beforehand. Modulated by the MTF of the constellation, the mean arrival rate is
therefore proportional to M (v,t)I. Moreover, the variance of such fluctuations
is proportional to the square root of the mean arrival rate. For a more detailed

discussion, see [5]. Therefore, we have:

I (v, t) ~ M (v, t) I () +~v\/ M (v, 1) I (V)N (v), (2-2.1)

where N (v) is a unit variance, white process in v and 7 is a constant reflecting the
quality of the telescope optics, detector physics... etc. Estimating I by I at each

point in the v-plane, one finds that

MI 1 /= .
— — M(Vat)j (2—22)
yWMI T

SNR x

. . . . t
One can now introduce an imaging performance index J = fof Zdt, where

Z(t) :/ dv (1 -T"(v,t)), (2-2.3)

v

where R is a “risk factor” and I'(v,t) is the ratio of the actual SNR to the desired
SNR and is given by:

Actual SNR 1 if a2 >1

Desired SNR aM?  otherwise

I(v,t) (2-2.4)

where « is inversely proportional to the desired signal-to-noise ratio and M is com-
puted from Equation (2-1.21). The larger the risk factor R the more conservative the
imaging performance measure becomes. Regions in the wave number plane where I'
is less than unity correspond to spatial frequencies of the signal that do not satisfy
the desired signal-to-noise ratio, while [' = 1 implies both coverage and achievement

of the desired signal-to-noise ratio at the corresponding spatial frequency.
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A final remark is in order. Since the Ap functions are evaluated at points cor-
responding to the trajectories of the relative position vectors, note that the rate at
which the flp(l/ — %) function moves in the frequency domain is proportional to
the relative velocity between spacecraft m and n. Hence, if the relative velocity has a
large magnitude, flp moves too fast in the frequency domain. This, in turn, may not
allow for the MTF to accumulate to a satisfactory level to achieve the desired SNR
(as reflected in the I' function) and, hence, results in reduced signal strength allowing
for the noise signal to overwhelm the measured signal. This results, by definition,
to I' < 1. This implies that the value of I' and, hence,the SNR, function is inversely
proportional to the square root of the relative speed between the spacecraft in the
constellation. Therefore, there is a critical relative velocity v* between any pair of

spacecraft m and n such that the picture frame discs achieve I' = 1 at the frequencies

they visit and such that I' < 1 if the relative speed v,,, < v}

mn’

2.3 Multi-Spacecraft Problem: Necessary Conditions Using
the Maximum Principle

In this section we derive the necessary conditions for a multi-spacecraft formation
by appealing to the maximum principle (MP.) The dynamics are given by:
ai(t) = wvi(t)

for all spacecraft : =1,..., N. The cost function to be minimized is given by:

7 =un) = [ M<Z|rui<t>r|2> at, (232

where the cost y(t) satisfies the differential equation:

§(t) = p (Z uui<t>|r?> . (2-3.3)

i=1
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In Equation (2-3.3), p is a parameter introduced to study the local behavior of the
resulting control law in Section (2.5). An optimal solution will be independent of

the parameter p in general. Define the normalized MTF as:

1. ¢ N i ¢ N N i
A ) = 10, 1) - / >y ) = / dT%jn%mAp (1 — (7))

(2-3.4)
The second term after the first equality sign in the definition of z ensures that z
does not include contributions due to self-interaction at the origin of the frequency

domain. Hence, for the spacecraft formation z satisfies the differential equation:

(v, t) = Z Z Ap (¥ = Qun(t)) (2-3.5)

which we treat as a state of the system. We use q,,, to denote the relative position

vector between spacecraft m and n:
Elmn(t) = - . (2—36)

Previously, we used Aq,,,/(AZ) to denote q,,. For the rest of the thesis, we will use
the latter notation.

If we let h denote the saturation function:

r 0<z<1
h(z) =
1 »>1

then we require to have the terminal condition on z be given by
h(z(v,T)) =1 (2-3.7)

for all v € D,. This guarantees that z > 1 everywhere inside D, at time T. To
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summarize, initial and terminal conditions are:

qi(0) = g
VZ(O) = Vjo
y(0) = 0

z2(v,0) = 0, VYweD,

2(v,T) = 1, Yw € D,,

where we desire to achieve complete coverage at the terminal time T'.
The problem at hand is to minimize (2-3.2) subject to the dynamics given in
Equations (2-3.1), (2-3.3) and (2-3.5). We will use the maximum principle to derive

the necessary conditions. Define the function:

AH(t) = 3 [Pq, - Vi+ Py, - w] + ppy (Z I|uz-H2>

i=1 =1

N
+ <pz(v, N, > Aw- dmn)> , (2-3.8)
m,n=1,n#m

where pq, and py, are vector Lagrange multipliers, p, is a scalar Lagrange multiplier
and p, : D, x [0,7] — R is a Lagrange multiplier function taken point-wise in v.
The inner product (-, -) in Equation (2-3.8) refers to the inner product on the vector

space of real functions whose domain is the resolution disc D,:
(fw),gw)) = | [fv)g(v)dv, (2-3.9)
D,
for any two functions f,¢g: D, — R.
A necessary condition for optimality is that
OH
811i N

0,i=1,...,N. (2-3.10)

This equation implies that
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Hence, the Hamiltonian is given:

= _lpwl
=3 v 12

=1

—|—<pz(1/,t), Y4 (u—qmn)>. (2-3.11)

mn=1,n#m

Y

Transversality conditions imply that (see Equation (2.3.8) in [37]):

Pq.(T) = pv.(T) =0

p-(v,T) = pl(v) (2-3.12)

for some function p/ D, — R to be solved for.

By the maximum principle, the necessary optimality conditions are given by:

o0H
q;(t) pe (t)
OH pv, (1)

Q Opv, 24py (t)

Ui(t) = OH _ Z Hpvz(Q )I®

Op, = Aupl(t)
OH .
iv,t) = 9 = Z Ap (V — Qmn(t)) (2-3.13)
P> m,n=1,n#m
_ OH 1 al A 3 A 3
balt) = 50 =35 (7040 3 (~VAWE = Gn(0) + VA + du()
v n=1,%£i
) o0H
) OH
py(t) = Ty 0
) OH
pz(V7 t) = _E = 0.

From the initial and terminal conditions (2-3.8), the transversality conditions (2-

3.12) and the seventh and eighth equations in (2-3.13), we find that p,(t) = 1 and
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p.(v,t) = pl(v) for all t € [0, T]. Hence, we have:

. Pv; (t)

Palt) = <p£ W), 3 (VAW = dn(t) + VA, v + qm<t>>)>

Pv,(t) = —Pq(1)-

In the next section we specialize the result to the two-spacecraft formation prob-

lem.

2.4 The Two Spacecraft Problem

In this section we derive the necessary conditions for a two-spacecraft formation
using the MP. Since we have two degrees of freedom, instead of using the positions
of the spacecraft as system states, we will use the relative position between the
spacecraft and the position of the center of mass as our states. As before, let q

denote the relative position vector between the spacecraft pair divided by Az

q2(t) — ai(?)

q(t) = R (2-4.1)

where q;, ¢ = 1,2, is the position vector of the two spacecraft. q corresponds to
the motion of one of the picture frame discs in the frequency domain. Let s be the

position vector of the center of mass of the formation. Then, s is given by

s(t) = M, (2-4.2)
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where we assume unity mass for both spacecraft. The dynamics of the system are

given by:
qt) = vqlt)
Vq(t) _ ng(t))\—gul<t>
5(6) = va(t) (2-4.3)
Vs(t) o u2(t)—;—u1(t)‘

The cost function to be minimized is given by:
7 =y(1), (2-4.4)
where the cost y(t) satisfies the differential equation:
g(t) = p (w1 + lae(0)]%) - (2-4.5)

The normalized MTF is given by:

~

(wt) = %M(l/, p— /0 C4r2A () = /0 CdrAy (v — G(r) + A (v + @) (2-4.6)

Hence, for the two spacecraft formation z satisfies the differential equation:

A A

v, t) = A, (v —q(t) + 4, (v +q(1)) (2-4.7)

and is treated as a state of the system.
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Initial and terminal conditions are:

a0) = Qo
vq(0) = vq

s(0) = so (2-4.8)
vs(0) = Vs

y(0) = 0

2(v,0) = 0, VweD,

h(z(w,T)) = 1, Yve D,

Again, we will use the maximum principle to derive the necessary conditions.

Hence, we have:

A = palt) vl 40 (00

+ps(t) - vs(t) + po, (t) - (M) (2-4.9)

iy (8) (s () + ua (8)) + {pa(v,8), Ay (v = @(8) + Ay (v + @) )

where pq, Py, Ps and p,, are vector Lagrange multipliers, p, is a scalar Lagrange
multiplier and p, : D, x[0,T] — R is a Lagrange multiplier function taken point-wise
in v. A necessary condition for optimality is that

OH 0H

- 7 2-4.1
6u1 8u2 ( 0>

These equations imply that

1 Py, (1) Do, (1)
() 2upy(t){ A2 }

1 [py,(t)  pu(t)
na(f) _2upy(t){ o2 }
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These two equations imply

w(t) —w(t) = _/\S;q_p(;()t)
u;(t) +us(t) = _;:;_y(’(fz)
1

()] + ()] o [ 1+ I 0]

4pPp2(t)

Substituting these back into Equation (2-4.9), we have:

1 2 1 2
H(t) = pqlt)-vq(t) - O] [Po, (D)]|” +Ps(t) - vs(t) — im0 1P, (£)]]
+<pz(u,t),21p (v —at) + A, (1/+61)>, (2-4.11)
Transversality conditions imply that:
Pa(T) = Py, (T) =ps(T) = pu.(T) =0
p-(v,T) = pl(v) (2-4.12)

py(T) = 1L
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The necessary conditions are determined as follows.

i) = g—g:vq<t>

, _O0H  py(Y)

[ S S N ()

S0 = G = vl

. _O0H  py(t)

V() = Op,,  Aup,(t)

D) | ]| Ol

10 = o T R0 T s

Swt) = gi — A (w—at) + A, (v+a) (2-4.13)
balt) = ~e = = (00—, (v = &(0) + T, v+ (1)
b, (t) = —g—fq:—pqa)

ps(t) = _88_2[:0

pvs(t) = _S‘Z:_ps(t)

) = =5 =0
p.(v,t) = —%—Z—O.

From the initial and terminal conditions (2-4.8), the transversality conditions
(2-4.12) and the third, fourth, ninth and tenth equation in (2-4.13), we find that
ps(t) = pu., = 0, s(t) = sp and vg = vy, for all ¢ € [0,7]. This also implies that
u; = —uy. Hence a necessary optimality condition is that the center of mass remains
fixed in space. That is because, firstly, motion of the center of mass does not affect
image quality. Secondly, any motion of the center of mass will result in additional
unnecessary fuel cost. So, it is intuitive that the center of mass be fixed as an
optimality necessary condition.

Finally, the transversality condition on p, and p., and the eleventh and twelfth
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equation in (2-4.13) imply that p,(t) = 1 and p,(v,t) = p/(v) for all t € [0,T]. After
omitting equations related to the motion of the center of mass, the above discussion

implies that the necessary conditions are:

é(t) = vq(?)

. _ py(d)

Yal) = 11(A2)?

yt) = % (2-4.14)

~

Hv,t) = Ay v—aln) + A, (v +a)
Palt) = —(PL(W).~VA, (v —&(t) + VA, (v +a(t)) )

Py, (t) = —Palt).

2.5 Control Law Performance

The Equations (2-4.14) are the necessary optimal conditions. These and the
transversality conditions (2-4.12) represent a two point boundary value problem.
These conditions, however, furnish little as far as finding a solution is concerned.
Firstly, these are just necessary conditions and are not sufficient. Hence, finding a
trajectory that satisfies these conditions does not mean we have found a solution
to the problem. Secondly, these equations are hard to solve both analytically and
numerically.

Still, these conditions are helpful in that one can study the general behavior of an
optimal solution. For instance, we showed that a necessary condition for optimality
in a fuel-image sense is to have the two spacecraft formation have the center of mass
drift with constant velocity and the spacecraft move symmetrically about the origin
of the coordinate system, which we may take to be the center of mass itself.

Moreover, we may also numerically investigate whether the control law given
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above behaves as we would expect it to. We will treat the problem as an initial value
problem by selecting arbitrary initial value for the adjoint variables. We perform
the simulation using Matlab®. Instead of performing required integrations over D,,
we instead integrate over a rectangle containing D,, while setting z(u,0) = 1 for
all w € D,. The rectangle is composed of 32 x 32 pixels. D, is such that it is
30 pixels in diameter. The picture frame disc is 4 pixels in diameter. We use the
Matlab® function gradient to compute the gradient of the picture frame functions.
We normalize the position vector ¢ such that position is given in terms of number
of pixels and 7, is such that it is in terms of pixels per second. The duration of
the simulation is carried for 50 seconds and Az = 1 x 10%*. We use these values for
all simulations. We consider four numerical examples. The parameters where set as

shown in Tables (2.1) and (2.2).

Example in do Vo 1

Figure (2.3) (5,10) (-0.5,0.5) 5x1074
Figure (2.4) (9,9) (-1,1) 1x107°
Figure (2.5) (13,2) (-10,0) 1x1076
Figure (2.6) (13,2) (-9,0) 1x10~*

Table 2.1: Variable choices for numerical examples.

Example in Pq(0) Py, (0) pl(v), Vv
Figure (2.3) | -1000%(1,1) | -1000%(1,1) -1000
Figure (2.4) (0,0) (0,0) -1000
Figure (2.5) (0,0) (0,0) -1000
Figure (2.0) 0,0) (0,0) ~1000

Table 2.2: Variable choices for numerical examples (continued.)

In Figures (2.3) and (2.4), we investigate the behavior of the picture frame disc
when it gets a “head-on” impact with the boundary of the resolution disc. This be-

havior agrees with our intuition behind the formulation of the optimal control prob-
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Figure 2.3: Motion of the picture frame discs in the u-v plane at t =0, ¢t = 1.16, 2.33
and 3.50 seconds.

lem in that the picture frame discs move in directions seeking to achieve z(v,T) =1
to satisfy the terminal condition. We note in these two examples that the choice of
pl(v) greatly affects the behavior. We had to readjust its value until the desired
result in the figures is obtained. This indicates that our choice for p/(v) may be
close to the exact (and unknown) value. The reason for the sharper reaction by the
picture frame disc in Figure (2.4) is mainly due to the fact that we have decreased
the weight placed on fuel expenditure. For the former case we have yu = 5 x 1074
and =1 x 1075 for the latter.

Another interesting behavior is given in Figures (2.5) and (2.6). Again the ob-
servations we make here are dependent on the choice of the value of p/(v). It seems
again that our choice for p/(v) is sufficiently close to the actual optimal value that
gives rise to the desired optimal behavior. In these two examples we investigate the

response of the control law to the speed of the picture frame discs. Since z(v,t) is,
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Figure 2.4: Motion of the picture frame discs in the u-v plane at t = 0, ¢t = 3.33, 6.66
and 10 seconds.

by definition, equal to the amount of time the frequency point v spends inside the
picture frame disc up to time ¢, then as the picture frame discs moves faster the less
time it spends at a given frequency point v. Thus, if the speed at which the picture
frame disc moves is larger than the threshold value v* (see Section (2.2)), then the
value of z(v,t) < 1 as the picture frame disc leaves v at time ¢. To meet the terminal
condition on z (that is, h(z(v,T)) = 1) we would expect that the control law apply
a negative thrust to reduce the velocity of the picture frame disc (assuming we set
pl(v) at the correct value.)

This is indeed what we see in Figures (2.5) and (2.6). The initial velocity is too
large and we note that, with time, coverage improves as the picture frame discs move
(this is observed by the fact that coverage becomes darker with time.) The initial
speed in Figure (2.5) is larger than that in Figure (2.6). We note that, in the former

figure, coverage converges to a darker shade of red less rapidly than that in the latter
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figure. This is true assuming that we have chosen a value for p/(v) that is close

enough to the desired value.

Figure 2.5: Motion of the picture frame discs in the u-v plane at t = 0, t = 0.99, 2
and 3 seconds.

2.6 The Two Spacecraft, One-Dimensional Problem

In this section we further specialize Equations (2-4.14) to the two-spacecraft,
one-dimensional case. By one dimensional we mean that the wave number resolution
disk D, collapses to a wave number interval £, = [—L,/2, L, /2], where L, /2 is the
bound on the frequency content of the signal to be reconstructed (that is, L, is the
width of the resolution interval.)

This simple example also has a profound theoretical implication. Note that locally
the motion of any particular picture frame disc in the two-dimensional case, when
linearized about any point in time ¢, can be approximated by a one-dimensional

motion. Hence, studying the one-dimensional case gives insight into the local-time
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Figure 2.6: Motion of the picture frame discs in the u-v plane at t =0, ¢t = 1.16, 2.33
and 3.5 seconds.

behavior of the picture frame disc. For example, by studying how a one-dimensional
picture frame disc interacts with partially covered (z < 1) one-dimensional intervals
along the line of motion enables us to understand how a two-dimensional picture
frame disc infinitesimally interacts with neighboring (2-dimensional) coverage areas.

In the one-dimensional case, the necessary conditions become:

o) = _:8(22

g(t) = !i((;i-gz

St) = Ay — D) + A (v + () 26.1)
B0 = = (P~ A=) + 5, 04 a(0)

Polt) = —pg(t),

where we omit the subscript ¢ in v, and remove the over-bars that indicated vector-
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valued variables. The inner product (-,-) refers to the inner product on the vector

space of real functions whose domain is the resolution interval L,:

Ly/2
(). 9(0)) = / F()g()dv, (26.2)

—Ly/2
for any two functions f, g : £, — R. The last equation in (2-6.1) is auxiliary to the
necessary conditions, and is not itself a necessary condition. The initial and terminal

conditions are given:

q(0) = qo
v(0) =
y(0) = 0

z2(v,0) = 0,Vve L,

2(v,T) = 1,YvelLl,

Note also that the gradient operator changes to a simple derivative over the

frequency domain. Under the model given in Equation (2-1.23), we then have

(
; 1 q(t) —rp, <v<rp+qt)

0 otherwise
1 —r,—q(t) <v<r,—q(t)

0 otherwise

and, hence

Aplv —q(t)) = 8(v = (a(t) = 1)) = (v — (a(t) + 1))

A +q(t) = 0v — (=1, = q(1)) = 8(v — (r, — q(1)),
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~

where 6(x) is the Dirac delta function (assuming the picture frame function A,
assumes a Heaviside step function.)

We now postulate a trajectory and attempt to construct a solution to the above
necessary conditions. Specifically, we study a trajectory such that the picture frame

discs (and the spacecraft in physical space) move with a constant critical speed v,:
q(t) = —vet + qo. (2-6.3)

We choose ¢y = % + 7, such that the picture frame discs are initially located right
outside the resolution interval. The critical speed v, is the speed that guarantees
that at any frequency component v € [—%, %} we achieve z(v,T) = 1 at the end
of the maneuver with only a single passage over the resolution interval. Note that
z(v,t) is equal to the amount of time spent by the frequency v inside one of the
picture frame discs up to time ¢. These choices imply that we have to set v, = 2r, to
ensure that z = 1 at each frequency inside the resolution interval [—L, /2, L, /2]. The
terminal time 7" is chosen such that ¢(7") = 0 (with the picture frame discs centered
at the origin.) Hence, we have T' =  + (Lzﬁ We will fix this terminal time value
and assume it is chosen as such beforehand.

The reason behind choosing this trajectory is that at the end of the maneuver
each frequency is covered such that z(rv,7) = 1 and because it does not require
expending any fuel to speed up or slow down the spacecraft. In fact, if the speed
at any point in time is greater than the critical speed v., then z(v,t) at that point
will be less than unity. Hence, we set the speed at the critical value v. to complete
the mission in the required time T'. A practical drawback of this motion is that the

two spacecraft do not have a zero approach velocity at the terminal time 7' (with

q(T') = 0 being the terminal position of both spacecraft), which leads to collision.
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Equations (2-6.3) and the necessary conditions (2-6.1) imply that:

v(t) = —v,
pq(t) =0
p(t) = 0

p=(vit) = plv).
Thus, we are left with

y = 0

A ~

iw,t) = Ap(v—q(t) + 4, (v +q(t)) (2-6.4)
0 = pl(v=q(t) =rpt) = pl(v=qt) +7p1)

+p£(1/ = _Q(t) — Tp; t) - pg(’/ = _Q(t) + rp’t)> vt e [0>T]'

The first of these equations and the initial condition y(0) = 0 implies that y(¢) = 0 for
all t € [0,T]. In particular, we have y(T') = 0. Hence the proposed solution achieves
zero cost. Since the cost functional J is positive definite, then any solution that
achieves zero cost and satisfies the terminal condition is then an optimal solution.
We now need to show that the terminal condition is satisfied for the proposed motion.
We do this as follows.

Fix a frequency point v € L£,. We now make use of the fact that the picture
frame disc moves at constant speed. See Figure (2.7). We compute the time spent
by the picture frame disc over v by firstly computing the time ¢; it takes the picture
frame’s leading edge to touch v and secondly by computing the time t, the trailing
edge passes over v. By the uniformity of the motion, the time spent by the picture

frame disc over v is simply the difference t5 — ¢t;. By construction of our solution,
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one can easily verify that

1 (L,
= (5)
ly = L(27“ +&—V).
2ry, P2

Hence, the difference t5 — t; is given by
tQ - tl - 1 (2—65)

Since we do not have double passages over any frequency point v, then at t = T,
z2(v,T) =1, for all v € L,. This shows that the proposed motion is indeed optimal
since it achieves zero cost and satisfies the desired terminal conditions. To complete
the proof, we just need to show that the third condition in Equations (2-6.4) is
satisfied for all ¢ € [0,7]. Note that the function p/(v) does not influence the
remaining necessary conditions. Hence, any choice for p/(v) that will set the right
hand side equal to zero is a valid choice. For instance, any symmetric function
pl(v) will satisfy this condition since the second term in the inner product is skew
symmetric (that is, if f is symmetric and g is skew symmetric, then (f,g) = 0).

Indeed, if we set p/(v) = 0 for all v € L, is a valid choice. This completes the proof.

/ v
I l
1 i T 'T !
-q(t) q(t) » V
-Lv/2 -q(t)-rp -q(t)+ry q(t)-rp q(t)+rp Lv/2
Trailing edge  Leading edge Leading edge Trailing edge

Figure 2.7: Motion under consideration in the one-dimensional case.
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2.7 Conclusion

In this chapter we derived a relationship between the motion of a formation and
its image quality performance via the modulation transfer function. We briefly intro-
duced and discussed a noise model. Based on this, we formulated an optimal control
problem where the objective is to minimize fuel expenditure and to maximize image
quality by maximizing the normalized modulation transfer function. We used the
maximum principle to derive the necessary conditions for a multi-spacecraft forma-
tion. The results are then specialized to the two-spacecraft formation. We show that
necessary optimality conditions imply that the spacecraft pair move symmetrically
about the origin and that the formation center of mass be fixed at the origin. We
give some numerical results showing the general behavior of the resulting control law.
Finally, we derive the necessary conditions and propose an optimal solution for the

two spacecraft, one-dimensional problem.



CHAPTER 3

Dynamic Coverage Optimal Control for
Interferometric Imaging Spacecraft Formations

In this and future chapters, we use differential geometry and geometric mechanics
as the tools to analyze the formation path planning problem. If unfamiliar with these
tools, for a brief background, we suggest that the reader go through Appendix A and
literature referenced therein.

Dynamic coverage optimal control is a new class of optimal control problems
motivated by multi-spacecraft interferometric imaging applications [38, 39]. The
dynamics is composed of N second order differential equations representing N fully
actuated particles. To be minimized is a cost functional that is a weighted sum of
the total fuel expenditure, the relative speeds between the particles and the measure
of a given set whose size is a function of the particles’ trajectories. In this chapter,
we first analyze the problem for formations evolving on non-linear manifolds. We
derive the necessary optimality conditions and give an example of a non-rigid two
spacecraft formation evolving on a paraboloidal surface. We specialize the analysis
to the case when the formation is co-planar. As will be shown, one outcome of this
work is that a necessary condition for a formation motion to be optimal is that it

is symmetric about the origin. This chapter is concluded by giving a simple three

46
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spacecraft planar example.

3.1 Introduction

We consider the general class of problems described by a system of N particles

satisfying dynamics of the form:

Dhi () = v (t) (3-1.1)

Tt = wi(t)

i=1,...,N, where q; : [0,7] — M is a curve on M, v;(t) € Tq,yM and u,(t) €
TT4,mM.

Let u;(t) € TTq,)M be given by
w(t) = Y ul(t)Y;(qt)), (3-1.2)
j=1

where m < nand Y, j =1,...,n, are basis vector fields that satisfy (Y;, Yi) = dj.
In other words, Y is an orthonormal set of vector fields on Tg, M. Mathematically,
this assumption limits the class of manifolds we consider (to parallelizable or to a
local study of non-parallelizable manifolds) for the general problem formulation, but
is satisfied for the special case where we deal with systems of particles in space.

m = n corresponds to the fully actuated system, whereas m < n corresponds to the

under-actuated situation. Here we only consider fully actuated systems.

Assumption 3.1.1. Each particle is fully actuated in all n directions. That is to

say m = n.
3.2 Imaging and the Coverage Problem

Equations (3-1.1) represent the spacecraft dynamics, treating each spacecraft as

a point particle. Hence, we ignore attitude dynamics and assume all spacecraft are
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perfectly aligned and are pointing towards the target. In interferometric imaging,
we are interested in the relative position dynamics as projected onto a plane perpen-
dicular to the line of sight. This plane is called the observation plane, denoted by

O C R?. Hence, we are interested in the projected relative curves:

as(t) = Pola(t) — alt), (32.1)

where ) is the optical wavelength and q;; : [0, 7] — O are curves on O, the frequency
(also known as the u-v) plane, and Py is the operator that projects relative trajec-
tories in M onto the observation plane O. Hence, O is the plane on which motion is
projected and O is the frequency plane. Let < -,- > denote the inner product on
0.

Recall that in multi-aperture interferometry there are two main imaging goals.
The first is simply referred to as frequency domain coverage. We refer the reader to
Chapter 2 and the thesis [5] for a detailed discussion of multi-aperture interferometric
imaging. We are interested in having the resolution disc as defined by the set Dy =
{ (v, vy) : VU2 + 02 < 1/6,} be completely covered by some ball of radius r, centered
at q;;(t), for some t € [0,77], ¢ and j, where 6, is the angular resolution. An image is

said to be successfully completed if a maneuver M satisfies the following condition.

Definition 3.2.1. (Successful Imaging Maneuver) An imaging maneuver M is
said to be successful if, for each (v,,v,) € Dg, there exists a time ¢ € [0, 7] and some
i,j=1,...,N such that (v,,v,) € B,, (G;;(t)), where B,(y) is a closed ball in R? of

radius x centered at y. r, is proportional to the size of the telescope’s airy disc.

The second objective is that all frequencies in Dr must be sampled while max-
imizing the signal-to-noise ratio (SNR.) SNR can be controlled by controlling the

relative speeds between the spacecraft in the formation [5]. As the projected relative
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speed between a spacecraft pair is minimized, so is the achievable SNR. Intuitively,
as a spacecraft moves slower, it has more time spent in the neighborhood of a rela-
tive position state in space. This leads to more photon (that is, image information)
collection from that neighborhood, resulting in a stronger signal. This is analogous
to the notion of exposure time in photography, where the longer the shutter time,
the more photons get deposited on the photographic film and the better the image

gets.

3.3 Dynamic Coverage Optimal Control

Based on the above discussion, we wish to minimize three quantities: (1) the fuel
expended by each spacecraft in the constellation, (2) the projected relative speeds
between the spacecraft of the system and (3) the amount of uncovered points in Dg.
The constraints we have are the dynamics (3-1.1) and boundary conditions on the
position and velocity vectors of each spacecraft. Motion constraints (as defined in
Chapters 4 and 5, and the paper [40]) are not treated in this chapter, though they
can be easily incorporated in the analysis. We now state the coverage optimal control

problem considered in this chapter.

Problem 3.3.1. Coverage Optimal Control Problem: Minimize

! ZN ZN dq;,  dqj
cy _ 2 ) )
J(qi,ui,t,Z—l,...,N) = /0 5{ |:<11j,u]‘>+7' < U At >>:|}

=1

+x% meas (V) dt, (3-3.1)

where VU is the mapping that returns the set of uncovered frequency points in Dg
up to time t; U : (¢,qi34,j=1,...,N) — {(vs,1yy) € Dg : Ve € [0,t] and Vi,j €

1,...,N, (v, ) € B, (Qij(€))} and the function meas (A) is a measure function of
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some set A. The constraints are the dynamics (3-1.1), the boundary conditions
au(0) = a. (1) =’ vi(0) = vV, vi(T) =7, (3:3.2)
i=1,...,N, and the relationship in Equation (3-2.1).

In Equation (3-3.1), we have used the simple derivative & to differentiate the

quantity ;. since @,z belongs to the flat space R?. Hence, a covariant time derivative

b

5; reduces to the simple derivative 4

-

Note that if kK = 0, then the problem reduces to that discussed in Chapter 5 and
in [40] for a two-spacecraft formation. In this case, the terminal boundary conditions
alone drive the system. On the other hand if k # 0, then the system is driven to also
minimize the set of uncovered points in Dg. Whenever meas (V) becomes zero, the
only drive is to meet the terminal conditions in (3-3.2).

The measure function meas(-) is simply the area covered by the set W¥(t,q;;).
Firstly, note that as the curves q;; : [0,7] — O change, the measure of ¥ at time 7T
changes. However, if the curves q;; correspond to trajectories of successful maneuvers
as defined in Definition (6.5.1), then meas(V(7T’, q;;)) is zero at time 7.

Secondly, note that meas(¥) is a monotonically decreasing function in time ¢.
The reason for this is illustrated in Figure (3.1), which is the situation in the fre-
quency domain for a two spacecraft system (hence, two coverage discs), and is ex-
plained as follows. Maximum decrease rate for meas(¥) is when all balls B, (@;;(t)),
i,7=1,..., N, are moving into uncovered territory inside Dg. In Figure (3.1), this
happens at time ty and t3 since both coverage balls move in previously uncovered
territory. The other extreme is when all balls Brp(dij(t)), 1,j=1,..., N, are moving
in previously covered regions or have wandered outside Dg, which corresponds to a

constant value of meas(V). In Figure (3.1), this happens instantaneously at time
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to since both balls cover previously covered territory. Intermediate decrease rates
vary between these two extremes (for example, at time ¢; as shown in the figure.)
Note that the two coverage balls traverse symmetric curves. Symmetry holds for an

arbitrary number of spacecraft by virtue of the condition (3-2.1).

Assumption 3.3.1. The function meas is differentiable with respect to both argu-

ments ¢ and q.

Resolution Disc

Figure 3.1: A two spacecraft illustration of motion in the frequency domain (¢, <
1 <ty < tg).

Finally, note that according to the definition of the coverage optimal control

problem stated above, solutions to this problem do not necessary result in successful

maneuvers. As the weight x approaches infinity, the resulting solutions will tend to
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be successful maneuvers. Removing the term x? meas (¥(¢)) from the integrand and
posing it as the terminal constraint meas (¥ (7')) = 0 is another strategy that results

in successful maneuvers, something we do not pursue here.

3.4 Necessary Conditions for Optimality

To obtain necessary optimality conditions we first append the dynamic constraints

in Equations (3-1.1) to the Lagrangian of the cost functional (3-3.1) by introducing

into the cost functional 7, where )\{ and )\g, 7 =1,..., N, are Lagrange multipliers.

Collecting terms with the same indexes, Equation (3-3.1) becomes:

Dq; Dv;
J(q;,1;) / { (uj,u;) + N (%— )—l—}\] < d‘; —uj) (3-4.2)

2

T dqjk: d%k 2 ~ .
+§;<< TR > | + Kk meas [V (qx(t); 5,k =1,...,N)|dt.

We then introduce the following one-parameter variations for the curves q;:

D@(:Z (t,0) = W;(1)
Da(;h 0.0) = %QZ (T,0) =0, (3-4.3)
%%(@0) = %Wz(t) is continuous on [0, 7]
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i=1,...,N. Likewise, we may define variations in v;(t), u;(t) and AL(¢), k = 1,2,

i=1,...,N, by vi(t,e), wi(t,e) and Xi(t,¢), k =1,2,i=1,..., N, as follows:

ui(t7 6) - Z Uf (t7 6>Yj(qi(t= 6)) S Tqu‘(t7€)M
j=1

n

vilt,e) = > _vl(t.e)Y (qi(t,€)) € Tq,u0M

j=1
)‘Z(t> 6) = Z )‘Z] (t> G)WJ'(qi (tv 6)) € T;-(t,e)M
j=1
where w;, j = 1,...,n, are co-vector fields such that w;(Y;) = d;;. Taking variations

in u; and v;, we have:

Du;
a_lel“’ ) Su(t) + (B (Wi, w)) (qi(t)) € TTM
e=0
DVl'
e=0
where, for instance,
" ou
sul) = 30 200, )
j=1
and
(B(Wow) (@) = 3 ul(t)(Vw,Y;) (b))
j=1
Similar expressions can be obtained for % and Da:g, j=12,i=1,...,N. B(,")

is a bilinear form that we introduce in order to be able to separate variations in the
components of u;, v; and )\f, 1 =1,...,N, j = 1,2, from variations in the basis
vector fields. It is important to separate these terms since the variations du;, ov;
and 5)\2», 1=1,...,N, j=1,2, are independent from each other as well as from W;
—a fact which has significant importance in deriving necessary conditions.

For variations in q;;(t), let
2
Qij(t,e) = Z(jfj<t>€)zk(61ij<tae)) € Tg,(t.00,

k=1
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where Zj, kK = 1,2, is an orthonormal set of vector fields on Tgh.j(t,e)o. The set Zj,

k = 1,2, may be taken to be the standard set of vector fields spanning R2.

The spacecraft are free to move on some given non-flat surface M. Such surfaces

are usually dictated by some further imaging specifications. For example, having

the formation evolve on a virtual paraboloid surface provides improved focusing

properties. One good example is the ST-3 formation discussed in [36].

Thus, for 2,7 =1,..., N we have

Gy (1,0) = u(t) = {Po (ay(1) — au(r).
() = 152 (W) - W)
Daeiij (0.0) % (T,0) =0, (3-4.4)
%D;iij( 0) = %% 3(% C(Wy(t) — Wi(t))
%Da%j (0,0) = %D;” (T,0) =0
where %qu : M — R?is viewed as a matrix transformation (tensor) on M. Hence, the

right hand sides of the second and fourth equations represent the projected variational

vector fields (that is, the components of the variational vector fields along O.)

Remark 3.4.1. q,; belongs to a flat space O. Then

DD DDg

- /D3 DG\ DG DDg

de’ ot ) ot Ot Oe
because the curvature of O R = 0.

We now have the first result of our chapter.

Theorem 3.4.1. Under Assumptions (3.1.1) and (3.3.1), taking first order varia-
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tions of the expression in Equation (3-4.2) leads to the following relationship:

0T o T DX
86 (qi(t7€>7ui(t7€>’t7l_]-7"'7N _/0 j§1:<uj7B(Wj7uj>>_ dt (VVJ)
i i j DX;
=1 (B(Wy,v5)) = A5 (B(W, 1)) + Ay (R(Wj,v)) vy) — P (B (W, v;)))
N 9 2~ 2
T d*q;r OPo k* Omeas [ JPo
o ) _ -4.
+§: Y <4 g TN aay (an)dt (3-4.6)
T N 2 2~ 2
T d*q,r 0Po Omeas [ JPo
+/ 2y €@ aq P Aas—qjk<%wk)dt

T
. )\
+/0 E —Aé(éuj)+<uj,5uj>dt—|—/0 g ~ ] (0v;) — 4 2 (0v;) dt.
=1

Proof In Equation (3-4.2), we replace q, (%), uj( ) and v;(t) with the perturbed vari-
ables ;i (t,€), u;(t,€) and v;(t, €), respectively. To prove the theorem, we compute

0J /0e on a term by term basis as follows. First, we have:

0

&/0 %(uj(t,e),uj(t,e»dt :/0 (wy,0u; + B (W, w))dt,  (3-4.7)

e=0

where a summation over j is understood. For the fourth term in Equation (3-4.2),

we use the fourth identity in Equations (3-6.1) and integrate by parts to obtain

o (T2 dq; dq; T2 4q.,, d [oP
E/ %<< D Tk 5, g /T—<< q]'“—{ O(Wk—Wj)]»dt
0

dt * dt o A dt "dt | 0
TT d qjk 8IP’O
= — Wi — W, dt
/0 A A2’ dq (Wi i) >
7'2 quk 61[”0 r
—k 20O W
+)\<< AT (Wi W])>>O,

for all j,k = 1,..., N, where use has been made of Equation (3-4.5). The second
term vanishes due to the fixed boundary conditions as expressed in Equations (3-4.3).

Thus, for the fourth term in Equation (3-4.2) we have

T 2 N
dq]k q]k
dt =
%l 7 <

0

Z ]k o)
— _ _ |/1/ — |/1/ . dt _4.
A A i l—1 dt2 ’ () ( k J) > (3 8)
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For the second term, we have
o (T . (Dq; T /D
& ; )\]1 (d_tj — Vj) dt = /0 )\]1 (&WJ — 5Vj — B (Wj,Vj)) dt
For the first term in the parenthesis, we integrate by parts to obtain
T, (D . Y TDX
/ A (&Wj) dt =X (W) | — / L(W;)dt.
0 0 0

dt
The first term on the right hand side vanishes by virtue of the boundary conditions

(3-4.3) imposed on W;. We then obtain

o [T (Dq, T DN :

For the third term in Equation (3-4.2), first recall the identity (page 52 in [41]):

DD, DDY_R(Dq Dq)Y’

dedt™  toe T\ oe ot

where Y is a vector field along a trajectory q(t). Then

2

o /. X (d—tj—uj) dt = /0 A%(R(ijvj)vﬂr?aé—5UJ—B(WJ’VJ))dt

T
= / Aé (R(Wj, Vj)Vj — (Su]' - B (Wj, Vj))
0

DX
— W (5Vj +B (Wj, Vj)) dt (3—410)

where integration by parts has been used to arrive at the last equation. Finally,

under Assumption 3.3.1, for the last term we have

T T N ~
9 / k*meas [U]dt = / Z K> 8nieas Tt dt
86 0 0 j,k:l aqjk; 86

/T N k2 Omeas [DIPO
0

— —— (W = W) | dt,(3-4.11
] A a(i]k dq ( k .7):| 7( )

Jok=

where it is understood that the meas function is applied to the set W (q,;) for all
J,k=1,...,N. Finally, from equations (3-6.3-3-6.7), by separating terms involving
the coefficients W;, Wy, dv; and du;, we obtain the expression (3-6.2) and, hance,

proving the theorem.
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Remark 3.4.2. Note that % constitute the components of the differential form
J
d (meas) € T*O, the cotangent space on O. Hence, the notation % (X) denotes
J
this form operating on X € TO.

From Theorem (3.6.1) one can extract the necessary optimality conditions as the

following theorem states.

Theorem 3.4.2. Under Assumptions (3.1.1) and (3.3.1), a set of optimal trajec-
tories q;, ¢ = 1,..., N, that minimize J while satisfying the dynamic constraints
(3-1.1) and the boundary conditions (3-3.2) satisfy the following necessary condi-

tions for an arbitrary vector field X:

Dgq; S

dt !

Dv; i\ #

ar (%)"
DN
d—tl(X) = (R(u;,v))v;) (X)
DN .
dt2 (X) = =X (X)

\#
u = (A)
0 — ZN: o ( D*Q;i b(X) , Omeas (X)
= k:17' a2 K a(ijk

forj=1,....N and where Y° (X) = (Y, X), with b denoting the flat operator (see

[42] for definition of b and t).

Proof The first equation follows immediately from Equation (3-1.1). For an optimal

solution, the first order necessary condition is that

%—j(qi(t, ), wlte),t;i=1,...,N)| =0. (3-4.12)
€
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The rest of the proof relies on this condition and the fact that W;, Wy, du; and
0v; are independent for all j,k =1,..., N. The fourth equation follows immediately
from the last integral in Equation (3-6.2) and the independence of 0v;, j =1,..., N.
The fifth equation follows immediately from condition (3-6.9), the third integral in
Equation (3-6.2) and the independence of du;, j = 1,..., N. The last (algebraic)
equation is obtained by studying the second integral in Equation (3-6.2). Since Wy,

k=1,..., N, are independent, we then have

N ~ \b

d2q; Omeas
§ 7_2( J ) X o f‘i2 _ X — 0’
= dt2 ( ) 8qjk ( )

Vk=1,...,N. Since u; = ()\%)# and by interchanging indices (j — k and k — j),
we obtain the last (algebraic) condition. Hence, the last term under the first integral
in Equation (3-6.2) is zero. the third equation in the theorem is obtained from this,
the fourth Equation in the theorem, the first integral in Equation (3-6.2) and the
independence of W;, 5 = 1,...,N. The second equation follows from Equation

(3-1.1) and the fifth condition in the theorem.

Remark 3.4.3. In the proof for Theorem (3.6.1) we have not taken variations in the
multipliers )\f ,i1=1,2,j=1,...,N. This is standard practice and the justification

can found in Remark (C.2.1) in Appendix C and Section 2 of [43].

3.5 Example: Dual-Spacecraft Interferometry

In this section we demonstrate the above ideas for a two spacecraft formation.
We first derive a single degree of freedom version of the necessary conditions of
Theorem (3.4.2), which only apply to fully actuated multi-spacecraft systems. Since

in the present example one spacecraft is fixed (and not free) in space, the symmetries
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exhibited in Theorem (3.4.2) are broken (specifically, the fifth algebraic condition in
the theorem.) Hence, the result presented in this section is not a simple special case
of Theorem (3.4.2).

The curve q(t) € M corresponds to the trajectory of the collector spacecraft on
the manifold and v(t) € T M corresponds to the relative velocity vector field between
the parent and collector spacecraft. The projected relative position is given by q =
(1/A\)Po (q) while the projected relative velocity is given by v = (1/A)4Pg (q) =
PY(q,v), where PY : M x TM — E? is a continuously differentiable function on the
tangent bundle to M and where E? is the tangent space to R%. Hence, v € E2.

The cost functional to be minimized is given by:

T 1 2
J = / 2 (u,u) + % < V,V > +r’meas (¥(q)) dt.
0

One now follows a procedure similar to that found in Section (3.4) by appending the

Lagrangian with A; (¢ — v) + X2 (2% — u). We only derive the expression:

T7_2 T a
—/ — LV, v>dt = / r2<<\7,a—]P>g(q,v)>>dt
0

Oe Jo 2
(319’” 0P, [ Ov
= /0 <V (W)+8V (8€> > dt

<<af)) V5V+B(WV)>}dt, (3-5.1)

where W € T'M is the variation vector field corresponding to the curve q and Zo

q

v

and 85(? are viewed as the components of the differential form: dIPy, € T*T'M. The

T in the superscript corresponds to the adjoint (transpose) operation. In obtaining
the above expression we have used integration by parts and the fact that W(0) =

W(T') = 0. The inner product on the last line corresponds to the metric on M. The
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remainder of the derivation is similar to that obtained in Section (3.4). We obtain

the following:

oJ r
E -, = /0 (u, (5u> — )\2 (511) dt
T DAs o ] (PN
—l—/o A1 (0v) — % (0v)+ 7 (8V) v,ov ) dt

+/O (u,B(W,u)>+72<<a(;P§> v, W

, Omeas DA,
g (W) = = (W) = A (B(W,v))
X (B(W,u)) — 22 (B (W, v))

Py,
ov

+X2 (R(W,v)v) + 72 < ( )T v,B (W, v)> dt. (3-5.2)

We are now in a position to extract the necessary conditions. These are as follows:

q = Vv
D
() = e () ot
Dd_>t\2 = A+ @%)TW
u = )\g.

These necessary conditions for the problem when x = 0 are obtained in local coor-
dinates (the arc length ¢;) in Chapter 6 and in [44].

We now look at a class of two-spacecraft formations, where one spacecraft, the
“parent” | is fixed at the origin and the second, the “collector”, is restricted to move
along a spiral embedded in a two-dimensional paraboloidal surface. Hence, this
system is a one degree of freedom system.

We model each spacecraft as a point mass, each with unity mass. The choice

of a paraboloid surface is made because of its improved focusing properties. This
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type of formation belongs to a class of formations known by Space Technology 3
(ST-3) as one of NASA’s Origin’s missions. For more on this class of formations, we
refer the reader to [36]. Moreover, the collector spacecraft follows a spiral trajectory
along the paraboloid. The spiral is designed to ensure that the resulting maneuver
is successful in the sense of Definition (6.5.1). Hence, the spiral embedded on the

paraboloid surface will be considered as our one-dimensional manifold M with n = 1.

. . Line of
Linear Spiral Sight z

Paraboloid

Figure 3.2: The basic interferometer.

Refer to figure (3.2). Let q = g be the single coordinate we choose to work. We
choose ¢ to be the arc length traversed along the spiral. Therefore, 9, = % is the
basis vector for T, M. The velocity vector field is then given by v = v10,. The control
vector u = u;0, is restricted to the tangent space to T'M. That is, u € TTM. In

rectangular coordinates, the paraboloid is given by

- % (g—z - 52> | (3-5.3)

where p = y/2? 4+ y? and 3 is a parameter that controls the depth of the paraboloid.
Note that vertex of the paraboloid is located at the point (0,0, —/3%/2) in R3.

In this section we give a brief account for the spiral maneuver. We refer the
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reader to Chapter 6 and to [45] for further details and background information. In
the x-y plane, the projected position may be given in terms of polar coordinates

(p,0). One way to ensure full coverage of the resolution disc Dy is to initialize the

A(m+1)
20,

second spacecraft such that at ¢ = 0 we have (p = ,0 = 0), make it follow a

linear spiral as a function of 6, and to impose the terminal condition that at t =T

m+1)m
)

we have p=0,0 = ( , where T' is the terminal maneuver time. m is an integer

that is equal to the number of pixels in the reconstructed image and 6, is a parameter

such that 6, = m#,. This motion implies that the two coverage balls B,,p (P12) and

B, (P21) are initialized such that they lie outside the resolution disc Dy and move
spirally inwards till they overlap the central (fixed) ball B,, (Poo) = B;, (0,0). Thus

p and @ are constrained to satisfy

(3-5.4)

p(0) = ky (ko — 0), 0 € [o, M] ,

2

where &y = - and k, = 0,

If we let r be the position vector of the collector spacecraft, then the constraints

(3-5.3) and (3-5.4) imply that

r = (x,y,2) (3-5.5)

= ((kl(kgﬂ' - 9) COs 9, kl(kzﬂ — 9) sin 97 % (Z_i(kzﬂ _ 9)2 o 62) )

The arc length ¢ is obtained as a function of # using the definition of the arc length

of curve in space:

or(0")

0
00) =10 = [ |5

‘ ¢’ (3-5.6)

The functional form of h can be obtained explicitly, which we omit for the sake of
brevity. By the geometry of the problem described in previous paragraphs, it is easy

to see that the function h is both one-to-one and onto (for each 6 there is one and
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only one corresponding ¢ value.) Hence, given a value for 6, one can uniquely solve
for ¢ using

0=h"'(q). (3-5.7)

The metric on the tangent space is determined by computing the line element ds?
in terms of the coordinate ¢. Since ¢ is the distance traveled on M, then ds®> = dg?

and the single element of the metric ¢ is simply given by

9(q) = 1. (3-5.8)

With this, one is now in a position to compute the connection coefficients. The single

connection coefficient (or the Christoffel symbol) is given by

10
- 9% _ (3-5.9)
29 0q
This and the fact that M is a one-dimensional manifold, then the curvature tensor
R is identically zero everywhere on M.

To compute v in terms of ¢ and v = ¢, we first need to obtain an expression for

0 in terms of ¢ and ¢;. Differentiating Equation (3-5.6), we obtain

. Oh; :
vV=q = %9 =r(q)0, (3-5.10)

where r(q) using the relation (3-5.7). Using this and Equations (3-5.5)

_ o
00 G:h_l(q)

and (3-5.7), we have:

Vv =Py =10, + 90, = Py(q,v)0; + P,(q,v)0y, (3-5.11)
where
P.(¢q,v) = qu) { — Ky cos (h’l(q)) — K (kgﬂ' — h’l(q)) sin (h’l(q)) }

P,(q,v) = % { — kysin (W™ (q)) + k1 (ko — K" (q)) cos (h™'(q)) } .

<



64

Finally, after quite an involved computation, one can show that for such “scripted”
(that is, pre-determined) maneuvers, the meas function that ensues from the spiral

motion is given in terms of § = h~1(q) by:

1 62 63
meas() = T [m

102 "2 (2002 37202
m3m+1) 1 [(m+1)@—-7m) 6*—n°
meas(@) = W—Fﬁ{ 5 - o , 0 € W,T
p p
7T(3m2—7)+i (m+3)(m+1) 0_(m—1)7r
2462 202 1

e o2

},HE[O,W]

meas(f) =

2m 4
7(m—1) m(m+1)

0
USRI

!

The meas may now be obtained in terms of ¢ by the relation § = h=1(6).

3.6 The Planar Case

In this section, we make the assumption that the manifold M is identical to O;
the formation is constrained to evolve on the observation plane O. This assumption
simplifies the analysis and offers further insight into the necessary properties of an

optimal formation motion.

Assumption 3.6.1. Let M = O C R2 In other words, the surfaces M and O

coincide.

Under Assumption (3.6.1), the projection Py is the identity operator. This im-
plies that all the derivatives D/d¢ could be replaced by regular derivatives in RZ.
However, we will retain the former notation because it is very convenient, especially

in the case when one works with non-rectangular coordinates (such as polar coordi-
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nates.) Thus, for 7,5 =1,..., N we have

q;(t) — qi(t)

Q;(t,0) = Qy(t) = ——~——,

P (1,0) = 5 [Wy(1) — Wi(e)

Daq”(o 0) = D;”(T 0) =0, (3-6.1)
%%(w) = S IW(0) — Wi(t)] cont. on [0,7]
L TS L YA

Theorem 3.6.1. Under Assumptions (3.1.1), (3.5.1) and (3.6.1), taking first order

variations of the expression in Equation (3-4.2) leads to the following relationship:

6)\7(ql(t €),u;(t,e),t;i=1,...,N)

e=0

/ Z (u;, B(W;,u;)) — Dd—}t\]l (W;)

DX}

—X (B(W;,v;)) = AL (B(Wj, 1)) + X (R(W;, v;) v;) — - (B(W,v;))
k2 Omeas
+Z )\2 —u;, Wy) — T—adjk (W;) dt
T N 2 K2
T Omeas
+ ——(u —u;, W, W) dt
/0 j7k2_1 /\2 < J k> /\ aq]k ( k?)

By ' D)
+/O ;—A%(Mj) (uj, duy) dt+/ Z —X] (0v;) — d_(5 v,)dt. (3-6.2)

Proof In Equation (3-4.2), we replace q;(t), u;(¢) and v;(¢) with the perturbed vari-
ables q;x(t, €), u;(t, e) and v,(t, €), respectively. To prove the theorem, we compute
0J /0e on a term by term basis as follows. First, we have:

T
= [t B (63)
e=0

%/0 %<Uj(t,€>,uj(t76)>dt

where a summation over j is understood. For the fourth term in Equation (3-4.2),
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we use the fourth identity in Equations (3-6.1) and integrate by parts to obtain

/ r N N Dy, D\
De dt 7 de

1=1

e=0

7=1 k=1
TTQN N qujk N NT DQk T
-/ L i LU VAN A R W -y

The second term vanishes due to the fixed boundary conditions (3-4.3). Under
Assumption (3.6.1), we have

D2, 1
e~ (W)

Thus, for the fourth term in Equation (3-4.2) we have

Dq;x Dq
a6/ Z< At d;’“> ‘ /— W - W) d.

(3-6.4)

For the second term, we have

o (T . (Dq; T /D
a/ov AJI <d—tj—V]) dt:\/ov A{ (EW]—(W]—B(WJ,V]O dt.

For the first term in the parenthesis, we integrate by parts to obtain
T, (D ‘ T [TDX
/ AN =W, ) dt =X (W,)| — / —L(W;)dt.
0 dt 0 0

dt
The first term on the right hand side vanishes by virtue of the boundary conditions

(3—4.3). We then obtain

36/ < vj) :/Oi DXL (W) — Al (3, + B (W,.v,) dt.

(3-6.5)

For the third term in Equation (3-4.2), first recall the identity (page 52 in [41]):

DD, DDY:R<Dq Dq)Y'

dedt Ot Oe e’ Ot
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Then, we have

DX
dt

((SV]' + B (Wj, Vj)) dt (3—66)

where integration by parts has been used to arrive at the last equation. Finally,

under Assumption 3.3.1, for the last term we have

o [T T XL Omeas 94,
— k’meas [U]dt = / E 2 Tk gy
86 0 0 : aqjk 86
Jk=1
T N

k2 Omeas

- £ W, — W) dt, 3-6.7
Ajglxaqjk(k Jdi, (367)

where it is understood that the meas function is applied to the set W (q,;) for all
J,k=1,...,N. Finally, from equations (3-6.3-3-6.7), by separating terms involving
the coefficients W;, Wy, dv; and du;, we obtain the expression (3-6.2) and, hance,

proving the theorem.
[ |

Theorem 3.6.2. Under Assumptions (3.1.1), (3.3.1) and (5.6.1), a set of optimal
trajectories q;, © = 1,..., N, that minimize J while satisfying the dynamic con-

straints (3-1.1) and the boundary conditions (3-3.2) satisfies the following necessary
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conditions for an arbitrary vector field X:

Dq;
a
DVZ‘ j
a ()"
Dd_if\‘i (X) = (R (u;,v)v;)" (X) (3-6.8)
Df X) = M (X)
= (\)*

. i T (X) — A (X)) — o Omeas )
= S \2 2 2 Y 86131@

forj=1,...,N and where Y’ (X) = (Y, X), with b denoting the flat operator [{2].

Proof The first equation follows immediately from Equation (3-1.1). For an optimal

solution, the first order necessary condition is that

oT

9 ——(q(t,€),u(t,€),t;i=1,...,N) =0. (3-6.9)

The rest of the proof relies on this condition and the fact that W;, Wy, du; and
dv; are independent for all j,k =1,..., N. The fourth equation follows immediately
from the last integral in Equation (3-6.2) and the independence of dv;, j =1,..., N.
The fifth equation follows immediately from condition (3-6.9), the third integral in
Equation (3-6.2) and the independence of du;, j = 1,...,N. The last (algebraic)
equation in (4.11) is obtained by studying the second integral in Equation (3-6.2).

Since Wy, k=1,..., N, are independent, we then have

\]

N 9 o
> s (we—w) +%M:0, Vk=1,...,N.

= Qi

Since u; = ()\]2)# and by interchanging indices (j — k and k — j), we obtain the

last (algebraic) condition in (4.11). Hence, the last term under the first integral in
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Equation (3-6.2) is zero. This, the fact that Ddi‘; = — X and the independence of W,
j=1,..., N, in the first integral in Equation (3-6.2) give the third equation in the
theorem. The second equation follows from Equation (3-1.1) and the fifth condition

in equation (4.11).
|

Studying the last (algebraic) necessary condition gives further insight into the

optimal trajectory. Note that one can write these N conditions in a matrix form:

2\

AU=""M, (3-6.10)
T

where ) )
N-1 -1 -1
1 N-1 1
A_:
1 ... -1 N-1

is an N x N matrix, U is the N x 1 column matrix whose j™ entry is u; and M

. . th . N 9 (P) - -th
is the N x 1 column matrix whose j* entry is >, maegjk . Let a;; be the ij*

element of A. Note that ay; = — Zfi}l a;;. Hence, the last row is dependent on
the first N — 1 rows. In fact, one can show that A has rank exactly equal to N — 1.
The homogenous solution to the above equation is found to be uf = u? = ... = ul,.
The homogeneous solution corresponds to the motion of the center of mass of the
formation in the plane. Since it is desired to minimize fuel, then we may set the
homogeneous solution to zero: uf =u} =-.- =uf =0.

What really matters in this situation is the particular solution, if one exists.

Indeed, we now show that the matrix M lies in the range space of the matrix A and,

hence, a particular solution exists. First, append M to A to form the new matrix
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A= [A M]. Recall that A has rank equal to N — 1. If we can show that A also
has rank N — 1, then M lies in the range space of A. Let M be the matrix whose
elements are given by Mij = %. With q;; = —q;; and q;; = 0 is fixed at the

Omeas

origin, then e, =0 and M is skew symmetric. Next, note that the N'! element

of M is given by

N Hmeas B N Hmeas N NZ_I Omeas
= dan; = oqn; = Oq;
B plly i Omeas B iy i Omeas
j=1 k=1 0 j=1 k=1 U

where the second term after the first equality sign is zero since M is skew symmetric.
The term after the last equality sign is nothing but the sum of all the first N — 1
elements of the matrix M. This and the fact that an; = — ZZ]\Sl a;; show that the
last row of A is equal to the sum of the first N — 1 rows of A. Since A has rank

N — 1, then so must A. Hence, M must in fact be in the range space of A and a

particular solution must exist ([46], pp. 116-121.)

K2\ Omeas

For N = 2, the condition (3-6.10) is equivalent to u; — uy = 3 s

. Hence,
for a two spacecraft formation, a necessary optimality condition is that the relative
thrusting between the two spacecraft is in the direction of descent of the measure of

the uncovered set of frequency points. For NV = 3, the condition (3-6.10) is equivalent

to:

1 K2\ [ameas Omeas N 8meas}

u—u, = - — - —
! 2 3 72 | 0qi3 012 032
w - u 1 K2\ [&neas Omeas 8meas}
1= 3 > ~ ~ ~ 3
3 72 012 0q13 0q23

where now a necessary optimality condition is that the relative thrusting between
the three spacecraft is a weighted sum of the direction of descent of the measure of

the uncovered set of frequency points.
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Hence, each spacecraft’s motion and control effort is affected by the amount of
area of Dgi that has not been covered by the formation as it involves summations
over motions of all the other spacecraft. Therefore, the resulting control law is in
some sense decentralized: Given knowledge of the motions of the other spacecraft,
the above necessary conditions command each spacecraft to move in directions that
attempt to minimize the cost function 7.

Remarks:

1. Note that % constitute the components of the differential form d (meas).
J

Hence, the notation % (X) denotes this form operating on X.
J

3.7 Example: A Three-Spacecraft Formation

In this section we state the necessary conditions for a three-spacecraft, rigidly-
connected, co-planar formation. The necessary conditions for a general one degree
of freedom system are slightly different from those of Theorem (3.6.2). Since we
only have a single degree of freedom, a single control vector field suffices to drive the
system. Hence, the condition (3-6.10) will vanish. Instead, the effect of the measure
function meas (¥) on the closed loop system appears in the dynamics governing the
Lagrange multipliers. This result governs other single degree of freedom systems
with different numbers of spacecraft and configurations.

The formation we study is shown in Figure (3.3). The formation assumes the
shape of an equilateral triangle. Formations such as this one appear in previous
literature. See for example the formation used in [47]. Let the side of the triangle be
given by a and each spacecraft is at a distance r from the center of mass C'M, where
r=a/ V3. To guarantee that the resulting motion results in a successful maneuver,

we impose the condition that a = 2r,\. Moreover, assume the resolution disc Dy has
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a radius of 1/6, = 3r,. These conditions and the rigidity of the formation guarantee
that the resulting six picture frame discs (as defined in Section 3.2) are centered such
that each scans an annulus about the central disc. After the formation rotates by
an angle of 60°, the maneuver is completed, resulting in a successful maneuver. The
motion in the frequency plane is shown in Figure (3.3) (right.)

Since this is a single degree of freedom system evolving on the unit circle S*, let
the angular position, 6(t), describe the state of the system as shown in Figure (3.3).
Hence, 6(0) = 0 and §(7") = 7/3. For this example, an approximation of the measure

function is given by
meas (U(0(t))) = —24r20(t) + 2. (3-7.1)

One can also check that meas (W(f = 0)) = 8mr) (that is, the area of the initial
uncovered annulus) and that meas(V (0 = 7/3)) = 0 as one expects at the end of a
successful maneuver.

If we let the mass of each spacecraft be given by m, and the torque applied to

each spacecraft be given by I, then the equations of motion are given by the equation

Do B Dw

2 2 7.2
AT Pt (3-7.2)

where u© = mi The cost function to be minimized is
S

71 7202
J = / —(u,u) + =5 (w,w) + K’meas()dt, (3-7.3)
0 2 2)2
where the absolute linear velocity of the discs is given by %2—? = 27})%9‘ Appending

J by the terms A (]3_1:9 — w) and Ag (% — u), and following a procedure similar to
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that used to derive Theorems (3.6.1) and (3.6.2), we obtain Equations (3-7.2) and

DX, ,Omeas
X) = X X
SL) = WO X) 4 (R, X)
DA
SEX) = M0+ (0. X)
u = )\72#7
as necessary conditions, where dmeas/00 = —247“12) and X € T'M is any arbitrary

vector field. We note here that the algebraic condition on A, vanishes since the

system has only one degree of freedom. Instead, an additional term is added to the

DX
dt

equation.

Figure 3.3: A three-spacecraft, rigidly-connected, co-planar formation (left) and the
motion in the frequency plane (right.)

3.8 Conclusion

In this chapter we studied the dynamic coverage optimal control problem. The
problem is motivated by interferometric imaging spacecraft formations. An optimal
control problem is defined to achieve maneuvers optimal in both imaging and fuel
senses. Optimality conditions were derived and a two spacecraft example was given
to illustrate our results for a one degree of freedom case. The result was further

simplified to co-planar formations. Optimality conditions show that a necessary
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optimality feature of a spacecraft formation is that its motion must exhibit a form of
symmetry about the formation’s center of mass. A simple three co-planar spacecraft

formation was given to illustrate our results.



CHAPTER 4

Constrained Optimal Trajectory Tracking on the
Group of Rigid Body Motions

In the previous section, we studied a formation composed of a group of N particles.
In this chapter and Chapters 5 and 6, we specialize the discussion to a class of two-
spacecraft formations. We will also omit the coverage component of the cost function
since the formation motion will already be restricted to successful maneuvers as
defined in Chapter 3. In this chapter, we treat each spacecraft in the formation as a
rigid body evolving on SE(3), while in Chapters 5 and 6 we assume they are point
masses to simplify the analysis.

The ultimate goal of this chapter is to study constrained optimal trajectory track-
ing on SE(3). To do so, we begin first by studying simple optimal control problems
on SE(3), including deriving the equations of motion of a rigid body (i.e., Euler’s
equations) by formulating it as a constrained variational optimal control problem.
We recommend the reader go through the material in Appendices A and B first

before proceeding with this chapter.

75
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4.1 Optimal Control of a Single Rigid Body on SE(3)

4.1.1 Metric on se(3)

For SE(3) there does not exist a bilinear form on se(3) that is both positive
definite and Ad-invariant. However, one can consider two bilinear forms defined on
se(3). However, more generally, lets consider a class of left invariant metrics.

A matrix form for a family of left-invariant metrics on se(3), parameterized by 3
scalars «, 3 and 7, is expressed as [48]:

alz [BI3

Bl I3

Setting = v = 0 results in the Killing form. The corresponding inner product
is given by: «a(wj,ws). Setting o = 7 = 0 results in the Klein form with inner
product that is given by: [ ({ws, V1) + (w1, va)). Hence, the metric given above is
a linear combination of the Killing and Klein forms where « is set to zero. Finally,
there is the decoupled Park [48] form where $ = 0, which is a weighted quadratic
combination of the linear and angular velocities: « (wy,ws) + v (v1, v2) and which
reduces to the standard metric on R® when o = v =1 [48].

The two bilinear forms one may consider are [49]:

1. A linear combination of Klein and Killing form: the most generic Ad-invariant

form on se(3) is given by
<V1,V2>52(3) = <w1,w2>R3 + 4 (<w17V2>R3 + <w2,V1>R3) )
where (w1, ws)ps is the standard inner product on R? and «, § € R.

2. The standard inner product on se(3) = R®: discard the Lie algebra structure

of se(3) and set

(Vi1, Va)ps = (W1, wa)ps + (V1, Va)ps = (21, 22) + (V1, Va)ps -
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In [49], the authors select the standard inner product on R, (-, -)ps, to work with.
Since positive definiteness is crucial in an optimal control context (we must have a
positive definite cost function), we elect to work with the standard inner product on

R®.

4.1.2 Free Rigid Body Equations of Motion as a Constrained Optimal
Control Problem

EOMs in body-fixed frame
In this section we derive the rigid body equations of motion (both translational

and rotational equations of motion) in the body-fixed frame starting with the kine-

matic equations of motion:
g =gV’ e T,SE(3), (4-1.1)

where ¢ = (R, p) € SE(3) and V? = (Q°,v?) ~ (WP v?) € se(3) are as described in
Appendix B, with Qb = &°.
We begin by making a few observations. Equation (4-1.1) can be re-written as

an expression over se(3) as: g~ ¢ — V? = 0 with g and V? given by equation (B-1.2).

The inverse g~ ! is given by:
» RT —RTp
g = € SE(3). (4-1.2)
0 1
Hence, we have:
RTR RTp
g lg= € se(3), (4-1.3)
0 0

such that the following kinematic equations hold:

R = RO

p = Rv' (4-1.4)
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Finally, for a perturbed element g.(t,€) = (Re(t,€),pe(t,€)) that satisfies g.(¢,0) =

g(t), we have an analogous expression to (4-1.1) as follows (see [50], page 41):

4. RW" Rw!
89 — gW = P e T,SE(3) (4-1.5)
€ le=o 0 0
where
Wi wi
W = € se(3)
0 0

and W? € 50(3) and w? € R? such that

OR = RW;}

86 e=0 '

Ope

b — Rw!. (4-1.6)
66 e=0

Here we view the pair (W5, w) € se(3) the perturbation vector fields expressed in
the body fixed frame just as we view the pair (2°,v®) € se(3) as the angular and
translational velocities in the body fixed frame. In addition we have the following

result.

Lemma 4.1.1. Let g. € SE(3) and W € se(3) be defined as above, then we have

dg. "

= -Wg L
e |._g g
Proof Since g;'g. = Id, then % (9-1ge) L:o = 8(99‘: o9+ 9 'gW = 0 and, hence,
dgc ! _ -1
%e ‘e:O - _Wg ’

For SE(3), it is important to note that, unlike the SO(3) case, ([A,B],C) #
(A,[B,C]), A,B,C € se(3). Instead we have the following lemma, which is easily

proven.
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Lemma 4.1.2. Let A = (Q,v,), B = (2, vy),C = (Q,v.) € 5¢(3). Then we have
<[A7 B]? C]>R6 - <A7 [B7 C] + HB> C]]>R6 )

where [A,B] = AB — BA is the Lie bracket on SE(3) and [[B, C]] is given by

—_—
vy X Ve, .V

[B,CJ] = € se(3).
0 0

Proof
([A,B,Clgs = ([, 2], Q) + (Qavy — DV, Ve)ps
= (20, 12, ) + (R0 Vo X Vo) + (Vo DoVl
= (A, [B,C] +[[B, Cl])gs ,
where we have used the facts that: (2,Vy, Ve)ps = Ve« (We X Vi) = wq - (Vi X V) =

(Wa, Vi X Ve)ps = <Qa,vmc> and — (Qpva, Ve)ps = —Ve - (Wp X V) = =V, - (Ve X

wp) = Vg (W X V) = (Va, QpVe)ps.
[ |

If we view SO(3) as a subgroup of SE(3), then Lemma (4.1.2) reduces to the
standard result on SO(3): ([A,B],C) = (A, [B, C]).

To derive a rigid body’s equations of motion, we minimize the kinetic energy:
T
J:/ l<Vb j(vb)> dt (4-1.7)
0 2 ’ RS '
subject to the constraint given by equation (4-1.1) and the boundary conditions:
9(0) = go = (Ro,p0),
VH(0) = Vi = (wg,vp),

Q(T) = gr = (RT,;DT)>

VUT) = Vi = (wh,vh), (4-1.8)
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where J : se(3) — se(3) is the symmetric, positive definite, and, hence, invertible

operator defined by:
J(V) = , VV = (w, V) € s¢(3) (4-1.9)

where J is as defined in Section (B.4.2) and m is the mass of the body. By our defi-
nition of inner product on R® in Section (4.1.1), the integrand in the cost functional
(4-1.7) corresponds to the total kinetic energy: 3 (€2°, J(2°)) + 3 (v®, mv®)_.

First, we form the modified cost functional:

T 3 N
J = /0 §<Vb’J(Vb)>R6+<Abv9 G-V dt, (41.10)
where
| AT X
A= € se(3)
0 0

b
is the Lagrange multiplier with A% = A| € s0(3) and A} € R?. Then we have:

_ / ' /DVY
€:0— 0 86

Integrating <Ab, [VE, W] + Dd_vzﬂ’> by parts and using Lemma (4.1.2), we find that

07
Oe

b
T (VP - A”> + <Ab, VP, W] + D:j >dt.

e=0

07
Oe

A\ Ab> B <Wb? [V AT+ V0 AT + D—Ab> dt.

[
=0 - 0 86 _ dt

Hence, the necessary optimality conditions are given by

A = T(V)
DA®

- = [A®, VO] = [[V*, AY)].

Expanding this expression, we get:

DM"
dt
DI’
dt

= [M"Q], M= AL = J(Q)

= I xuw’ 1= =myv, (4-1.11)
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which are the equations of motion for a rigid body in space.
To verify the above result, let us view SE(3) as SO(3)xR? and use the definition

for the metric on SE(3) given above. When differentiating the perturbed cost function

7 /T1<Qb J(Qb)> +l<vb mvb>
€ 0 2 ) 2 Y RS

H(ALRTR-@) + (L BTVt (@12

with respect to €, the first and third terms give identical expressions to those given

by equation (B-4.8). We now focus our attention on the second and fourth terms:

o ("1 b b b pT,: b
P i §<v,mv>R3 + <)\2,R p—V>R3dt

r 0
= / <5vb,mvb - A3>R3 + <)\Z, P
0 €

T
= /o <(5vb,mvb—)\g>R3

o b
+<>\§, (W’{)Tv”+ﬂbwg+&> dt
R3

(RTp)> dt

e=0 R3

ot

T
= /0 <(5vb,mvb - )\S>R3 + <Wl{)\g,vb>R3 + <)\g, wag>R3

d\?
— < —2 w) > dt
dt -

T
= /o <§vb,mvb - )\3>R3 + <)\l2’ X Vb,wll’>R3 — <QbAg,wg>R3

b
— <%,Wg> dt

since W?, Qb € 50(3) is skew symmetric with w? = W% and &" = Q. To obtain the
above expressions we have used the identities: (z, Ay)ps = z - (Ay) = (ATz) -y =
<ATx,y>R3 for all A € R¥3 and z,y € R3. In particular, if A is skew symmetric
we have (2, Ay)ps = — (Az,y)ps. We also needed the identity: <Wl{)\g,vb>R3 =
From this and

(wh x }\g,vb>R3 = Wi x A vt = (A xvh) - wh = (wh, ASvP) .



82

equation (B-4.8) we obtain

T /DO DA?
9 - /< \GO,J(Qb)—A’i>dt<— 1+[A’;,ﬂbJ,W?>dt
0

Oe de dt
T

—|—/0 <(5vb,mvb — )\g>R3 + <)\g X Vb,Wll)>R3

— (A5, W) s — <dd_*t3,wg> dt. (4-1.13)
Note that W% = w? appears in both the second and third integrals, which seemingly
couples both terms together. First observe that by the independence of dv® from
6Q°, WP and w}, the first term in the third integral implies that A5 = mv®, which
is easily identified as the linear momentum of the rigid body’s center of mass. Since
AL = mv®, then A} x v® = mv® x v* = 0 and the second term under the third time
integral is zero. Therefore, the second and third time integrals are now decoupled (the
apparent coupling was due to the variable W4 = w% appearing in both integrals.)

The third and fourth terms under the third integral imply that )\g = —Q\) =

—w® x A5 = A} x wP. These facts and the result obtained in Section (B.4.2) imply

that
b
Dé\f = [M"Q'], M" = Al = J(Q")
DIY
- = 1 x Wb, 1P =X =mv, (4-1.14)

which are identical to equations (4-1.11). Recall the relation between the time deriva-

tive of an arbitrary variable s(¢) in a body fixed frame, %, with the space fixed
frame time derivative $5: 98 = %s + w x s. Equation (4-1.14) then implies that

the rate of change of the linear momentum )\g in the space fixed frame is zero:

dag  d'XS

7= -t W x AL = Ab x Wb 4+ wb x AL = 0 as one expects since no exter-

nal forces are applied at the center of mass of the rigid body. Similarly we have

dm® __ d'mb
dt — dt

+ w® x m® = 0, where again M® = m".
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EOMs in space-fixed frame

In this section we derive the corresponding equations of motion in a space fixed
frame. The kinematic equation is given by ¢ = V?®g. In the space-fixed case, we

have:

RRT —RRTp+p Qs ve
g9t = = € se(3). (4-1.15)
0 0 0 0

Hence, the following kinematic equations are:

R = QR

p = vi+Qp. (4-1.16)
Since p = Rv® = v* 4+ Q°p, then v’ = RTv* + RTQ*p. The cost functional becomes:
1 m
J = / 5 (U RIRTQ + U RIRT) + 5 (v + p, v* + Qp)ga .
0
Appending the cost by the terms <A§, RRT — QS> + (A5, p — v¥ — Q°p) we find that:

T DQs T ]JIXS
— / <_y o (RIRTY + Q°RJR") —Ai>dt—/ <—1,Wi>dt
B A\ Tde e o dt

+m (0v®, =g + m(v® + Q°p))ps + (m(VZ + Q°p) — A3, 0Q°p)gs

0J.
Oe

DA;
+ <_d_t2’ W§> + (=5 +m(v? + Q%p), QW) ps di.

The above equation implies that the first order necessary conditions are:

DM
dt 0,
DA;
_— 4-1.17
gr ( )

where, as before, M* := A§ = RJRTQ® + Q*RJRT and A5 = m(v® + Q°p). This
result expresses conservation of angular and linear momenta (in a space-fixed frame)

for the free rigid body.
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4.1.3 Second Order Optimal Control Problem on SE(3)

In body-fixed frame
We now study the minimum control problem in body-fixed variables, minimizing
T
= [ Lo uny,ae 4-1.18
j - 0 5 < ) >R6 ( L )
subject to the second order dynamics:
g = gV°

DJ (V?)

= [TV v = v v+ U (4-1.19)

and the boundary conditions:
9(0) = go, V*(0) = Vg, ¢(T) = gr, V!(T) = V7, (4-1.20)

where Ub = (%b, ub) € se(3) is the control vector field in body fixed coordinates.

We first form the modified cost functional:
|
7 _ / S (UL U + (AL gl = V)
0
DJ (VP - -
+ <A3, DI(VF) _ [J (V?) ,Vb} + [[Vb, J (Vb)]] - Ub> dt,

where A} = (A%, A},) € se(3) and A} = (A%, A},) € se(3), with A%y, A%, € s0(3)

and )\1{2, )\32 € R3, are Lagrange multipliers. After a lengthy computation, we find

= / ' <DUb Ub — AS >
= , 5
e=0 0 e e=0

#(WLR (3(A) V) V' [V Al - VAl - )

that

o7
Oe

(5] TV - [ 3 (v)] - a3 (v
_W - Al{>dt7

where R is the curvature tensor associated with SE(3). This gives our next theorem.
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Theorem 4.1.1. The necessary optimality conditions for the problem of minimizing

(4-1.18) subject to the dynamics (4-1.19) and the boundary conditions (4-1.20) are

gien by
A, = U
b
Dof;l = R(T(A}), V") V2= [V2 AL - V", AY] (4-1.21)
DJ (A})

- 3 ([A% V') — A5, 3 (V!)] - 1A%, 3 (v"))] - At

In obtaining the above result we used the fact that the vector fields V? and

WP are left-invariant vector fields. In the process of obtaining Theorem (4.1.1), the

curvature tensor is evaluated at a point g.(t) # Id, that is we get f{ge (%9667 839;) Ve,
Evaluating this at ¢ = 0 we get: f{g (ng, ng) V. Since gW? and ¢gV? are left-
invariant vector fields at the group element g(¢), then by virtue of the identification
T,SE(3)=~ se(3) (see Theorem (5.27) on page 266 in [51] and pages 84-85 in [52]), we
have f{g (ng, ng) VP=R (Wb, Vb) V?. which is the curvature tensor evaluated at
the identity element. The result directly follows using the properties of the curvature
tensor and Lemma (4.1.2).

Though the curvature tensor for a compact semi-simple Lie group (such as SO(3)),
with respect to a bi-invariant metric) is well known [41], it is not clear what the
curvature tensor for a non-compact Lie group, such as SE(3), is. One may conjecture
that R is the curvature tensor over the product space SO(3) x R3. We show this
by reformulating the optimal control problem on the product space SO(3) x R? and

re-derive the necessary conditions on the product space. By comparing this result

with Theorem (4.1.1), we are then able to read out an expression for the curvature
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tensor on SE(3). The dynamics are now written as components of SO(3)xR? as:

R = RQ

p = RV’
DM
= [M?, Q"] + (4-1.22)
DI’

E = lbwa—{—ub,

where 7° € s0(3) is the skew symmetric form of the torque vector 7° € R? u € R?
is the control force, and M? = J(2°) and 1° = mv® denote the angular and linear
momenta as expressed in a body-fixed frame. We follow the same procedure as before

by first formulating the appended cost functional:

T
T = [+ g (Al FTR - ) (M, BT =),

DMb le
+ <Aglv T [Mb7 Qb} - 7A'b> + <>\32, E — lb X wb — ub> dt.
R3

Computing 8\76/86}620, we get:

/b, T /Dub
= —— 7" — AS dt+/ <—,ub—)\b> dt
—o /0‘ <d6 21 0 d€ 22 -

r b b oAb DAY, b b\ b b o \b
o [ (WhlR AL - PRI R (3 (AL) 09 @0 - v X, )

T D b
—|—/D <W2,—%—|—Al{2 X wb> 3dt
R
T /Db D
+/0 <Ta —Alh - a'] (Ag1)

3 (JQ0 AL]) + [MPAL] @x\lb>dt

07
Oe

T DAb
- / <5v”, b, —m dt” — mw® x A32> dt, (4-1.23)
0 R3

where R is the curvature tensor associated with SO(3). Hence, the necessary opti-
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mality conditions are:

P = Ag1
wo= A,
DA}, b oAb b b\ (b b o \b
T —[Q°, AL +R(J (A21) ,Q7)Q7 — VP X A,
D!
M2 !
DJ(A} -
% = [Mb,Agl] - Alil - J([vaAgl]) - )‘32 x 1°
D}
dt22 = —Ab, —whx (m)\gz) .
Setting
A% Al{z
A =
0
AL S
A) =
0
[ -
U =
0

and comparing Equation (4-1.24) with Theorem (4.1.1), one deduces that

5 R (Q,,2)Q 0
R(A,B)B= :

0 0

for all A = (Q2,,v,), B = (2, vp) € s5¢(3) and Q,, ), € s0(3). This is not a rigorous
proof, but this result agrees with our conjecture that the curvature tensor on SE(3)

agrees with the curvature tensor on the product space SO(3) x R3.
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4.2 Constrained Optimal Trajectory Tracking on SE(3) for
Imaging Applications

In this section we build on the work done in the previous sections by studying
a generic constrained optimal control problem on SE(3). In this section we work in
body variables and, hence, we will omit the superscript -* notation throughout. We
first make a few definitions.

Let g(t) = (R(t), p(t)) € SE(3) denote the trajectory and gq4(t) = (Ry(t), pa(t)) €

SE(3) be desired trajectory to be tracked on SE(3). Define the natural error [49] as

RiR Ri(p—pa)
e=g;'g= ! ! € SE(3).
0 1

Then the error e = Id whenever ¢(t) = g4(t), where Id is the identity element on
SE(3).

While g = ¢V satisfies a left control system differential equation, we will let the
desired trajectory satisfy a right control system differential equation: ¢; = Vgga.
The reason we do this is that the inverse of g4 appears in our definition for the error
function. To make the error differential equation be a left control system, it is then
essential, as will become more obvious below, to have g;l be a left invariant vector
field. This is done by having g4 satisfy a right control system equation. Note that if
Ja = Vaga and since gqg; ' = Id, then g49;" + gag; " = 0 implies that ;' = —g;' V.
Hence, ggl is a left-invariant vector field.

A simple calculation gives:

é = g;'9+9;"9=—9;"Vag+9;'gV

= g;lg (V — g_l\_fdg) =e (V — Adgfl\_/'d) :

The authors in [49] use V — Ad -1V, to define the velocity error. In their work, it is
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crucial to use this definition for velocity error in proving stability of their proposed PD
control laws for stabilization and trajectory tracking. This, however, is not necessary
here. As in linear feedback control, we set up our optimal control cost functional to
minimize the deviation of the actual velocity from a nominal desired value. If only
part of the velocity vector field is required to track a given value while others are
not, then we can make use of weighting matrices to penalize some components of
the velocity. These choices, as in linear feedback control theory, are independent of
the error dynamics. That is to say, if we set V¢ = V,; — V € se(3), where V, is
the desired velocity vector field, then V¢ does not have to satisfy ¢ = eV¢;, We are
simply optimizing over tracking in phase space TSE(3). Hence we define the velocity
error as V¢ =V,; - V.
Finally, note that

e,
Oe

_ 0
- aegd g€

=g;'gW = eW. (4-2.1)

e=0

=0
In this section we will use weighting matrices, as opposed to weighting scalars, to
penalize deviations of both position and velocity from some desired values. The use
of weighting matrices as opposed to scalars allows us penalize certain components of
position and velocity errors as opposed to the total position error or velocity error.
We do this as follows.
Let the measure of velocity error be given by <V6, K, (V6)>, where K, : se(3) —

s¢(3) be a symmetric, positive semi-definite operator defined by

Koy = | @) KW)
0 0

for an arbitrary V = (2, v) € se(3), where

K (Q) = K'Q + QK"
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is the rotational gain operator for the error in angular velocity, K7, is a diagonal 3 x 3
positive semi-definite matrix,

K (v) = Kyv,
is the translational gain operator for the error in translational velocity, and K is a
diagonal 3 x 3 positive definite matrix. Similar definitions apply to the control cost:
<U,KU(U)>, where K, : se(3) — se(3) is a symmetric, positive definite operator
(positive definiteness is required for the control weighting operator).

For position error we use the logarithmic map to define the error

(log () K, (10g (e)) )
where Kp : 5¢(3) — se(3) is a symmetric, positive semi-definite operator defined by

K (%) K(§)
0 0

KP(X) =
for an arbitrary x = (¥, €) € se(3), where
K. (¥) = Ky + ¢ K,
is the rotational gain operator for the error in attitude, K is a diagonal 3 x 3 positive
semi-definite matrix,
K., (&) = K¢,

is the translational gain operator for the error in translational position, and K; is
a diagonal 3 x 3 positive semi-definite matrix. In this case, x € se(3) is viewed
as the exponential coordinates of an element of the Lie group SE(3) (in fact, x =
log (95'9))-

The above definitions allow us to penalize components of translational position,

attitude, translational velocity and angular velocity errors independently. For exam-

ple, in an imaging scenario, we may wish to minimize the magnitude of the relative
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velocity in the observation plane (z-y plane) without minimizing the out of plane
(z-axis) component. In this case, K. = diag(a,b,0) for some a,b > 0. In a spin rate
optimal tracking, we may desire to set K! = 0 and not penalize translational velocity
error. If we are to minimize “jitter” as well, then both K7 and K! will both assume
nonzero values. Hence, the above formulation and the following problem statement
is general enough to address many problems in spacecraft and rigid body control.

Here is the problem statement.

Problem 4.2.1. Minimize

J = %/OT <U, Ku(U)> + <Ve, K, (V€)> + <10g (). K, (log (e))> dt (4-2.2)

subject to

Dynamics

g = gV
Djdiw — [j (V) ,V} . [[V,j(V)]} 4+ U (4-2.3)
Holonomic Constraints
(V.X;)=0,i=1,...,n, n <6, (4-2.4)
Boundary Conditions
9(0) = go, V(0) = Vo, g(T') = gr, V(T) = Vr, (4-2.5)
where X; € se(3), 1 = 1,...,n, are vector fields associated with the imposed con-

straints.
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Note that the constraints (4-2.6) can only be as many as five constraints on SE(3).
Since SE(3) is a six dimensional manifold, having 6 constraints (n = 6) completely
specifies the motion. Let us show how the constraint vector fields X; are derived.

Holonomic constraints are expressed by functions f; : SE(3) — R? as

We derive each X; as follows. Differentiate each f; to get i{; =0. Let X; = (df;)* €

se(3), where d is the exterior derivative and -* is the sharp operator [42]. It is easy
to check that b = (V X;) = 0.

By the independence of the vector fields X; (assuming the constraints f; = 0
are independent) we can combine the n constraints by introducing the lagrange
multipliers ¢; and the vector field (expressed as an element in the Lie algebra, as

opposed to elements in its dual space se*(3))

Z=>Y X,
i=1
Hence, the set of n conditions (4-2.6) can alternatively be expressed as
(V,Z) =0. (4-2.6)

We begin by formulating the appended (and perturbed) cost functional

g0 = 5 [ ULy (VR VD) + los (e K, (g ()
(A1 gt = V) + <A2, PIVD _15vo. v + [vedoval] - U€>
(V. Z) dt (4-2.7)

and compute 0.7,/ 86‘6 on a term by term basis. For the first term we have

=0

2 1 DU,
Oe

5o (U, U,) = ,f{u(U)> : (4-2.8)
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where the property
(Vi.N(V2)) = (N(V1), V) (+2.9)

holds true for all symmetric, positive definite or semi-definite operators N : se(3) —

se(3) such as J, K, or K,,. For the second (velocity error) term we have

01 ~ DVv¢ ~
—— (VS K, (VS = - K, (V®
3 (VeRavo) = (S Rv))
DV ~
- _ ¢ K € 4-2.1
(5| Reava) 2w

since V¢ = V¢ — V. For the third (configuration error) term, the computation is

more involved. After a lengthy computation, which we omit here, we get

22 log (e0), K, (105 (e0))
- <W17K; (log (R.)) + (pe x (RD' (e)K,, (A7 (¢€>pe)))A>so(3)

+(wa, A (1) K (A (3h.) pe) s =2 (W, B(e)) (4-2.11)

N =1k, e = (Re,pe), the function A, its inverse and its properties are given

where ()
by equations (B-3.1), (B-3.2) and (B-3.3), respectively, the matrix D is given by

dA™! d

D = —1 R
(e) Q0 () 1R 198s0) o
Bi(e) b
By = | 7@
0 0

Bu(e) = K7 (log(R.))+ (p. x (RTDTK! (A7 (%) p.)))" € 50(3)

bl?(e) = A_T (we) K; (A_l (¢e) pe) € RS
and where 1, = loggs) e € 50(3). Equation (4-2.11) is obtained as follows. Since

v AN (P)p
0 0

logg =



then we have

%% <10g(ee), K, (log(€€>>> N

where we used

I, 0

€=

e . = a lOgSO(?;) R,
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01
De 2 {<1Ogs0(3) (Re) . Kj, (logsos) <RE))>SO(3)

A 05K (47 (05 |

<K; (logSO(S) R), Wl>so<3)

UKL (A () A7 () ).
0A~ ! 0 1

(a5 pK (a7 W)

(K, (1Og80(3) R), W1>SO(3)

+ (KL (A7 (¢pp)) , A7 () wa)y,

R3

o T OR p )
5 OR,
= (logsow R) 5 =0
0
= 9R (logsos) 1) RV

With D(e) defined as above, then

(K}, (A~ (%) p) , DRW1p)

= (DRWip)" K. (A" (¥p))

— P"WIR'D"K, (A () p)

— ()" (R"DK! (A () p))
= R'DTK}, (A7 () p) - (Wip)

— w - (px RTDTK (A () p))

_ <W1, (px RTD'K,, (A~ <¢>p))A>so<3>

gives us the desired result in Equation (4-2.11). In the last equation, we used the

fact that Wip = wy X p.
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For the fourth (kinematic constraint) term we have

T DW aVﬂ >
- ALV, W]+ — — dt
/0 < ol ] dt de | _g

[ (WA (va) - 2R

OV,
—< o 6:0,A1>dt, (4-2.12)

a T
2 / (Av g9 — V) dt
0

e=0

where integration by parts has been employed. For the fifth (dynamic constraint)

term, we get

9 T <A2, DJ (V) B [j (Vo) ,VE] + [[Ve,j (Ve)ﬂ - U€> dt

Oe dt =0
B /OT <a;ge By _A2> N <W,R <j (As) 7V) V> (4-2.13)
n <6al 620,—]” ) 3 (80, V]) - [An T (V)] - (80,3 <v>1]>dt-

Finally, for the sixth (and last, motion constraint) term we have

0 AR
— (Ve Ze) = N/ v, Z
8e< ) <86 0 >+< VwZ)
AR
= e L) — (W, VzV +[Z,V]+[[Z,V]]) (4-2.14)
e=0
where we adopt the standard (geometric) notation VwZ = % and the standard
e=0

identities (which are true for any, compact or non-compact, Lie group as long as the
connection is metric, affine and Levi-Civita, which, in turn, is true for the present
case) VwZ = VzW + [W, Z] and (V,VzW) = Z ((V,W)) — (VzV, W), and the
fact that Z ((V, W)) =0 (see Lemma 3.1 in [53].)

The necessary optimality condition is determined by setting 0. /86‘6:0 =0

and separating terms involving the independent vector fields W, oU, /86’5:0 and

oV./ 86‘620. Doing this we get the following theorem.
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Theorem 4.2.1 (Necessary Conditions for Constrained Optimal Trajectory
Tracking on SE(3)). The necessary conditions satisfied by an optimal trajectory
(g(t),V(1),U(t)) are given by

g = gV

DI (V) [
di

U = K. (Ay)

D;;l - R (j (A2) ’V> V[V, A= [[V,A]] - V2V
—[2,V] =2, V]] + B(e)
DJ(;:AQ) — j ([A27V]) — |:A2,j (V)} — |:[A2’j (V)]} _ Al + 7 — Kv (Ve)
(V,Z) = 0.

It becomes obvious from the third equation in Theorem (4.2.1) why we require
K, be positive definite. Also note that if we set K, to be the identity operator, set
I~(p and K, to be zero and Z = 0 (i.e., no constraints), then we get back Theorem

(4.1.1).

4.2.1 Example: Dual Spacecraft Interferometry on SE(2)

In this section we consider a simple example on SE(2). Let us consider the dual
spacecraft interferometer studied later in Chapter 6 and the papers [36, 54, 45, 40,
38, 44, 39], but now including rigid body dynamics to the planar (two-dimensional)
spacecraft model. The state g =€SE(2) is the configuration of the controlled follower
spacecraft, while the parent spacecraft is assumed to be fixed at the origin with

Gp(t) = (I2x2,02x1) for all t € [0, T]. Hence, g represents the relative state between
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the follower and parent spacecraft. See figure (4.1). The configuration g is given by

- cosf —sinf x -
90, z,y) = | sinf cosh vy
0 0 0
The velocity V and control U are given by
- 0 —w v, - - 0 —7 u, |
V=1w 0 vy | o U=|7 0 Uy
0 0 0 0 0 O

we will evenly weigh the penalty on applying the forces u, and u, and torque 7 with
the same weight R 5 k, > 0. The desired trajectory is given by g4 = (04, x4, ya),

where 6; = 0 is the desired “look” angle (i.e., the desired line of sight.) It is desired

to follow 6y 0 as closely as possible. Hence, the error in angular position is

K 0
6, = 0,—0 = —0. With K7 = | " et K7+ K7, = k7, then K7(log(R.)) =
0 K
0 —ky0. 0 ko
= Instead of minimizing the deviation of the
k0 0 —ky0 0

motion of the center of mass from a given desired value, we constrain the center
of mass motion of the controlled spacecraft to follow a paraboloid y4 = ax?, where
R > a > 0. For a motivation for the paraboloidal constraint, see [44]. Hence, we

have f(0,x,y) =y — azx* and

X*=-2az0,+0,=|0 0 1 ;
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Nominal
Line of sight

Nominal
Line of sight

Actual
Line of sight

¢}

B g |
]

Parent (fixed) Spacecraft Controlled Spacecraft

Figure 4.1: Dual spacecraft interferometry on SE(2).

which is expressed in the space fixed frame. In the body fixed frame, the correspond-

ing constraint vector field is given by

Z =(X=(Ad;1X* = ([z(—2azcosf+sind)0, + y(2axsinf + cos 0)0,]

0 0 x(—2axcosf+ sinb)

= C| 0 0 y(2xsingd+cosh) |,

0 0 0

Since we are constraining the motion of the center of mass, we may set K;, = Ogx2.
Bll(€> b12(€> .
Hence, we find that B(e) = is such that By (e) = K] (log(R.)) =
0 0
0 k6
and blg(e) = 02><1.
—k0 0
In the space-fixed frame the desired velocity is given (in space-fixed frame) by

0 0 v

Vi=100 0
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In the body-fixed frame we get:

0 0 vjcos
Vi=Adg1Vy = 0 0 —wvjsing |
00 0

We will not penalize deviations in angular velocity from a nominal value by set-
ting the corresponding matrix to K = 03x2. We wish, however, to minimize the
deviation of the space-fixed translational velocity x-component from a value of v,
while motion along the y-axis in the space-fixed frame is irrelevant. Hence, we set

K! = diag(k!, k%), where R > k! > 0. Hence, with our choice of weighting velocity

v v

operator I~(v we get

0 0 K. (vicosb — i)

K,(V) =K, (V-V,)

0 0 kf(—v%cosf—y)

0 0 0
The Lagrange multipliers are given by
0 —Aa A5
A= Ait 0 )\212 , 1=1,2
0 0 0

Note that the bracket on SO(2) is identically zero: [\, ]g) = 0. Hence, we have:

Va/ﬂb Qavb
[A,B] + [[A,B]] =
0 0

and R(A, B)C =0 for all A, B, C € s¢(2). Moreover, since we are using the natural
(flat) metric on R? for SE(2), then the connection V = 0. Hence, V;zV = 0.

We can now write the necessary optimality conditions of Theorem (4.2.1) in
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component form as follows:

xX
12
My
I
m)\%
m}‘gQ

—2axv, + vy

where [ is the moment of inertia about the out-of-plane axis and m is the mass of

the spacecraft.

w

vy cos ) — v, sin 6

Uy sin 0 + v, cos 0

A21

MWy + A3y

—mwu, + Ajy

Ao1 /Ky

Ago/ K

Aga /K

(Ve Ay — vy ATy) + (—2a2vy —v,) + K0

wAYy

—WATy

m(Agpvy — AjoUs) + A11

m(—Aa1vy + WAy,) + MAa1v, — Ay — kb (05 cos 0 — v,)
m(—Aa1vy — wASy) — mAg v, — Ay + KL (05 sin 0 + v,)

0.



CHAPTER 5

Dynamic Interpolation on Riemannian Manifolds:
An Application to Interferometric Imaging

In this chapter we derive necessary conditions for minimizing the cost function
for a trajectory that evolves on a Riemannian manifold and satisfies a second order
differential equation together with some interpolation, smoothness and motion con-
straints. The cost function we consider in this chapter is a weighted sum of the norm
squared of the acceleration and the norm squared of the velocity and is motivated
by space-based interferometric imaging applications. In this chapter, we define the
dynamic interpolation problem, derive necessary conditions for an optimal solution
and point out an interesting connection between the dynamic interpolation problem

and imaging applications, which is the main contribution of this chapter.

5.1 Introduction

The “dynamic interpolation” problem for nonlinear control systems modeled by
second-order differential equations whose configuration space is a Riemannian man-
ifold M, was considered in the past [33, 55]. This problem is defined as follows:
Given an ordered set of points in M and some smoothness constraints, generate a

trajectory of the system through the application of suitable control functions such

101
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that the resulting trajectory in configuration space (1) interpolates the given set of
points, and, (2) minimizes a suitable cost function. In [33], the trajectory of interest
was twice continuously differentiable and the Lagrangian in the optimization problem
was given by the norm squared of the acceleration along the trajectory.

In this chapter, this still remains our interest. However, we are interested in a
Lagrangian that is a weighted sum of the norm squared of the acceleration and the
norm squared of the velocity. Again, not only are we interested in minimizing fuel
expenditure (i.e. acceleration), but, also, in executing the maneuver with the small-
est possible speed. While minimizing acceleration directly corresponds to minimal
fuel expenditure, minimum speed trajectories are desired in interferometric imaging
because the light collectors’ speed and image quality (namely, achievable signal-to-
noise ratio) are reciprocal; The larger the collectors’ speeds are (“shorter exposure
time”), the worse the image becomes, and vice versa [5, 6, 56, 57, 7, 45]. This is anal-
ogous to exposure time in conventional photography, where longer exposure times
(without spoiling the photographic film) results in more photon arrivals and a better
image.

The necessary conditions we obtain here correspond to a slight generalization
of the problem as handled in [33] and is similar to that derived in [55]. The main
contribution of this chapter is the interesting connection that we make between
optimal path planning for imaging applications and the 7-elastic variational problem.

We note that the use of geometric control methods for spacecraft formation flying
has received little attention, whereas extensive investigations have been conducted in
the field of robotic path planning (see Section (IV) in [8].) This work is an attempt
to use geometric optimal control theory for spacecraft formation motion planning.

We now define the dynamic interpolation 7-elastic variational problem.
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The 7-Elastic Variational Problem P7: minimize
1 [™ /D?q D3q ,/Dq Dq
= - —, —, — )dt 5-1.1
J(a) 2Ab<&wdﬂ>+7<&’&>’ (5-1.1)
over the set Q of Cl-paths q on M, satisfying

1. the dynamic constraint

Dq Dv
o B =v({t), 5 (&) =u(), (5-1.2)

where u(t) is the control,

2. q T T is smooth,

3. the interpolation constraints

q(li) =q; 1<i<N-—1 (5-1.3)

for distinct set of points q; € M and fixed times T;, where 0 =Ty <T; < --- <

Ty =T,

4. the boundary conditions

a(To) = qo, 9(Tn) = qn,

2T = vo, 2 3(Tx) =i, (5-1.4)

5. and the motion constraints
<]3—21,Xi(q)> ki i=1,....0(<n) (5-1.5)
for X;, ¢« = 1,...,n, linearly independent vector fields and given constants

k’i, Z:L,l
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The chapter is organized as follows. In Section (5.2), we derive the necessary
conditions an optimal solution of the T-elastic variational problem must satisfy with-
out the imposition of “motion” constraints. In Section (5.3), motion constraints are
included in the analysis and the corresponding necessary conditions are derived. In
Section (5.4), we give an idealized example motivated by interferometric imaging.

Finally, in Section (5.5), we conclude with some final remarks and future work.

5.2 Dynamic Interpolation without Motion Constraints

In this section we consider the 7-elastic variational problem without the motion
constraints (5-1.5). In [33], the authors derive necessary conditions for the dynamic
interpolation, T-elastic variational problem with 7 = 0. Here we slightly generalize

their result to the 7 # 0 case. A similar result can be found in [55].

Theorem 5.2.1. Let q € Q. If o is an admissible variation of q with variational

vector field W, € T4S2, then

d In Diq D2q Dq\ Dq ,D%q
LT - W, — 3, g9 9T 2 AN g,
dej(a)ezo /TO < b (dt2 dt) a dt2>
N-1 _
DW(T;) DZq(T. ) DZq(T-Jr)
L L . 5-2.1
+z_;< a0 de a2 (5-2.1)

Proof Let o be an admissible variation of q € €2. Then

1 [Tv /D%2a,. D2a. , /Da. Da
== - % dt.
Ila) Q/TO < a2 o >+T < ot ot >

Taking variations with respect to €, one obtains

DJ v /D D?a. D%a, , /D?a. Da.
_ —_ s —’-7_ 5 dt
de 7, \Oe 0t = 0Ot? Odedt’ Ot

From Facts (A.4.1) and (A.4.2), we have

D D« D? D <Da Da) Do

dcor — aroe "\ oot ) ot
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Thus,
d ™1 /D?Da. D?a,
w7 = [ (G )
de T ot? 0e = Ot
I Da Da\ Da D?a. L D?a. Do, it
oc ot ) ot o /T \ otoe o '
For the first term, integrate by parts twice to obtain
/TN D’Da D’a\ . _ [/DDa Da Da Dia\ 1™
n, \Ot2 de ' Of2 B ot de * 02 de ot | |
N /TN Da Di« "
To 86 ’ 8254 '
For the second term, apply Fact (A.2.3) to obtain
I Da Da) Da D? I D?a Da\ Da D
[ (n(222) B ) [ () e e
T Je Ot ) Ot 0Ot T o2’ ot ) ot Oe
Finally, integrate the third term once by parts to get
T
/TN 2 <D20‘7D_O‘>dt — {72 <D_O" D_O‘>} " /TN 2 <D_a7 _D2?>dt,
T Otoe’ Ot de " Ot /|, T Oe ' Ot

Thus, we have

d v /Da D'a D?a Da\ Da ,D’«
/) = /TO <E’ ot +R< o2 (‘)t) a o >dt

,[(DDa Da\ _/Da D'a\  ,/Da Da\]™
ot D’ o o o ) T N ot /|y

Setting € = 0 results in Equation (5-2.1) by virtue of the third and fourth properties

in equations (A-4.1).
|

Then, as in [55], one can define the first variation of J at q, which is a linear
transformation on Tq€: E(W,) = L7 () L:O. For a local minimizer q € (2,
all admissible variations o, of q with associated vector field Wy, we have J(q) =

J(ag) < J(e), ¢ € (—¢,€) and, consequently, F(W,) = %j(ae)

o = 0. Any

curve q € ) for which E(W,) =0, for all W, € T, is called a critical curve of J.



106

Theorem 5.2.2. If q € Q2 is a local minimizer of J, then q(t) is C* and satisfies

Dq R (DQq Dq) Dg ,D%q
— —= _ 72

dt dedt ) dt e = (5-22)

dez’ de

€[T,_1,T), i=1,...,N.

Proof Suppose q € 2 is a local minimizer of J over {2. Define a smooth real-valued

function f(t) on [Ty, Tv] such that f(7;) = f'(T;) = 0fori =0,..., N and f(t) > Oon

. 2 2
(Tiy, Ty fori =1, N. Let Wy = f(t) | 280 + (250, D) Dato) _ 2D7a(0 ]

By our choice of the function f(t) each term under the summation sign in equation

(5-2.1) is zero and we have

dt.

E(W,) = f“ (qu Dq) Da D%’

a2 Q) @ " oae

a de2” dt
Since f(t) > 0 for almost every t € [T, Ty] and by virtue of the smoothness of the

integrand we then have

HD4q(t) TR <D2q(t) Dq(t)) Dq(t)  ,D*q(?)

att a2 A a | ae

H 0
In other words, we have shown that a necessary condition for a curve q € €2 to be a

minimizer of J is that

D'q(t) R(DQQ(t) DQ(t)> Dq(t) ~ ,Dq(t)

_ 0
it a2 ' dt g ’

dt de?
te [T, Ty, i=1,...,N. We are left to show that q is C* on [Ty, Ti]. To do that,
let W, € T¢2 be a vector field that satisfies

D D3q D%q ..
aV =g B g ()

fori =1,..., N — 1. This and equation (5-2.2) imply that

N-1 2
D2q D2q ,
E(W”:Zi:l e E) = I =0
which implies that 2 dtQ 3(T7F) = 13—;‘1 (T;7). Hence, q is shown to be C2. Since q

satisfies a fourth order differential equation, it must also be smooth on [Tj, Ty].
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5.3 Dynamic Interpolation with Motion Constraints

Here we consider the dynamic interpolation, 7-elastic variational problem with
the motion constraints (5-1.5). The result is known for 7 = 0 [33] and similar prob-
lems have been dealt with extensively by many authors in relation to nonholonomic
mechanics and control (see [58].) Here we re-derive the necessary conditions for an
arbitrary value of 7 (i.e., the problem P7.)

As in [33], define the one forms w;(X) = (X;, X) and the two forms dw;, i =

1 .1, where d is the exterior derivative. Defining 1 as the contraction operator,

the 1-form X idw; satisfies: X 1dw;(Y) = w;(X,Y’). One may define tensors S; such
that S;, : TqM — TqM, by setting dw;(X,Y) = (S;(X),Y) = —(S:(Y), X). We

now have a theorem for normal extremals of problem P7. The following theorem is

a generalization of results found in [55, 30].

Theorem 5.3.1. A necessary condition for q € ) to be a normal extremal for

problem PT is that q is C* and there exist smooth functions \;(t) such that

D'q(?) D?q(t) Dq(t)\ Da(t)  ,D%q(t)
a R( A2 7 dt ) -7

dt dt?
!

A, : Dq
N iy, s (29) = 3.1
S ;W(dt) 0 (5-3.1)
and
D
<—q,Xi(q)> =k, i=1,....0 (I <n) (5-3.2)
forte[T;1,T;], i=1,...,N.

Proof First, augment the Lagrangian by terms

l

S (i) ZA (59
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The counterpart of Equation (5-2.1) for the problem P7 is
- [ e G ) S )
+Z>\ <§t%‘* (a)> +ZA <%¢: ge (a)>

DW,(T;) D*q(T;7) D*q(T)")
+Z< 7oA d >

d
&j(ae)

e=0

} at
e=0

i=1

The last term in the integrand is simply

> (5 i)

=1

l
D

=Y X <_q7 thXi> ;
i dt

where Vw, X; is the covariant differentiation of X;, i = 1,...,[, with respect to W.

As for the second term in the integrand, integrate by parts to obtain

Iy D Do
/To ;Az<a§7Xz<a)>
™~ T
X

where the third property in equations (A-4.1) has been used. Making use of some

dt

e=0

Xi(@) + A <Wt, D)gt(Q) >} dt,

of the properties of the Riemannian connection and recalling the definition of the

exterior derivative of a one form w:
dw(X)Y) =XwY) - Yw(X) —w([X,Y])

for all vector fields X and Y on M, then, for the one forms w; such that w;(W,) =

(W4, X;), one has
dw; (X,Y) = (VxX.,Y) — (VyX;, X).

Setting X = % and Y = W;, we thus have

DX l ‘ D

- (s () )
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From the above, %‘7(06)‘6:0 reduces to
T D’ D’q Dq)\ D
q q Yq q
= W, —+R|—,— | —
. /TO K bl T (dt2 : dt) &

Dq
e Z oS (E) >dt

DW(T}) D*q(Ty) D*q(Ti)\ _
+Z< a a2 ae )70

d
&j(ae)

i=1

Next, define a smooth real-valued function f(t) on [Ty, Ty] such that f(T;) =
f(T;) =0fori=0,...,N and f(t) >0 on (T;_1,T;) fori =1,..., N. One can set
W, := f(t)W,, where W (t) is arbitrary and such that W, still satisfies the properties
(A-4.1). This sets the term outside the integral to zero. Moreover, since W, is an
arbitrary tangent vector field, this immediately results in the necessary conditions

for the trajectory q to be an extremal of the variational problem P7. These are

Z—; Si (]?1?)50

D'q q. p (DQq Dq) Dq

At A dt ) dt dt2

and the constraints

D
<d—?7Xi(Q)> =k, i=1,....1 (I <n)

and, therefore, proving the theorem.

5.4 An Application to Interferometric Imaging

As an illustration for the above notions, we consider the execution of a two-
spacecraft spiral maneuver as will be discussed in Chapter 6 and as in [45]. Though
this problem may be physically achievable, it is very inefficient fuel-wise. We study
this example for its simplicity. More practical and interesting examples include spi-

raling about a libration point in a Halo orbit. In the current problem, however,
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spacecraft # 1 is fixed in space while spacecraft # 2 is made to move along a linear
spiral, as defined below. The intuition behind this type of maneuver for interferomet-
ric imaging applications can be found in Chapter 6 and in [45], which we summarize
as follows. As spacecraft # 2 executes the linear spiral motion and recedes away from
the fixed spacecraft # 1, the baseline between the two spacecraft increases linearly
from a minimum value to a maximum value. Mapping this motion to the two-
dimensional spatial frequency domain (also known in the literature as the u-v plane)
of the two-dimensional (optical) signal, the optical system samples all frequencies
inside a desired “coverage” area. The size of this coverage area is inversely propor-
tional to the system’s achievable angular resolution; The larger the coverage area is
the smaller the angular resolution becomes. This two-spacecraft spiral maneuver is
one simple way to achieving frequency domain plane coverage. Other constellation
designs that achieve this goal also exist (see Chapter 7 and [18, 19, 20].)

We study two versions of the problem. First, we take the manifold M to be R?
and impose a constraint that forces the motion of the second spacecraft to follow a
linear spiral (Case A.) We also study the problem in R?, where we desire to execute
the spiral motion on a sphere (Case B.) Here, we may treat the spiral as a motion
constraint and set M to be the sphere. One may think of this as a tentative precursor
to dealing with a formation restricted to moving on a spherical manifold about a
central body (e.g. an asteroid.) Eventually, the goal is to add a central gravitational
field. This problem will be dealt with in a future chapter.

Case A Here we treat the manifold M as R? and impose a constraint that forces the
motion of the second spacecraft to follow a linear spiral. The equations of motion,

in Cartesian coordinates, of spacecraft # 2 (with spacecraft # 1 fixed at the origin)
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are given by
& = u, and § = u,, (5-4.1)

where u, and u, are the control variables. The spiral constraint, in polar coordinates,

is given by
r=c¢(r+0), (5-4.2)

where r = /22 + 92, tanf = £, ¢ = W—;‘p, and A and 6, are constant parameters de-
fined in Chapter 6. This is a holonomic constraint that can be expressed in (cartesian

coordinates) differential form by

(x\/m+ ky) dr + (y\/m — kx) dy = 0. (5-4.3)

Let q(t) = [z(t) y(t)]T. It is desired to solve the T-elastic variational problem, where

we aim at minimizing

%/OT KDZ(;(t)’ DZ(:2(25)> n 72<D3_£t), Dg_it)>] dt, (5-4.4)

subject to the motion constraint:

Dq
=T = -4.
< P ,Xl(q)> 0, (5-4.5)
the boundary conditions:
x(0) = xg, y(0) = yo, (T) = zp, and y(T) = yr (5-4.6)

and the dynamics (5-4.1), where the vector field X;(q) is given by

/22 4+ y? + ky
y\/ 2?2 +y? — ko

X1:
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and the values of xy, yg, z7 and yr are defined to satisfy the motion constraint at
t =0, T —to be found in Chapter 6.

First, note that since M = R? we have D/dt = d/dt and the curvature tensor,
R, is identically equal to zero. The corresponding differential form for the constraint
(5-4.3) is given by w; = (x\/m—i— ky) dx + (y\/m — kx) dy. The two
form dw is therefore dw; = —2¢dx A dy, where A denotes the wedge product. Next,

the one form —de1 is found to be

d
d—quwl = 2¢ (ydz — @dy)

and therefore we have

Since [ = 1, then set A; = A. Theorem (5.3.1) then implies that an optimal

solution to this version of the problem should satisfy the differential equations

dix ,d%z 5
T ———(x\/w + 12 +ky>—2§)\y = 0,

dt?
d4 d2
d_t4y_ @——<y\/x2+ —k:x>—|—2§)\x = 0,

the constraints (5-4.5) and the boundary conditions (5-4.6).

Case B Here we study the problem in R3 and treat the spiral as a motion constraint
and set M to be a sphere of constant radius p. M has dimension equal to 2. Thus,
we choose to work with the spherical coordinates 6 and ¢ (see Figure (5.1).) We may

now consider the following equations of motion for spacecraft # 2:
6 = up, and ¢ = Ug, (5-4.7)

where uy and ug are the control variables. We then impose the spiral constraint

(5-4.2) in terms of the coordinates # and ¢ as follows. Since r is the projection of
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p onto the x-y plane, then r = psin¢. The spiral constraint can be expressed in

(spherical coordinate) differential form as
— ¢df + pcos ¢pdp = 0. (5-4.8)

Let q(t) = [0(t) ¢(t)]F. It is desired to solve the T-elastic variational problem,

where we aim at minimizing (5-4.4) subject to the motion constraint:

<]3—?,X1(q)> o, (5-4.9)

the boundary conditions:

0(0) = 6o, ¢(0) = ¢o, O(T') = b1, and ¢(T) = ¢r (5-4.10)
and the dynamics (5-4.7), where the vector field X;(q) is given by

—<
X =
p Cos ¢

and the values of 0(0) = 6y, ¢(0) = ¢, 0(T) = O, and ¢(T) = ¢ are defined
to satisfy the motion constraint and lie on M at times 0 and 7. Note that we are
only interested in the projection of the motion onto a plane parallel to the x — y
plane, where © = rcosf and y = rsinf. With spacecraft # 2 moving on only a
hemisphere, spacecraft # 1 will be fixed at (0,0,+p) or (0,0, —p) if 9(0) > 0 or
0(0) < 0, respectively.

First, we need to compute the curvature vector field R (37220‘, 3—?) % for this

problem. Following standard methods for computing the curvature tensor (see, for

instance, [59, 60]), one finds that

D2q Dq\ Dq D*$D¢pDO D’ (D¢\*| 0

de2’ dt ) dt | de2 dt At ez \ dt 00
DX DOD¢ D¢ (DON?| ., O
— = | = sin® o—.
de2 de dt de2 \ dt o
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The corresponding differential form for the constraint (5-4.8) is given by w; = —¢df+

pcos ¢dep. The two form dw; turns out to be dw; = 0 and, therefore, 29 sdw; = 0 and

v de

S; (%) = 0. Since [ = 1, then set A; = A. Theorem (5.3.1) implies that an optimal

solution to this version of the problem should satisfy the differential equations

= == 4 =0
T aa aE\a) TaE W /
D?0DOD¢ D%*¢p [(DB> , D%
A2 dt dt  dez \ dt T

DY D?*¢pD¢pDO D39 (D¢>) ~ ,D%  dA

D

dA
KT +pcosqb = 0,

sin® ¢ —

the constraints (5-4.9) and the boundary conditions (5-4.10).

Remarks

1. To obtain differential equations for the lagrange multipliers A;, ¢ = 1,...,[, one
differentiates the motion constraints (5-3.2) three times, which are sufficient as

long as the assumption that the vector fields X;, ¢ = 1,...,[, are independent.

2. The first term in the cost function J of Equation (5-4.4) penalizes fuel ex-
penditure. The second term is included because in applications such as the
two-spacecraft imaging constellation it is desired to execute the maneuver at
the slowest possible speed within a certain time period, 7', in order to improve

image quality (i.e., maximize the number of collected photons.)

3. In Case A, one may treat the manifold M as the linear spiral and imbed it in
R2. The equations of motion of spacecraft # 2 are still given by Equations (5-
4.1). Letting q(t) = [x(t) y(¢)]7, it is desired to solve the T-elastic variational
problem, where we aim at minimizing (5-4.4) subject to the dynamics (5-4.1)
without the imposition of any further motion constraints. Thus, the last two
terms in Equation (5-3.1) are now eliminated at the expense of computing the

curvature tensor, R.
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4. For Case B, an alternative approach could have been followed. We may study
the problem in R?® and treat the spiral as a motion constraint and set M to
be a sphere of radius p. The equations of motion, in Cartesian coordinates, of

spacecraft # 2 are given by

T =Uy, Y=y, Z=1U,. (5-4.11)
We set M to be the sphere of radius p, and impose the spiral constraint (5-4.3)
on R3.

Let q(t) = [z(t) y(t) 2(t)]T. It is desired to solve the T-elastic variational

problem, where we aim at minimizing (5-4.4) subject to the motion constraint:

<](31_;1,X1(q)> _ 0, (5-4.12)

the boundary conditions:

z(0) = xo, y(0) = yo, 2(0) = 20,

2(T)=axr,y(T) =y, 2(T) = 2zr (5-4.13)

and the dynamics (5-4.11), where X;(q) is given by

r\/ 2% +y? + ky
Xi=| yv/22 + 9% — kx

0

and the values of xg, yo, 20, 7, yr and zy are defined to satisfy the motion
constraint and lie on M at t =0, T. The resulting trajectory is different from
that obtained in Case B. The reason is that we have chosen a different set of

control signals to be minimized.
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5. Similarly to Remark 2, one may treat M in Remark 3 as R* and impose two

motion constraints:

Dq .
— X =0,:=1,2
<dt, (q)> i

corresponding to the sphere (i = 1) and the spiral (i = 2), where the vector

fields X;(q), i = 1,2, are given by

T

X, = y |, and

z

r\/2% +y* + ky
Xy = yv/ 2?2+ y? — kx

0

Here we avoid computing the curvature R (which is zero everywhere) at the
expense of having an additional lagrange multiplier that would need to be
computed when integrating the differential equations that an optimal trajectory

must satisfy.

6. The imaging problem as stated above does not involve interpolation constraints.
The only constraints are the boundary conditions, the dynamics, and some
geometric or motion constraints. Thus, the results obtained in Section (5.3)
are generalized versions of the problem (with interpolation constraints on q.)
One may easily think of extensions to the above example were interpolation

constraints to be imposed.
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z
(line of sight)

Spacecraft # 1
Fixed at (0,0,p)
for 6(0) >0

Linear spiral
on a sphere |

Figure 5.1: Variable definition for Case B.

5.5 Conclusion

In this chapter we derived necessary conditions for minimizing the cost function
for a trajectory that evolves on a Riemannian manifold and satisfies a second order
differential equation together with some interpolation, smoothness and motion con-
straints. The cost function we consider in this chapter is a weighted sum of the norm
squared of the acceleration and the norm squared of the velocity and is motivated
by multi-spacecraft interferometric imaging applications. We defined the dynamic
interpolation problem, derived the necessary conditions for an optimal solution and

gave examples motivated by an imaging application.



CHAPTER 6

Optimal Fuel-Image Motion Planning for a Class
of Dual Spacecraft Formations

In this chapter we first introduce a class of spiral motions that satisfies imaging
objectives and seek simple solutions to the problem of motion design and control of
a formation for imaging applications. Based on the observations drawn from these
simple controls, an optimal control problem is formulated for the proposed class
of spiral motions to achieve minimum fuel consumption, while satisfying imaging
constraints. The first main contribution made in this chapter is that we combine
two ideas introduced separately in the literature and propose a maneuver that offers
improved imaging performance. We then formulate an optimal control problem to
minimize fuel consumption and further maximize image quality by minimizing the
relative speed, which is proportional to the signal-to-noise ratio of the reconstructed
image. We use the maximum principle to derive the necessary optimality conditions
and show that they are also sufficient and that the resulting control law is unique.

Finally, we apply a continuation method to solve for the unique optimal trajectory.

118
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6.1 Motion Design for Wave Number Plane Coverage

In this chapter we address the issue of motion design and control for an interfer-
ometric observatory composed of two satellites that ensures a non-zero value of the
MTF within a desired region in the wave number plane. We assume that the system
is in free space; the only forces acting on the system are the spacecraft thrusters.
Note that this is a reasonable analogue for a spacecraft at the libration point Ls. For
example, in [61], the authors discuss the feasibility of nulling natural forces and re-
placing them with “new” dynamics. In this and sections (6.2) and (6.3), we motivate
the coplanar dual spacecraft spiraling maneuver and give simple examples. In Sec-
tions (6.5), (6.6) and (6.7), we generalize the formation to dual spacecraft spirals on
a paraboloid and formulate an optimal control problem which we solve numerically
in Section (6.8).

In the coplanar problem, one of the spacecraft is stationary and located at the
origin of an inertial reference frame. Let q; = 0 and qy be the position vectors
of the first and second satellites, respectively. Thus q, also describes the relative
position vector between the two satellites. Since we only consider the motion in a
plane perpendicular to the line of sight of the observatory, let q = (r,0) in polar
coordinates be the projection of qs onto such plane. Here we only consider the
motion of the second spacecraft (the first is fixed at the origin) and only one of the
picture frame discs (while the second will have an identical motion that is symmetric
about the origin.) Thus, by (7, #) we imply the polar coordinates of one picture frame
disc center. One way to ensure full coverage of the resolution disc is to initialize the
second spacecraft such that at t = 0 we have (7 = o 6 = 0), make it follow a linear

spiral as a function of 6, and to impose the terminal condition that at t = T we
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(m+1) _ (m-1)m
20, 0 ==

have (7 = ), where T is the terminal time. This motion implies
that the two picture frame discs are initialized such that they lie outside the picture
frame disc whose center is fixed at the origin, and moves spirally outwards till they
lie outside resolution disc.

Note that 7 = 0 is a singularity, which produces poor numerical results for the
motion near the origin, and thus we do not initialize the system at this value. How-
ever, the discussion at the end of Section (2.1) implies that initializing the system
with 7 = 1/6, results in some regions close to the origin of the wave number plane
that will not be covered (the shaded region in Figure (6.1).) It will be shown in

simulation that this is not necessarily true, and that the initial condition we impose

suffices for full coverage, especially near the origin. Thus 7 and # are constrained to

satisfy

FO(1) = %ep (r+0), 0¢ {o, W} . (6-1.1)
This implies that

r((t)) = %ep (r+0), 0 [0, (T”_Tm] . (6-1.2)

The first and second time derivatives of the constraint (6-1.2) also need to be satisfied:

A -
r=—~0, Vte[0,T], (6-1.3)
s
and
o
P =—=0, VYt e[0,T], (6-1.4)
70,

where 7 and 7 are the first and second time derivatives of r with respect to time.
Figure (6.1) shows an example of the trajectory in the physical and wave number
planes for an object that is located at z = 15pc (Ipc= 3.085 x 103km), with a

picture frame that is L = 12, 760km wide, with m = 17 pixels and, thus, a pixel size
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of L = 750.6km (i.e. this constellation maneuver is capable of detecting any object
whose size is greater than L.) These are the values that are used throughout this
chapter. These values correspond to applications such as JPL’s Terrestrial Planet
Finder (TPF) and they could also be adjusted for Earth imaging applications. In
the latter case, the maneuver spans a few meters only, as opposed to few thousands

of kilometers as in the example we treat in this chapter.

6
x 10

. . ; . . . 6
3 2 1 0 1 2 3 4x10

-h'b
w
N
o
N
w

Figure 6.1: Motion in the physical (in meters, top) and wave number (dimensionless,
bottom) planes.

6.2 Equations of Motion with a Spiral Constraint

In this section we derive the constrained equations of motion of the second space-
craft relative to the origin. After dividing throughout by the mass of the second

spacecraft, the two degree of freedom equations of motion for the system are de-
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scribed in polar coordinates by
P — 16 = uy, (6-2.1)
and
0 + 210 =y, (6-2.2)

where u,, is the radial component of the thrust vector and u, is the tangential compo-
nent of the thrust vector, both divided by the mass of the spacecraft. Applying the
configuration constraint in (6-1.2) to the system of equations (6-2.1)-(6-2.2) results

in the following two dependent equations that describe the motion

0 — (0)6° = i, (6-2.3)
and

F(6)0 + 26 = @, (6-2.4)

where f(0) = 7+ 6, 4, = %un and w; = ”—gput. Note that these two equations
are equivalent. By solving for 6 in (6-2.3) and (6-2.4) and equating the resulting

expressions, one finds that the tangential and radial components of the force-per-

mass vector are related such that

fip = — {f(@) + %} 0 + %at. (6-2.5)

By solving either (6-2.3) or (6-2.4) such that 6 goes from 0 to @ we are

guaranteed that the spacecraft will have gone through one entire “image” maneuver

and covered the wave number plane.
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6.3 Simple Controllers to Achieve Imaging Objectives

In this section we investigate the performance of five controllers that are designed
to satisfy the spiral motion constraint. The two main performance considerations
are image quality and fuel consumption. Image quality requires full coverage of
the resolution disc and the attainment of a desired signal-to-noise ratio. An image
quality performance measure was stated in Section (2.2), which we advise the reader
to review. We re-write the main equations here again. First, the image quality

performance measure can be expressed as:

7= /OTdt/du (1-T"(v,1), (6-3.1)

where R is a “risk factor” and I'(v,t) is the estimated signal-to-noise ratio of the
interferometric measurement divided by the desired signal-to-noise ratio. Using Pois-
son statistics in a semi-classical photon arrival fluctuation calculation (Section 4.4.3
in [62]), this can be shown to be proportional to the square root of the MTF magni-

tude. Hence, I' is given by:

1 if aMY2>1
['(v,t) = A : (6-3.2)
aM?  otherwise

where « is inversely proportional to the desired signal-to-noise ratio and M is com-
puted from Equation (2-1.21). The larger the risk factor R the more conservative the
imaging performance measure becomes. Regions in the wave number plane where I'
is less than unity correspond to spatial frequencies of the signal that do not satisfy
the desired signal-to-noise ratio, while I' = 1 implies both coverage and achievement
of the desired signal-to-noise ratio at the corresponding spatial frequency.

Recall also that since the Ap functions are evaluated at points corresponding

to the trajectories of the relative position vectors, note that the rate at which the
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Ap(v — L) function moves in the frequency domain is proportional to the relative
velocity between the spacecraft pair. Hence, if the relative velocity has a large
magnitude, Ap moves too fast in the frequency domain. This, in turn, may not allow
for the MTF to accumulate to a satisfactory level to achieve the desired SNR (as
reflected in the I" function) and, hence, results in reduced signal strength allowing
for the noise signal to overwhelm the measured signal. This results, by definition,
to I' < 1. This implies that the value of I" and, hence,the SNR, function is inversely
proportional to the square root of the relative speed between the spacecraft in the
constellation. Therefore, there is a critical relative speed v* such that the picture
frame discs achieve I' = 1 at the frequencies they visit and such that I' < 1 if the
relative speed v < v*.

In Section (2.1), the model for the picture frame disc given by Equation (2-1.23),
we have assumed that the area covered by the picture frame disc is being covered in
a uniform fashion. However, the coverage it achieves has a nonuniform distribution
that resembles a Gaussian. It can be shown that the width of this distribution
is determined by the relative speed between the spacecraft. For low speeds the
picture frame disc could even have a diameter that is slightly larger than 1/6,. For
large speeds the picture frame disc will have a distribution with an effective width
that is smaller than 1/6,. Thus, speed primarily affects signal-to-noise ratio and
the distribution of the signal within the picture frame disc as it moves in the wave
number plane.

The performance measure used for fuel consumption is

U= / ") + () dt. (6-3.3)

The two cost functions in (6-3.1) and (6-3.3) are the basis for evaluating the imaging
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performance and fuel consumption. The sum J = w1 Z 4+ wold, where w; (i = 1,2)
are weighting coefficients, could be used as the objective function for a nonlinear
optimal controller that optimizes both fuel consumption and image quality. Next we

consider benchmark problems for controller design.

Maneuver 1: Constant Speed Motion  As mentioned above, it is desirable to
have a uniform signal-to-noise ratio over the entire resolution disc region in the wave

number plane. This can be achieved by setting the magnitude of the velocity to be:
N 2
V= () +rr =, (6:3.4)
which is constant. Taking the derivative of this condition,
ré (f&' + ré) Vi =0, (6-3.5)

substituting r, 7 and # using (6-1.2)-(6-1.4) and rearranging one gets the closed loop

differential equation

fO) s

= — 62, 6-3.6
I+ /0 (030
which will achieve full coverage of the wave number plane if it satisfies the correct

boundary conditions. From Equation (6-2.3), the radial component of the control

thrust is given by

Ui = —f(6)6? [1 + H;J%} : (6-3.7)

Using this and Equation (6-2.5), the tangential component, 1, is thus

iy = 62 (2 — HL]%) . (6-3.8)

Maneuver 2: Constant Tangential Velocity A simplified version of the

situation considered in the previous paragraph is to assume that only the tangential
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component of the velocity vector is constant; V, = r6 is constant. Taking the the

derivative of this condition,

0+ 16 = 0, (6-3.9)

substituting r, 7 and # using (6-1.2)-(6-1.4) and rearranging one gets the closed loop

differential equation

. 1 .
=———0% 6-3.10
70 (210
From Equation (6-2.3), the radial component of the control thrust is given by
iy, = —0? [f(&) + L} (6-3.11)
! f@)] '

Using this and Equation (6-2.5), the tangential component, 1, is thus

iy = 6. (6-3.12)

Maneuver 3: Constant Angular Rate Next, consider the situation where 0
is a constant. Thus § = 0, which implies that 6 is a linear function of time. After

applying the boundary conditions, one obtains an explicit solution for 6

o(t) = wt. (6-3.13)

Since 1 = %6‘, it is also constant and # = 0. From Equation (6-2.3), the radial

component of the thrust vector is given by
i, = —f(6)62. (6-3.14)

And from Equation (6-2.4), the tangential component of the thrust vector is given
by

iy = 26°. (6-3.15)
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Maneuver 4: Zero Tangential Acceleration  Consider not applying any tan-

gential thrust; then @, = 0 and Equation (6-2.5) implies that

iy = — {f(@) + %} 02, (6-3.16)

Finally, the closed loop differential equation is

. 2 .
b= —me . (6-3.17)

6.3.1 Results

In the results we present here, Maneuver (1) represents the benchmark solution
to the problem. It is the solution that achieves the two imaging objectives since (1)
it follows a linear spiral that completely covers the desired resolution disc and (2) it
moves at a constant speed that is sufficient to attain the desired signal-to-noise ratio.
First we determined the value of v* and set the initial condition for Maneuver (1)
such that the spacecraft has an initial speed equal to v*. This speed is guaranteed to
be maintained by the additional speed constraint (6-3.4). We simulated the system
and determined the terminal time 7". Thus, for all other cases, we set the initial
conditions such that each individual maneuver is completed at ¢ = 7. Finally, we
use Eqgs. (6-3.1) and (6-3.3) to evaluate the performance of all four motions. A
reference speed, v*, that achieves the desired signal-to-noise ratio is assumed to be
30m/s and T" was found to be 17 days and 17 hours.

Figures (6.2)-(6.6) show the time evolution of r, 6, V', u, and w, for all four
maneuvers. Figures (6.7) and (6.8) show how the I" function accumulates and how
the image forms with time for Maneuvers (1) and (4). These represent the two
interesting cases: Maneuver (1) is the benchmark solution and Maneuver (4) shows

that I' by itself evaluated at the end of the maneuver is not sufficient to judge
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Figure 6.2: r(t) for Maneuver (1) (solid), Maneuver (2) (dash-dotted), Maneuver (3)
(dotted) and Maneuver (4) (dashed.)

the quality of the final image. Maneuver (2) produces results almost identical to
Maneuver (1) and we will only comment on the results for Maneuver (3).

The image formation algorithm was developed by our group at the University of
Michigan and has been used in this section to demonstrate the concepts presented
in this chapter. The algorithm assumes a given target planet, which includes planet
surface details. It also assumes a statistical model for noise. It simulates the motion
of the spacecraft, computes the resulting I" function, and estimates the image.

For Maneuver (1), note that the speed is constant throughout the maneuver
(upper left chart in Figure (6.4).) Consequently, we expect a uniform I' function
throughout the wave number plane (Figure (6.7)); the desired signal-to-noise ratio is
attained everywhere in the plane. However, for Maneuver (4), we note that we start
off with a speed of 110m/s, which is larger than v*. That is why near the center of

the resolution disc (i.e. by the fifth day) we can see some partial coverage, resulting



129

30

—_ N N
(9] o (9]
T T T

N
\
\
A
\
I I |

6 radians
\

—_
o
T
N
N\
i

0 2 4 6 8 10 12 14 16 18
Time, days

Figure 6.3: 0(t) for Maneuver (1) (solid), Maneuver (2) (dash-dotted), Maneuver (3)
(dotted) and Maneuver (4) (dashed.)

in a signal-to-noise ratio that is lower than the desired. We also expect that for
Maneuver (4), the picture frame disc to be significantly narrower than the nominal
value, 1/6,. Thus, at low frequencies the formation in Maneuver (1) performs better
than the formation in Maneuver (4).

On the other hand, as the the spacecraft in Maneuver (4) proceeds beyond the
fiftth day, its speed drops below v*, thus, achieving the desired signal-to-noise ratio.
Moreover, one should expect a wider picture frame disc signal distribution. Beyond
the fifth day of the maneuvers, both cases will achieve equal imaging performance
for all but the last 27 radians of the maneuvers. During the last spiral revolution,
the spacecraft in Maneuver (4) will have a wider picture frame disc than that of
Maneuver (1) and will, thus, furnish bonus high frequency coverage in the wave
number plane.

Therefore, during one phase of the maneuvers the formation in Maneuver (1)
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Figure 6.4: The total speed for Maneuver (1) (upper left), Maneuver (2) (upper
right), Maneuver (3) (lower left) and Maneuver (4) (lower right.)

has superior performance than the formation in Maneuver (4). During the second
phase the reverse is true. Figure (6.9) is a surface plot of the difference between the I'
functions of Maneuvers (1) and (4). Computing the imaging performance measure (6-
3.1) one finds that Maneuver (4) has an overall smaller imaging performance measure
than Maneuver (1) (Table (1).) This implies that the bonus coverage the formation
in Maneuver (4) achieves at high frequencies outweighs the deficient coverage at low
frequencies. If the imaging performance is restricted to the resolution disc only, then
Maneuver (1) will achieve better imaging performance than Maneuver (4) because
the latter leaves gaps at low frequencies.

On the other hand, because the spacecraft in Maneuver (4) is forced to move at
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Figure 6.5: Radial acceleration, u,, for maneuver (1) (upper left), Maneuver (2)
(upper right), Maneuver (3) (lower left) and Maneuver (4) (lower right.)

a speed lower than that in Maneuver (1), more fuel is required to slow it down than
that in Maneuver (1). Indeed, Maneuver (4) results in the least efficient maneuver
as far as fuel consumption is concerned but it is the most efficient in terms of image
quality.

Table (1) shows a summary of the performance of all four maneuvers. We note
that, as one might expect, Maneuvers (1) and (2) perform almost equally. Both
result in intermediate image quality and fuel expenditure. Maneuver (3) requires
the least amount of fuel but with the poorest performance. The reverse statement
is true for Maneuver (4). Therefore, this result suggests that there exists a tradeoff

between image quality and fuel expenditure.
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Figure 6.6: Tangential acceleration, u;, for Maneuver (1) (upper left), Maneuver (2)
(upper right), Maneuver (3) (lower left) and Maneuver (4) (lower right.)

Z, x10° U, m/s
Maneuver (1) 5.14 0.53
Maneuver (2) 5.13 0.55
Maneuver (3) 6.27 0.46
Maneuver (4) 4.62 15.02

Table 6.1: Performance measures for Maneuvers (1)-(4).

Note that the imaging performance index (6-3.1) is a function of the final time,
T. As T is increased sufficiently the above result will change. For instance, in the
limit as T" approaches infinity, the partial coverage (I' < 1) that Maneuver (4) leaves
behind at low frequencies represents a nonzero constant quantity which is being

integrated over an infinite time horizon. Thus, the resulting performance index will
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be infinite, which means that Maneuver (4) is infeasible in the limit. For Maneuver
(1), on the other hand, satisfying the critical speed threshold, v*, ensures that for
all past coverage we have I' = 1. However, note that the integral computed up to
any finite point in time will be nonzero due to the remaining uncovered region of
the resolution disc. Moreover, any maneuver that results in I' = 1 everywhere in
the resolution disc with a finite imaging performance index in finite time, such as
Maneuver (1), is also expected to do so in the limit as T" approaches infinity. Thus we
see that in the limit as T" approaches infinity Maneuver (1) will be feasible whereas

maneuver (4) will be considered infeasible.

6.4 Dual Spiraling on a Paraboloid

Let us now consider having the collector spacecraft evolve on a virtual paraboloid,
whose axis of symmetry coincides with the common formation line of sight, in three
dimensional space as shown in Figure (6.10). The paraboloid results in improved fo-
cusing properties for the constellation [36]. Combining this new constraint with spiral
such that the collector spacecraft evolves on a spiral embedded on the paraboloid
should result in both improved focusing properties as well as improved signal content
(the effect of covering the frequency plane using a spiral maneuver.)

A third important consideration to take into account is signal-to-noise ratio (SNR)
of the reconstructed image. It is desired that all frequencies in Dg be sampled while
maximizing SNR. Recalling the discussion at the end of Section (2.2), SNR can
be controlled by controlling the relative speed (projected on the observation plane,
which is perpendicular to the line of sight) between the spacecraft in the formation
(see Chapter 2 and [5, 40].) As the projected relative speed between the spacecraft

pair is minimized, the achievable SNR is maximized. Intuitively, as a spacecraft
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Figure 6.7: T" (top four figures) and estimated image (bottom four figures) at ¢t = 0,
at t = 5.9 days, at t = 11.8 days and at t = 17.7 days for Maneuver (1).

moves slower, it spends more time in the neighborhood of a relative position state

in space. This leads to more photon (that is, image information) collection from
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Figure 6.8: T" (top four figures) and estimated image (bottom four figures) at ¢t = 0,
at t = 5.9 days, at t = 11.8 days and at t = 17.7 days for Maneuver (4).

that neighborhood, resulting in a stronger signal. This is analogous to the notion of

exposure time in photography, where the longer the shutter time, the more photons
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Figure 6.9: I'] — I'y.

Line of
Linear Spiral Sight z

Paraboloid

Figure 6.10: The basic interferometer.

get deposited on the photographic film and the better is the image.

The above provides a guideline for the formulation of an optimal control problem.
The problem we consider is slightly different than the 7-elastic variational or the
dynamic coverage problems considered in Chapter 5 and in [40, 38, 43] in that it is a

restricted version of these problems to handle the dual-spacecraft formation described
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above. The spacecraft are modeled as point particles. With the combiner spacecraft
fixed at the focus of the paraboloid, the collector is constrained to move along a
spiral embedded on a paraboloid, which is a one dimensional manifold. Hence, the
system possesses only a single degree of freedom, which is the motion on the one
dimensional manifold. SNR is taken into account by attempting to minimize a cost
functional that is a weighted sum of the projected relative speed and fuel. The goal
is to solve for the time parametrization of the control vector that minimizes the cost
functional and reconstruct the time history of the collector spacecraft’s traversal of
the spiral curve embedded on the manifold.

Here is how the rest of the chapter is organized. In Section (6.5), we briefly re-
view the various aspects of image reconstruction. In Section (6.6), we give a general
description of the model in three dimensions and define the various variables involved
in the three-dimensional situation. With this done, we are in a position to define the
optimal control problem and derive the necessary optimality conditions. These nec-
essary conditions are shown to also be sufficient by proving that the optimal control
problem is strictly convex. Strict convexity also guarantees that a solution of the
optimality conditions is in fact unique. This is done in Section (6.7). In Section (6.8),
we apply a continuation method to solve the necessary and sufficient conditions and
verify that, indeed, they are solutions by showing that the Hamiltonian is constant
along the trajectory. This furnishes the unique optimal trajectory. We conclude with

some final remarks on future work in Section (6.9).

6.5 Imaging and the Coverage Problem

In this section we briefly review the various aspects of multi-spacecraft interfer-

ometric imaging given in Section (3.2). The discussion is for a generic formation
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of any number of spacecraft. In later sections, we specialize the discussion to dual
spacecraft interferometry. Consider a formation of N spacecraft. Let q; denote the
coordinates of the i*" spacecraft, i € Z = {1,..., N}. For later development, consider
q; to belong to some one- or two-dimensional continuously differentiable manifold M
embedded in R3. Also let q; = (4, i, z;) denote the position of the i*" spacecraft in

R3. In general, we have

Qi = (Ti,¥i, z) = f(a), (6-5.1)

where f : M — R3 is a continuously differentiable mapping on M.

Let O = R? be the observation plane (see Figure (6.10.) The observation plane is
a plane perpendicular to the line of sight (which we assume to be along the z-direction
in R3) and whose origin coincides with the point (0,0,0) (that is, the origin of R3.)
Assume that the maximum displacement along the line of sight of any spacecraft in
the formation is bounded above by €. That is to say z; < . Let Z denote the range
from the observation plane to the target to be imaged. As shown in Chapter 2, if
€ < Z, then any inter-spacecraft off-set along the line of sight between the spacecraft
in the formation does not affect the quality of the reconstructed image [5]. Since
the goal in the Origins program is to reconstruct images of extra-solar objects, the
assumption that ¢ < z is valid.

Hence, in extra-solar interferometric imaging, we are interested in the relative
position dynamics as projected onto the observation plane O. We are therefore

interested in the projected relative trajectories:

a;(t) = Pla;(t) —ai(?)), (6-5.2)

where q;; : [0,7] — O are curves on O and P is the mapping that projects relative

trajectories in M onto the observation plane O. Note that P = P,, o f, where
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Py : R3? — R? is a linear projection mapping having the matrix representation

100
(6-5.3)
010

In multi-aperture interferometry, there are two main imaging goals. The first is
simply referred to as frequency domain coverage. Here, we only state the coverage
goal and refer the reader to [5] for a more detailed discussion. We are interested in
having the resolution disc as defined by the set Dp = { (vs, 1) : VU2 +02 < 1/6,}
be completely covered by some ball of radius r, centered at A\q;;(t), for some t €
[0,7], i and j, where 6, is the angular resolution and X is the wavelength of the
electromagnetic signal of interest. An image is said to be successfully completed if a

maneuver M satisfies the following condition.

Definition 6.5.1. (Successful Imaging Maneuver) An imaging maneuver M is
said to be successful if, for each (v,,1,) € Dg, there exists a time ¢ € [0, 7] and some
i,j =1,...,N such that (v,,1,) € B,, (AQ;;(t)), where B,(y) is a closed ball in R?

of radius z centered at y. r, is proportional to the size of the telescope’s airy disc.

The second objective is that all frequencies in Dr must be sampled while max-
imizing the signal-to-noise ratio (SNR.) SNR can be controlled by controlling the
relative speeds between the spacecraft in the formation [5]. As the projected relative
speed, denoted by ||q,;||, between a spacecraft pair is minimized, so is the achievable
SNR. Intuitively, as a spacecraft moves more slowly, it has more time spent in the
neighborhood of a relative position state in space. This leads to more photon (that is,
image information) collection from that neighborhood, resulting in a stronger signal.
This is analogous to the notion of exposure time in photography, where the longer
the shutter time is, the more photons get deposited on the photographic film and

the better the image gets.
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6.6 A Class of Dual-Spacecraft Interferometers

In this section we state the two geometric constraints imposed on the position
of the collector spacecraft. We also derive the equations of motion of the collector
spacecraft in terms of a single coordinate, which we choose to be the arc length

traversed by the collector along the spiral.

6.6.1 The Paraboloid Virtual Surface

The combiner spacecraft carries the ability to delay any wavefront it receives
in its own aperture by an amount equal to twice the distance to the center of the
paraboloid, thus simulating the delay for a ray that passes through the focus and
reflects back to it. The collector spacecraft flies anywhere along the paraboloidal
surface, carrying a mirror that reflects a second segment of the wavefront to the
combiner at the focus, which then interferometrically combines the light from the
two received apertures to synthesize a baseline equal to the perpendicular separation
of the two spacecraft. Because optical delay lines are difficult to build with large
delays, one can then chose to use a very deep virtual paraboloid, and fly the collector
spacecraft far up “above” the focal-point spacecraft, allowing for a much longer
baseline than the focal spacecraft’s length of delay for its local wavefront might
indicate. However, the main reason for a paraboloid surface choice for the collector
spacecraft is that a plane wavefront reflecting off a paraboloidal surface will come to
a common focus.

In cartesian coordinates a generic paraboloidal surface is described by:

z= % (g—z — ﬁQ) , (6-6.1)

where

p=/12+y?
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and (3 is a parameter that controls the depth of the paraboloid. Note that vertex of

the paraboloid is located at the point (0,0, —3%/2).

6.6.2 The Spiral Maneuver

In the x-y plane, the projected position may be given in terms of polar coordinates
(p,0). One way to ensure full coverage of the resolution disc Dy is to initialize the
second spacecraft such that at ¢ = 0 we have (p = ;-,60 = 0), make it follow a linear

spiral as a function of €, and to impose the terminal condition that at ¢ = T we have

p= (”21;71),9 = (mgl)”), where T is the terminal maneuver time. The number m is
an integer that is equal to the number of pixels in the reconstructed image and 0,
is a parameter such that 6, = m#,. This motion implies that the two coverage balls
B, (@12) and B, (Go1) are initialized such that they lie outside the central (fixed) ball

B, (doo) = B,, (0,0) and move spirally outwards till they lie outside the resolution

disc Dgr. Thus p and 0 are constrained to satisfy

p(0) = k(m+0), ¢ {0, @} | (6-6.2)

2

7. Note that in general we take 6 € [0,00) and not restrict it to the set
TUp

where k =
[0, 27).
Figure (6.1) shows an example of a trajectory in the physical and frequency
planes for an object that is located at z = 15pc (1pc= 3.085 x 10'¥km), with a field
of view that is L = 12,760km wide, with m = 17 pixels and, thus, a pixel size of
L = 750.6km (i.e. this constellation maneuver is capable of detecting any object
whose size is greater than L.) These values correspond to applications such as JPL’s
Terrestrial Planet Finder (TPF) and they could also be adjusted for Earth imaging

applications [3]. In the latter case, the maneuver spans a few meters only, as opposed

to few thousands of kilometers.
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As shown by the illustration in Figure (6.1), the spiral maneuver is capable of
entirely ensuring the coverage of the resolution disc Dg. Hence, it ensures attaining

a successful maneuver.

6.6.3 Equations of Motion

Since we have a single spacecraft to control, then the number of spacecraft N =
1. Enforcing the constraints (6-6.1) and (6-6.2) one finds that the position of the

collector spacecraft in terms of the angular position 6 is given by:

al0) = (z.y,2) — ((k(ﬂ +0) cos 6, k(r + 6) sin, % (g—z(w +0)2 — 52) ) |

(6-6.3)
We will use the arc length q traversed along the spiral as the single global coordinate
on the one-dimensional manifold M. The arc length ¢ is obtained as a function of 8

using the definition of the arc length of a curve in space:

?||9a(9)
0) = h(0) = de’
a0) = nio) = || %552 a0
where
2
% = [kcos@—k(ﬂ+9)sin9]ex+[ksin9+l{:(7r~|—9)0089]ey—l—{W} e,

(6-6.4)

where e,, e, and e, denote unit vectors in the z, y and z directions, respectively.
By the geometry of the problem described in previous paragraphs, it is easy to see
that the function A is both one-to-one and onto. Hence, given a value for ¢, one can
uniquely solve for 6 using

0=h""(q). (6-6.5)
Though, one can obtain h(6) explicitly in terms of 6 (we omit it here due to space

restrictions), there does not seem to an analytic expression for A1,
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Let e; and e,, denote the unit vectors tangent and normal unit vectors at a point
q(t) € M, respectively. If we v .= ve; = ¢e; denote the velocity of the collector
spacecraft, a = w;e; + a,e, its acceleration and u = u;e; + u,e, the thrust vector
applied to the collector, then the equations of motion are written in path-variable

form as [63]:

b=y, (6-6.6)

where we assume a unit mass for the collector spacecraft. Note that the normal

component of the control vector is constrained to satisfy:

(6-6.7)

where R(#) is the radius of curvature of the curve M expressed in terms of the polar

det

o || = [[(de;/d) - (df/dg)||. In terms of 6, we

angle location 6. R is given by % = ‘
find that!

1 r(0) K2 (7 + 0)2 + B (1 + (7 + 6)?)] ‘
R(0) \/ﬁ4 (24 (7 +0)2)° + k2 (L+ (7 + 60)2 (3 + (7 + 6)?))

In computing the curvature, we have used:
oh
dg = r(0)d0 = H%H de, (6-6.8)

where

r(f) = k\/l + (1 + g—z) (m+0)°. (6-6.9)

LAll symbolic computations were verified in Mathematica®.
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6.7 Necessary and Sufficient Optimality Conditions

In this section we first formulate an optimal control problem and use the maxi-
mum principle to derive the necessary conditions. We then show that the problem
is convex and, hence, that the necessary optimality conditions are also sufficient.

With the two geometric constraints imposed on the collector spacecraft, we have
achieved a successful maneuver (by virtue of the paraboloid constraint) and achieved
improved focusing properties (by virtue of the paraboloid constraint.) We are then
left with only one degree of freedom, namely the time parametrization of the arc
length ¢(¢). This may finally be determined by formulating an optimal control prob-
lem that aims at choosing the time parametrization that minimizes the speed and
fuel expenditure of the collector spacecraft, which are the last two criteria to be con-
sidered in the motion path planning problem for the dual-spacecraft interferometer.

The goal is to minimize the cost functional:

T -2
J = / —(uw,u) + — (v, v)dt (6-7.1)
0 2 2
subject to the dynamic constraints (6-6.6) and the boundary conditions:

q(0) =0, v(0) = v, ¢(T) = g, v(T) = vr, (6-7.2)

where qgr = h (9 = @) In Equation (6-7.1), ¥ = § is the projected velocity of
the collector on the z-y plane and u = u,e; + une, is the total thrust vector. (-,-)
denotes the Euclidean inner product defined on R3.

To compute ¥ in terms of ¢ and ¢, we first need to obtain an expression for 8 in

terms of ¢ and ¢. Differentiating Equation (6-6.4), we obtain

q=r(0)6, (6-7.3)
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where r(0) is given by Equation (6-6.9). Using this and Equations (6-6.3) and (6-6.5),

we have:
¥ = de, + e, = Py(0,v)e, + P,(0,v)e,, (6-7.4)
where
P(0,v) = r“—) {k cos (0) — k (m + 0) sin (9)}
P,(0,v) = %9) [k sin (0) + k (r + 6) cos (9)} .

In fact, one can show that

(¥,%) = K [L+ (7 +6)?] (6-7.5)
v,V 2(0) T : -7.
Hence the cost is given by:

1, v 72 k*? 9

= — 1 : -7.

2ut+2R2(9)—|— 2r2<0)( + (7 +6)?) (6-7.6)

Note that any variable that is an explicit function of # is also a function, implicitly,
of ¢ via the relation (6-6.5).
We now apply the maximum principle to derive the necessary optimality condi-

tions. First define the pre-Hamiltonian:

~ 1 v 72 k*0?
H(67U7ut7p17p2) — ——U? I~

v 2
2 2R2(0) 2 r2(0) (14 (7 +6)°) + pv+ pow,

(6-7.7)

where p; and py are the momenta variables. From the necessary optimality condition

o _

50, = 0, we find that u; = ps. Substituting this into Equation (6-7.7), we get the

Hamiltonian function:

H(@ ) —= +12_ U4 _T_2k2v2 (1+< +9)2) (678)
y Uy P15, P2 = p1v 2p2 2R2<0) 9 7/’2(6) m . e
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The necessary conditions are given by:

. OH
= — =0
! Ip1
;= 9H _
0T Op2 — P
, oOH 1 vt OR
T e T e e o (5
2k 0? 2 k*v? Or 9
—TQ—@(H@)JFW% [1+ (7 +6)7]
, o0H 203 2k 9
P2 = _%__pl—i_}?(@)—i_r?(@) [1+ (7 +6)7].

We have used the fact that dq/00 = r(0) and used the chain rule in computing the
derivative of r(6) and R(A) with respect to ¢. Since we have ¢ = v = r(6)f, the

necessary conditions may also be expressed in terms of (0, v, p1, p2) as:

: v
O]
g o O
v Ip2 — P
. oOH 1 vt OR
T T e e e (G710
72k%0? 72k%0? Or )
. OH 203 T2k )
P2 = —po = —p1+ 0) + 2(0) [1+(7T+(9) } .

Since the equations are all stated explicitly in terms of # and not ¢, the necessary
conditions in the form (6-7.10) are more convenient to use in the computations in
the next section.

We now show that the necessary conditions (6-7.9) (equivalently, (6-7.10)) are
also sufficient and that there exists a unique solution to the problem. This is done
by showing that we have a strictly convex optimal control problem. First, we need

the following standard result.
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Lemma 6.7.1. Let f(x) = h(g(x)) : R — R, where g : R — R is concave and

h:R — R is convex and non-increasing. Then f(x) is conver.

Proof This is a standard result which is easily proven as follows. Note that f”(z) =
h"(g")*+h'g", where the prime indicates the derivative with respect to the argument.
Since, g is concave, then ¢” < 0 for all  in R. Since A is convex, then hA” > 0 and
since it is non-increasing, then A’ < 0 for all x € R. This shows that f”(x) > 0 for

all z € R. Hence, f(z) is convex for all x € R.
[

Strict convexity is obtained if h were strictly convex and strictly decreasing (that
is, h’(x) > 0 and A'(x) < 0 for all z € R) and g(x) were strictly concave (that is,
g"(z) <0 for all z € R.)

Since the dynamics (6-6.6) are linear and the variables ¢, v and u, are all uncon-
strained (that is, ¢,v,u; € R) and, hence, belong to trivially convex sets, we only
need to show that the cost function in Equation (6-7.1) is strictly convex in ¢, v and
u; to guarantee sufficiency of the necessary conditions and uniqueness of the solution
(see Corollary on page 214 and Theorem 10 on page 216 in [64].) Since the cost
(6-7.6) is quadratic in u, then it is strictly convex in u,. It is also strictly convex in
v since it is a sum of a quadratic and a fourth power of v (both are strictly convex
and the sum of two strictly convex functions is also strictly convex.)

What remains to show is that the cost (6-7.6) is convex in ¢g. This is done by
showing that hy(0) = 1/R?(0) and hy(6) = (1 + (7 + 6)?)/r*(0) are convex and non-
increasing in # and that § = h™!(q) is concave in ¢. Since the sum of two convex

functions is also convex, then the g-dependent terms of the cost (6-7.6) is convex.
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First, note that:

K, (0) = xa(f) <0 (6-7.11)

k2 [k2(r 4 0)2 + BA(L+ (r + 0)2)]

and

h//(e) _ XQ(Q)
! k2 [k2(m 4+ 0)2 + g1 + (7 + 0)2))°

for all 6 € [0, (m — 1)m/2] where

>0 (6-7.12)

x1(0) = 283(x+0) 852+ (m+0)*) 4+ (7 +6)?)
+E4(3 4 (m + 0)%(6 + (7 + 0)%))

+261%2(6 + (m + 0)*(6 + (m + 0)*))| >0
and

x2(0) = 2B%|3k°(m + 0)*(7 + (7 + 0)*(10 + (7 + 0)?))
+B% (=8 + (m+ 0)*(2+ (7 + 0)*) (19 + 3(7 4 6)?))
+8%K* (=12 + (7 + 0)*(104 + (7 + 0)*(80 + 9(7 + 0)?)))
+B' k(=3 + (7 + 0)*(87 + (m + 0)*(85 + 9(w + 9)2)))} >0
for all @ € [0, (m — 1)7/2]. Hence, hy(0) is strictly convex and is strictly decreasing
for all 6 € [0, (m — 1)7/2]. For hy, first write it explicitly in 6:

1+ (7 +6)?

) = k2 [1+<1+§—i) (7r+0)2]

The derivatives of hy are given by:

(60) = - 25 +6) <0
[B2(m +0)2 + 541+ (7 + 6)?)]
and
() = 26" [3k*(m + 6)* + (=14 3(7 + 6)?)] -

[k2(7 + 0)2 + B4(1 + (7 + 0)2)]°
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for all 0 € [0, (m — 1)7/2]. Hence, hy(f) is strictly convex and is strictly decreasing
for all § € [0,(m — 1)7/2]. Finally, we need to show that 6 = h~'(q) is strictly

concave. Using Equation (6-6.8), we have

g 1
dg — 7(0)
and
0 _ 1 aw
dg2  r2(#)dodq’

Since, df/dg = 1/r and

dr k2 k2

— " (1

= (1 ) 7+
then we have

dg> — ri(9)

2 2 2
70 K (1+%>(w+0),

which is strictly negative for all 6 € [0, (m — 1)m/2]. This shows that § = h™1(q) is
a strictly concave function of ¢ for all value of 8 in the desired range.

The above arguments show that we have a strictly convex problem since we have
a strictly convex cost function, linear dynamics and since the space of candidate
trajectories (q(t),v(t),u(t)) € R3, which is trivially convex, for all ¢ € [0,T]. Based
on the Corollary on page 214 and Theorem 10 on page 216 in [64], this gives the

following result.

Theorem 6.7.1. The necessary conditions (6-7.9) (or, equivalently, (6-7.10)) are
also sufficient. A solution to these necessary and sufficient conditions is the unique

optimal solution to the optimal control problem.
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6.8 Numerical Solution

In this section we numerically obtain the unique solution to the necessary and suf-
ficient conditions given by Equations (6-7.9) or (6-7.10). We use Matlab®’s bvpdc.m
function, the two-point boundary value problem solver. This uses a simple shooting
method that requires an initial guess for the time parameterized states: ¢(t) (or 6(t)),
v(t), pi(t) and po(t). Since an initial guess is hard to obtain, we use continuation
method (homotopy) to solve the problem (a general discussion of the method applied
to two point boundary value problems can be found in Chapter 7 in [65].) This is
done as follows.

First let us re-derive the necessary conditions for the modified cost functional.

The goal is to minimize the cost functional:

1, ef o T2 k20? )
“76:/0 %ut+§ {R2(9)+ 2(0) (14 (r+0) )] dt. (6-8.1)

For this cost function, one can show that the Hamiltonian and the necessary and

sufficient optimality conditions are given by:

H€(07vvpl7p278> = plv_'__p%__

1 e[ vt T2k%0?
2 2

The necessary conditions are given by:

g = v
U = po
4
= | FT (653
—7:2]?291;2 (m+6) + T:f—gf% [1+ (7r+9)“ﬂ

203 k%0

P2 = —p1+s{R2(9)+r2(9) (1+(7r+9)2)].
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Note that these are still sufficient and that the solution is unique for each e € [0, 1].

If we set € = 0, then the necessary and sufficient conditions become:

g = v

v o= P2
po=0
P2 = —D1,

which now form a set of linear differential equations. One can easily solve these

differential equations to obtain:

B,
q(t) = wvot — AAREDLE
t2
u(t) = wvo— EP? +1p) (6-8.4)
n(t) = py
pa(t) = —tpy + 1y,
where p? and p are constants given by:
o 6 12
= T (vr +vo) + T3dT
o 6 2 4
by = ar — F7Vr — 7%

Tt T
and where qr, v9 and vy are the boundary conditions.

In a continuation method, one uses the solution to the problem with € = ¢y =0
(that is, Equations (6-8.4)) as the initial guess for e = §, where 0 is a sufficiently
small parameter. Assuming that the problem with € = ¢; = § has been successfully
solved, one then uses this solution as the initial guess for the next step with, say,
€ = €9 = 20. This is repeated until € = ¢; = jo is sufficiently close to e = 1. At this
point, we are able to solve the two point boundary value problem (6-8.3) with ¢ = 1,

which corresponds to the original problem (6-7.9) we are seeking to solve.
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Consider the optimal control problem with 7 = 10, § = 10, T" = 1000 seconds,
g = 0, gr = 5.26 x 10° km, v = vy = 0 m/s and using the same values used
to generate Figure (6.1) which give k = 1.154 x 10%. The continuation method is
applied starting with the explicit solution (6-8.4) (corresponding to ¢ = 0) with a
step size of 6 = 0.01. The result is shown in Figure (6.11). In the figure, we plot the
solution with € = 0, ¢ = 0.33, ¢ = 0.50, ¢ = 0.67 and € = 1.0, which corresponds to
the desired solution to our problem. To show that, indeed, the solution is continuous
in ¢(t) and v(¢t) (which is not clear in Figure (6.11) since solutions roughly overlap),
q(t) and v(t) are plotted in Figure (6.12) for ¢ < 100.01 seconds. One can now see
that the solution varies smoothly as a function of €.

As a final check on the numerical solutions shown in Figure (6.11), the Hamil-
tonian H. must be constant along the motion for every value of €. Evaluating H.
for the different values of €, we get H.—_o(t) = 4.982 x 10° (with 0% deviation from
the mean value since this is the exact solution), H._g33(t) = 3.74 x 10® (0.22% de-
viation), H.—o5(t) = 5.57 x 10® (0.23% deviation), H.—g¢7(t) = 7.40 x 10® (0.25%
deviation) and H.—_(t) = 1.09 x 10° (0.26% deviation) on average for all values of
time ¢ € [0,1000]. The small perturbations in the values of the Hamiltonian is at-
tributed to numerical errors involved in the computation, where we note that as € is

increased, the % error increases. The Hamiltonian is plotted in Figure (6.13).

6.9 Conclusion

In this chapter, we reviewed the main elements of formation flying for imaging
applications, including the coverage problem. We specialized the discussion to a
class of two spacecraft spiraling formations on a paraboloidal surface. The geometry

of the problem was described and the governing dynamic equations derived. We
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Figure 6.11: ¢(t), v(t) and ||u(t)|| for € = 0 (exact solution), ¢ = 0.33, ¢ = 0.50,
e = 0.67 and ¢ = 1.00, which is the desired solution for the optimal
control problem.
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Figure 6.12: ¢(t), v(t) and ||u(t)]| for t < 1.401 seconds.

then formulated an optimal control problem that aims to minimize a cost functional

composed of a weighted sum of fuel expenditure and the projected relative speed.
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Figure 6.13: Hamiltonian for the cases ¢ = 0, ¢ = 0.33, ¢ = 0.50, ¢ = 0.67 and
e = 1.00.

This cost function is chosen to both reduce mission fuel costs and improve image
quality by increasing SNR. The necessary conditions were derived and were shown
to be sufficient. We also showed that the solution is unique. We used a continuation
procedure to solve the resulting two point boundary value problem and numerically
find the optimal trajectory. Results show evidence of a tradeoff between image
quality and fuel expenditure. A parametric study will also be conducted to study

the effects of the various model parameters on image quality.



CHAPTER 7

Interferometric Observatories in Earth Orbit

In this chapter we propose a class of satellite constellations that can act as interfer-
ometric observatories in Low Earth Orbit (LEO), capable of forming high angular
resolution images in time scales of a few hours without the need for active control.
First we review the requirements to achieve these imaging goals in Section (7.1). In
Section (7.2) we define a class of constellations that can achieve these goals in LEO.
An optimization procedure is also defined that supplies m pixels of resolution with a
minimum number of satellites. For the example considered, this procedure results in
an observatory that is within 0-2 satellites from a lower bound of y/m satellites. We
introduce a linear imaging constellation and formulate a concise 0-1 mathematical
program, the solution of which is the solution to optimal aperture configuration for
full coverage of the wave number plane. This is done in Sections (7.3) and (7.4).
The effect of eccentric spacecraft trajectories and gravity field Jy perturbations
on wave number plane coverage are considered in Sections (7.5) and (7.6). Condi-
tions for complete wave number plane coverage are found for certain classes of orbit
perturbations. This analysis leads to design criteria for interferometric observatories
that ensure wave number plane coverage as a function of perturbation strength. In

Section (7.5.1), we show that any perturbation in orbit eccentricity induces lack of
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u-v plane coverage. Hence, under J, short-period perturbations, the u-v plane is not
completely covered since .Jy is sufficient to cause perturbations in eccentricity. In
Section (7.5.2), we address short-period Jo perturbations and derive expressions for
in-plane perturbations in position as a function of the orbital elements and obtain an
upper bound for the magnitude of the perturbed in-plane position vector. In Section
(7.6), we adjust the nominal observatory design in such a way as to guarantee full
coverage of the u-v plane under general eccentricity perturbations and short-period
Jo effects.

Finally, in Section (7.8) we discuss some practical implementation issues and the
use of the zonal J, effect to scan the observatory across the celestial sphere. We

conclude the chapter with some final remarks in Section (7.9).

7.1 Review

In this section we summarize the discussion in Section (2.1). Let q;; be the
projected relative position between spacecraft i and j, where 4,5 = 0,1,..., N — 1
and N is the number of satellites, onto the observation plane O. Let Z be the distance
from the image plane to the observation plane. Denote by the term “picture frame”
the angular extent of the intended image on the image plane. The picture frame
has a diameter of length L. Pixelating the image plane into an m x m grid, the
size of each pixel is L = L/m, and the resulting angular resolution is 6, = L/z.
Additionally, the angular extent of the desired picture frame is given by 6, = L/z,
leading to 6, = m0,.

Recall Figure (7.1). Dimensions of features in the wave number plane are the
reciprocals of the corresponding dimensions in the physical plane. Thus the resolution

disc is a disc of diameter 1/6, and is the region where we desire the MTF to have
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nonzero values (henceforth, simply denoted by wave number plane coverage.) The
picture frame region is a circular disc of diameter 1/6,. Therefore, the diameter of the
resolution disc is m times the diameter of the picture frame disc in the wave number
plane. As the relative position vector of two spacecraft varies in the physical plane,
the picture frame disc moves in the wave number plane, where its center follows
the trajectory of the vector given by =£q;;/A, where A is the imaging wavelength
of interest. Each satellite, by itself, will contribute a disc that is centered at the
origin with a diameter of 1/6,, and each pair of satellites will contribute two discs
of diameter 1/6, located 180 degrees apart with a radius of % from the center,
where ¢;; = |q;;|. Define the minimum relative distance between satellites to be
dmin = A/0,. To completely cover the resolution disc in the wave number plane it
is sufficient to have satellites distributed such that there exist pairs with relative

distances dmin, 2dmin, * -, %(m — D) dpin. Let dpax = %(m — 1)dpin-

<
<
<

Resolution Disc ~1/0
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Required
angular
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z

-q,..©)
A

Picture frame
=0 p

Space of Spatial Frequencies
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Figure 7.1: Physical and wave number plane variables. To indicate time progress,
we show the trajectory on an interval [to, ¢].
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7.2 Circular Orbit Constellations

We propose a class of very long baseline constellations that achieves the require-
ment that the wave number plane be completely covered. The satellite constellation
is placed on a circular arc that is a segment of a low FEarth orbit and whose center is
located at the center of the Earth (see Figure (7.2).) The satellites are distributed
such that the second satellite is located at a distance of d,,;, from the first satellite,
the third at 2d,,;, from the first, the fourth at 3d,,;, from the first, and so on. Thus,
a constellation of N satellites will have the N satellite located at a distance of
(N — 1)dpmin from the first. This distribution, defined as the “fundamental” constel-
lation, implies that there are m = 2N, — 1 pixels and ensures the complete coverage
of the wave number plane, once the constellation is rotated 180° (i.e. after half an
orbit period.) Figure (7.2) shows the geometry of this configuration for Ny = 3
satellites (m = 5 pixels.) We nominally assume that the orbit plane is perpendicular
to the line of sight to the target.

To compute the precise locations of the satellites in the constellation, specify
wavelength of interest, A, and the desired angular extent of the picture frame 60, =
L/z. Given a number of satellites N #, or the number of pixels m, one then obtains
the corresponding angular resolution, ¢,, and knowledge of 8, enables us to compute
dmin and dpay. Throughout this note we use the following values: A = 10 x 10~%m,
Z = 7.408 x 10"km (~ 24 parsec from the Earth), L = 13 x 10*%km r, = 7,200km
and dp,;n = 569.52km.

Let 2 and 7 be two orthogonal unit vectors in the orbit plane, the position vector
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Figure 7.2: (a) A three dimensional sketch of the imaging observatory (not to scale.)
(b) Physical distribution in the orbit for Ny = 3 (not to scale.) (c) @
curve for Ny = 3 in the fundamental constellation. (d) Physical distri-
bution in the wave number plane for Ny = 3, m =5 (not to scale.)

of the nth satellite, n =0,--- , Ny — 1, is

qu(t) = ro{ lcos(wt) (1 —%2 (d;j‘:“)Q) - sin(wt)nd:jn \/1 . (3)2 (d;f‘oi“)jz
sin(wt) (1 - %2 (d;f:“)?) + Cos(wt)nd:jn \/1 - (g)Q (dzi“flg},

+
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where w is the orbit angular velocity of the nominal circular orbit

W=, /%’ (7-2.2)

and r, is the orbit radius. The relative position vector from satellite [ to satellite n

is given by

dmin
2r,

i\ i\
i _ _ 2 [ Zmn _J2 ( Zmin
+sin(wt) | —ny/1—n ( o ) + 4 /1—1 ( o, ) ]’L
i i\ i\
. 2 2\ %min .2 min . 72 min
sin(wt) (1 — n”) o, + cos(wt) n\/l n ( o ) l\/l [ (_27"0 ) ]g}

qi(t) = dmin{ [Cos(wt)(l2 —n?)

+

In the wave number plane the relative position vector is Qi = qu./A\, a vector
emanating from the origin with its tip at the center of the picture frame disc. Ignoring
orbit perturbations, the above satellite arrangement guarantees that each q;; has a

constant magnitude (since they are distributed along the same circular orbit), which

is given by
- 21K
ik —)\(Nf—l)
2
2 nK 2 Ik 2
2 _ 2 1— 1=
- ((l n)Nf_1)+ ! <Nf_1) l (Nf_1> ’

(7-2.4)

where k = dg‘%. Note that 0 < k < 1, where k — 0 as either d,,,x — 0 or r, — oc.
The latter case arises if the constellation is placed on an orbit with small curvature.
As k — 0 we have G — dnin/A\. £ = 1 only when dp.x = 2r, (i.e. when the

constellation spans 180°.)
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Note that all q;;’s rotate at the same (constant) rate, w and that this constellation
will sweep out the resolution disc in the wave number plane over half an orbit. If
the line of sight is tilted away from the orbit normal by an angle €, coverage of the
wave number plane will range from full angular resolution #, to a minimum angular
resolution of 6, -cose. Figure (7.2) shows the wave number plane coverage for Ny = 3.
Note that imaging in the opposite direction is possible by rotating the spacecraft 180°
about the radius vector.

For the above parameters, the observatory is performing 1.9461 x 10~% milli-arcsec
imaging at 10um. Formation keeping and spacecraft pointing of a formation having a
maximum baseline of about 14,000km, with a 24pc target and under the influence of
Jo, drag and other perturbations is expected to be a difficult control problem. This
may require much tighter pointing requirements than the Hubble Space Telescope.
However, note that each aperture in our constellation will probably not be as large
as and will not involve as many flexible structures as the Hubble Space Telescope.
Moreover, note that since all the spacecraft lie on the same circular orbit, they will
all be subject to the same differential perturbations, whose short-term effects are
small. Still, these short-term effects can be accounted for by performing accurate
relative position measurements between the spacecraft -an issue that is not specific

to our observatory, but that is common to a typical interferometric formation.

7.3 Minimizing the number of satellites for a given resolu-
tion

In the fundamental constellation, we define the “fundamental” baselines by qq ,
(n =0,...,N — 1) and the “bonus” baselines by q;,, { # 0. By themselves, the

fundamental baselines guarantee complete coverage of the wave number plane over
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half an orbit period, and the bonus baselines provide redundant coverage. For large
Ny, there will be an excessive number of multiple coverage areas, implying that the
number of satellites can be reduced with the resolution disc still being completely
covered.

To carry out this minimization it is not necessary to consider the two dimensional
wave number plane, and is sufficient to consider the one dimensional wave number
space. Define a ray in the wave number plane parameterized by the radius v €
[0, Vmax|, where vyax = 1/(26,). Let the contribution of each pair of satellites (I, n)
to the image coverage be given by

L if v € [Gin — D=, G + D]
Jin(v) = {

0 otherwise

, (7-3.1)

forl =0,...,N—1andn =1,...,N — 1, where dpin = duin/A. Next, define the
function Q(v) = + 5151 ij:_ll fin(v) which is the superposition of all contributions.
Figure (7.2) shows @ for N = Ny =3 (m = 5 pixels) and Figure (7.3) shows @ for
Ny =16 (m = 31.) For the Ny = 1, 2, 3 and 4 cases removing any satellite
will immediately cause a portion of the resolution disc to not be covered, thus the
minimum number of satellites for these cases is Nywm(m) = 2(m + 1). For larger
numbers of satellites (i.e., larger number of pixels, m) this is not true.

Our current minimization problem is stated as: “Starting from a fundamental
constellation, with a corresponding fixed number of pixels m, maximize the number
of satellites that can be removed from the constellation under the constraint that
Q(v) > 0 on the interval v € [0, Vpax].” The constraint ensures complete coverage of
the wave number line, meaning that each point on the line is covered by at least one

satellite pair. Satellite arrangements that violate the lower bound are immediately

discarded as they will have “gaps” in the wave number line, which lead to spatial
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Figure 7.3: Fundamental and minimal distributions (not to scale) and @ curves for
m = 31.

frequencies that will not be covered.

To solve this problem, an algorithm was implemented that computes the ) func-
tion for the fundamental constellation and all its subsets, found by removing one
satellite at a time, two at a time, and so forth. Satellite combinations that violate
the lower threshold are discarded and the remaining solutions with a minimum num-
ber of satellites, Ny, (m), constitute the minimal set. Note that for a given m there
may be several different constellations with the same, minimum, number of satellites.

In a fundamental constellation of Ny satellites, there are up to

N

f Nf N
> =N 1 (7-3.2)
n=1 n

trials that this algorithm may need to make, for large Ny this is unreasonably large.
There are, however, numerous ways to speed up the computation by restricting the
space of trials considered, some of which have been used in our computations. This
algorithm has been implemented for m = 3,5,7,...,39, the results summarized
in Table (1). Figure (7.3) shows @) for a fundamental constellation of N; = 16

satellites (m = 31 pixels) and a minimum of Np,;,(31) = 8 satellites. The Ny, curve
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shown is the one that maximizes the area under the () curve over all the 28 possible
constellations with 8 satellites, and is comprised of satellites 0, 1,2, 3,4,5, 10 and 15.
It is important to note that the minimal sets may change with the factor d‘;‘% in
Equation (7-2.4).

A lower bound on the size of a constellation can be determined as follows. For a

constellation of N satellites, there are exactly

N 1
= -N(N—1)
) 2

baselines. Fach baseline provides 2 pixels, plus one for the self pixels giving a total
of m = N(N — 1) + 1. Thus a lower bound on the number of satellites to cover m

pixels is given by:
Nop = int* | 5 (14 Vim —3) |

where int™ [z] is the smallest integer larger than or equal to z. A solution can have
no fewer than this number of satellites in the constellation without having gaps in
the wave number plane. Moreover, there may not exist solutions with Ny, = Np.
For example, for m = 15 the minimal solution has N, = 5, which is equal to the
lower bound. For m = 29 the minimal solution has N,;, = 7, which has one more
satellite than the lower bound of 6 (see Table (1).) For large m, the lower bound is
approximately int™ [/m].

7.4 The Linear Array and its Relation to the LEO constel-
lation

Assume now that we distribute the spacecraft on a linear segment instead of a
circular arc (see Figure (7.4).) There are two ways in which such a situation may

rise. The first situation is exemplified by a multi-aperture single spacecraft mission.
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Fundamental Number Minimum Number Lower
number of of Number of of Bound
satellites Pixels Satellites Solutions Ny,

(Nf) m:2Nf—1 Nmin
1 1 1 1 1
2 3 2 1 2
3 5 3 1 3
4 7 4 1 3
5 9 4 2 4
6 11 5 3 4
7 13 5 3 4
8 15 5 1 5
9 17 6 10 5
10 19 6 3 5
11 21 6 2 5
12 23 7 18 6
13 25 7 12 6
14 27 7 4 6
15 29 7 1 6
16 31 8 28 6
17 33 8 19 7
18 35 8 3 7
19 37 9 142 7
20 39 9 91 7

Table 7.1: Summary of results for a 7200 km orbit, with d‘;‘f = 0.0791 and 0, =
1.75 x 1071,

With the apertures arranged on a line, as opposed to a circular arc, we could still
achieve full wave number coverage by a simple 180° rotation of the spacecraft about
an axis that is along the line of sight. Since the solution we propose for the LEO
observatory hinges on the assumption that the apertures are rigidly connected and
the whole constellation performs a simple rotation about an axis passing through
the Earth center, then the concept design proposed above should apply for the linear
aperture spacecraft as well in a space-based short baseline interferometric mission.
We may then want to address the same question posed above: how to achieve max-

imum angular resolution with the minimum number of satellites and without gaps
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on the wave number line? For example, University of Michigan’s proposed EV3M
[66] imaging spacecraft is one where all apertures are positioned linearly to maxi-
mize the achievable angular resolution of the spacecraft with three apertures only
(Ny =4 s/c, Nmin = 3 s/c, m = 7 pixels), while fully covering the wave number
plane.

Second, note that in the limit as k — 0, an Earth-orbiting constellation may
be approximated, to first order, as a linear array constellation. Thus a solution of
the linear constellation will be the same as that for the Earth-orbiting constellation
for k sufficiently small (i.e. either dpyay or r, sufficiently small.) As will be shown
below, the optimization problem for the linear array can be expressed as a 0-1 math-
ematical program that can be solved using existing techniques. Techniques, such
as evolutionary programming, furnish solutions for high dimensional problems with
small computational time, as opposed to exhaustive search algorithms as the one
discussed above. This is an advantage in constellation design especially in the case
where the constellation contains a very large number of small-sized satellites, where
an exhaustive algorithm may take weeks of computation time even on the fastest
computers available nowadays. Below, the linear array constellation problem will be
formulated, solution techniques will be discussed and, in the next section, how this

solution can be used as one for the Earth-orbiting array will be discussed.

| dmin | dmin | dmin | dmin | dmin | dmin | dmin |
| | | | [ | | |
*—0 0 0 0 o o ©°

Linear Array of Apertures

Figure 7.4: Linear Array Layout

In the “fundamental” arrangement of a linear array of apertures, the relative
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distance between satellites [ and n on the wave number line is given by:

~ dmin
Qi = [n — 1| N (7-4.1)

In Section (2), we parameterized the wave number line by the actual wave number,

VA

v. Instead, suppose we parameterize it by —==-. Thus, for the linear constellation,

each satellite pair will contribute to a “wave number bin” [y — 0.5, ¥ + 0.5] centered

at y, where y = gﬁ:i

Let z; denote the state of each aperture: z; is 1 if it is selected as a member of
the constellation or 0 if not. So, x € BN/, where B = {0,1} and N; is the number
of satellites in the fundamental set. Note that for a particular choice of apertures,
¢’z represents the total number of satellites for that particular choice of apertures,
where ¢ is an Ny vector of 1’s.

Next, it can be shown that b, (z) = "Iz, n = 1,..., Ny, is equal to the number
of contributions to interval number n, where the first interval is centered at the origin
and the Nyth interval is the outermost one and where I, is a matrix of zeros except
for the (n — 1)st super diagonal. For example, if Ny = 5 and satellites 1,2, 4 are only
selected, then the total number of satellites is equal to [1 111 1]-[11010]" =3

satellites. Also, for this case b; = 3 contributions due to satellites 1, 2 and 4 each

paired with itself,

bp=[11010 [0 0 0 1 0 0| =1,
00001 1

00 00O 0

contributions due to the pairing of satellites 1 and 2, b3 = 1 contributions due to

pairing of satellites 2 and 4, by = 1 contributions due to pairing of satellites 1 and
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4 and finally b5 = 0 due to no pairing of satellites which are 5d,,;, apart from each
other.

Thus the set of designs with the minimum number of satellites that completely
cover the wave number line are all global solutions to the following minimization

problem:

min, ¢’z
st.bp(x) > 1, n=1,...,Ny (7-4.2)

x € BNr,

This problem is generally known in the literature as a combinatoric/integer 0-
1 programme, mostly with linear cost function and linear constraints [67]. The
solution of this problem requires the minimization of a linear cost function subject
to a quadratic constraint. Still, general 0-1 programming techniques exist to solve

the program in Equation (7-4.2).
7.4.1 Numerical Results

We first attempt to solve this problem by applying a thorough search algorithm
as discussed in the previous section. Figure (7.5) shows the number of feasible
solutions (top left), the number of minimal solutions (top right), Ny, (bottom left)
and the CPU time (using a a.5GHz IBM platform) in seconds (bottom right.) The
advantage of this algorithm is that it gives complete information on all possible
minimal solutions (e.g. they configuration of spacecraft in each solution.) The main
drawback is the computational time involved to obtain the results. For example, for
N; = 21 spacecraft there are 2.5 x 10° feasible solutions that all require evaluation

of their @) functions consuming about 7 hours using the exact search algorithm.



170

Number of Feasible Solutions
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Figure 7.5: Exact Search Algorithm Results

To decrease the amount of CPU time, a statistical approach to solving the above
0-1 program is to utilize an evolutionary programming (EP) method. This is schemat-
ically summarized in Figure (7.6). The results of applying this algorithm are shown
in Figure (7.7). We notice a tremendous amount of computation time savings. Using
this algorithm we can arrive at solutions in about 18 seconds for N; = 21 spacecraft.
Due to the random nature of the search algorithm of the EP method, we note that
we do not have full information regarding the total number of solutions available,
the size of the feasible set or the exact design of the constellation (i.e. we may only
know what N, is, but not the exact spacecraft chosen for the design.)

A closer look at the right hand plot in Figure (7.6) shows that we seem to be able

to get the correct solution up to Ny = 32. However, for Ny = 37 we notice a drop
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Initialize > N Individuals »| Offspring Generation
Competition |4 Objective Function |_ N Parents
& Selection Evaluation and N offspring

Figure 7.6: An Evolutionary Programming Method

in Npin. Since it is not possible for a larger fundamental constellation (that achieves
higher angular resolution) to achieve a smaller Ny, than a smaller fundamental
constellation, then we know that the N, obtained using the EP algorithm is for
Ny = 37 is not correct. This result casts larger doubt that the results obtained for
Ny > 37 will be correct either, though we could be confident that results for values

of Ny < 36 seem to be plausible.

Figure 7.7: EP Algorithm Results

We observe that the algorithm performs poorly for higher values of N; though
much more faster than the exact search algorithm. In general one would trade off

accuracy of solutions for speed in an EP algorithm. One may wish to improve
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the results, though at the expense of longer computational time, by constricting the
offspring generated to be ones that are visible in the first place. The results are shown
in Figure (7.8), where we observe that consistent results are obtained for values of
Ny < 23. For Ny = 23, the computation time is 1.8 hours versus 18 seconds for the

general EP algorithm and more than 7 hours for the thorough search algorithm.

REP: N=ceil(N/2), 100 Generation:

Figure 7.8: Restricted EP Algorithm Results

7.4.2 The Linear Array and the Earth-Orbiting Observatory

Assume that we can find a distance preserving isometry, ¢, between the (curved)
Earth-orbiting and the linear array geometries discussed above. As mentioned above,
the significance of the linear problem is that we can readily solve this problem (as
stated in Equation (7-4.2)) and then compute the corresponding solution on the
curved one-dimensional space through the inverse mapping ¢! (see Figure (7.9).)
The main benefit is that we can utilize techniques available in the literature for
solving the 0-1 program in Equation (7-4.2) to compute the solution to an Earth-

orbiting configuration. First, recall the definition for an isometry and isometric
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spaces [68]:

Definition 7.4.1 (Isometry and Isometric Spaces). Let M; and M, be two
topological spaces. An isometry ¢ : M; — M, is a one-to-one correspondence such
that da(o(z), ¢(y)) = di(z,y) for all x,y € M;, where d;(+,-) and da(+, ) are distance
functions on M; and M,, respectively. If there exists an isometry ¢ : M; — Mo,

then M; and M, are called isometric.

N
1

7dmin 6dmin ¢

uwp

)
vy T g T

)
.

N

Mo T iy T T

Curved Observatory Linear Observatory

Figure 7.9: Relation between the Linear And Earth-Orbiting Constellations

S! being the circle in R? with radius 7, let Mo C S* denote the one-dimensional
space for a curved Earth-orbiting constellation and M C R! be the one-dimensional
space, which is simply a line segment on R!, for the linear aperture constellation.

Let dc (s, $n) be the Euclidean distance in R? between satellites n and [ on Mg
and let dr (s, s,) be the Euclidean distance in R! between satellites n and [ on M.
dc and dj, are given by

2r Kk
AN, —1)

J(-mg) s (- (22) - (52)

de(si, 8) =
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Figure 7.10: Critical value of , £*, for 5 < Ny < 10.

and

dr(si, $n) = [n — | dmin/ A (7-4.4)

Due to the way spacecraft are arranged in the fundamental configuration, Mo and
M, may not have an isometry. That is because if M is simply unfolded onto M7,
spacecraft nodes on M do not map onto spacecraft nodes on M. Though it is true
that the real line R' and the circle S' have the isometry ¢(t) = (r,sint,r,cost) :
R! — S! C R? using a metric that measures distance along the curves, this is not
true in our case because the metric we use is the direct shortest distance between
points in R? as opposed to a metric along S*.

For k # 0, points on M C S* are shifted when M is unfolded onto M. Despite
the fact that the total distance from the zeroth spacecraft to the (N —1)% spacecraft
is preserved and is equal to d.x, distances between intermediate spacecraft are not.

However, note that:

lin% de(si, 8n) = dr(s1, 8p)- (7-4.5)

In other words, d¢ (s, $n) — dr(s1, S,) as the curvature of Mg or dp.x approach zero.
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Thus, for sufficiently small x, the solution to the linear array should be identical
to that of the curved array to first order. In the next section we show results that
indicate that for sufficiently small , the solution to the mathematical program in

Equation (7-4.2) is also a solution to the Earth-orbiting constellation configuration.

7.5 Effects of Orbit Perturbations on the Constellation

In this and the next section we discuss the effect of J, orbit perturbations on
image quality and propose a procedure to modify the constellation design to abate

the effects of these perturbations.

7.5.1 Eccentricity Effects on Wave Number Plane Coverage

In this section we study the effects that small orbital perturbations have on the
constellation trajectories in orbit, and, in turn, on wave number plane coverage. The
main objective is to show that any general eccentricity perturbation immediately
leads to gaps in the frequency domain. This implies that for a Jo-perturbed orbit,
frequency domain gaps are expected to occur, which is addressed in the next section.
Below, we denote by N the number of spacecraft in the constellation (either minimal
or fundamental, but not otherwise!.) Let the set Z be the set of spacecraft indexes
in the set of chosen spacecraft. Here we assume that x is sufficiently small for the
linear array assumption to hold. With this assumption, solutions to (7-4.2) will also
be solutions to the curved constellation (that is, x # 0.)

Let x and y be the axes of a fixed frame of reference whose origin O is located at

the center of the Earth (see Figure (7.11).) In the z-y frame, the spacecraft locations

! This assumption is made in order to facilitate the proofs of Theorem 3.1 below.
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are approximated by

x; = rocos(nt) + A;sin(nt + ¢;) cos(nt) — [yf — 24, cos(nt + ¢;)] sin(nt),

y; = rosin(nt) + A;sin(nt + ¢;) sin(nt) + [y) — 24; cos(nt + ¢;)] cos(nt).

0"=(0,y?) .
Spacecraft i
/» / Spacecraft 0
Circular Orbit * (x;,y;) X
k CW Frame
<

Constellation
Orbit

Earth Fixed

/
/ e
//ﬂ o f Frame, Fg

Figure 7.11: The problem geometry.

Recall that q; is the position vector of the i" spacecraft in the x-y reference
frame. In the wave number plane, the coordinate of the 5" picture frame disc is,

thus, given by

T;;(t) = M

_ %{ [A;sin(nt + ¢;) — A; sin(nt + ¢;)] cos(nt)
[

(5 = 9) =2 (A costa + ) — Ascos(nt +69)] snr) .

o w®—u)
ult) = LD

= %{ [Ajsin(nt + ¢;) — A;jsin(nt + ¢;)] sin(nt)
[

J

(v] — v) — 2 (A cos(nt + ¢;) — A; cos(nt + ¢;))] cos(nt)}.
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Note that q;;(t) = (1/M)a;(t) = q; — q;, ¢,j € T is simply equal to the vector
(Z4;(), 9;;(t)) in the wave number plane.

Now, for this general setting of the problem, we consider the following question:
Let |||, denote the 2-norm on R?. Fix a wave number vector v = (v,,v,) € R?
such that ||v||, < 1/(26,). For any i,j € Z, does there exist a set of time intervals

7T € [0,27/n| (possibly just singleton sets) such that the inequality

~ 1
1G5 (t) = vil, < 20, (7-5.1)
P

holds? In other words, are points in the wave number plane of magnitude v =
\/m, v < 1/(26,), covered for some time during a single orbit period? Bsy
construction one answer is that if A; = 0 for all ¢ € Z, then for each v < 1/(26,)
there exists an ¢ and j such that the inequality holds, and, thus, coverage of the

resolution disc is achieved. This can be proven as follows.

Assumption 7.5.1. Note that due to the symmetry of the trajectories in the wave
number plane, one can assume that j > 4, i, j € Z, and study the trajectories q;;(t).
The trajectories of q;;(t) with ¢ > j will follow a path symmetric to those with j > 1.

Henceforth, we assume that j > 1.

Theorem 7.5.1. If A; =0 for all i € Z, then the inequality (7-5.1) is satisfied for

all v <1/(26,).

Proof If A, =0 for all i € Z, we have

Ty = —% (y) — v?) sin(nt), and
~ 1
Uij = X (y]Q — y?) cos(nt).

Let v = (v,, v,) have polar coordinates (v, 6,). Then, v, = vcos#, and v, = vsin6,.
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Thus,

- 1 . 1 2
g o)~ vIE = | (=5 0 = o) snta) = 0. 5 (9 = o) costa) = )

2
1 . 2, . .

= U P+ 02 4 2 i (st — cos(nt)ey).
First, if v < 1/(26,,), let j =i, for any j,i € Z, and therefore we have

1
~ 2 2
a;(t) — vy =v" < 50,

which proves the theorem for v < 1/(26,). On the other hand, if 1/(26,) < v

IN

1/(26,), then there exists n = 1,..., Ny — 1 such that [1/(26,)][n — (1/2)] < v <
[1/(26,)] [n + (1/2)]. In either a minimal or the fundamental constellation, by design
there exist spacecraft ¢ and j such that j —7 = n foralln =1,..., Ny — 1. Let

J — 1 = n. Therefore, we have

2

; 2
1§ (t) — vIl5 = rﬂ% 40?4+ % (cos B, sin(nt) — sin 8, cos(nt))
p

2 2
< (0—72 + 9%) (1 + cos 8, sin(nt) — sin 6, cos(nt))

+ 4—937
where the inequality v < [1/(26,)] [n + (1/2)] and the fact that dy, /A = 1/6, have
been used. If we set nt = 6, — (7/2), then 1+ cos 0, sin(nt) —sin 6, cos(nt) = 0. This
results in

1) = vI; < 2
which proves the theorem for 1/(26,) < v <1/(26,).

Remark 7.5.1. Note that the phase angles ¢;, i € Z, are not defined when A; = 0,

i=0,...,N —1.

Corollary 7.5.1. If A; = A and ¢; = ¢ for all i € T then the inequality (7-5.1) is

satisfied for all v < 1/(20,).
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Proof If A; = A and ¢; = ¢ for all 7+ € Z, then we have

Lo

T = Y (y] — v?) sin(nt), and

(y]Q — y?) cos(nt)

5 1
yij:X

and the proof follows as in Theorem (7.5.1).
|

Next, we assume that all A; = A, ¢ € Z, are the same but the phase angles may
be arbitrary. This case is of special interest. Assume we have knowledge of the upper
bound on orbit eccentricity, denoted e,.y, for all spacecraft orbits. Thus, the maxi-
mum amplitude any one of the spacecraft ellipses in the CW frame achieves is given
by A; = A = enaxTo, for all i € Z. By studying this version of the problem, we can
make some useful conclusions regarding wave number plane coverage and, possibly,
ideas for how to take these perturbations into account in the design of interferometric
observatories so that they attain complete coverage of the wave number plane.

From Corollary (7.5.1), if all spacecraft were in phase then the wave number plane
is completely covered. This represents one extreme. The other extreme is when any
two neighboring spacecraft? are 180 degrees out of phase with each other. Since
distance is an invariant under any frame of reference, the center of the 5" picture

frame can be expressed as
- 2 ~ - ~ -
G (115 = (&3 +95) = T3 + 355,

where Z;; = (1/\) (x; — ;) and g;; = (1/A) (y; — vi):

g (t) = % {(y? — y?) — 2[A; cos(nt + ¢;) — A; cos(nt + qbz)]} (7-5.3)

2In a minimal solution, recall that neighboring satellites are not necessarily such that j = i & 1.
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Furthermore, let

~x . . dmin
@, = (0.6-0%")

be the nominal (zero eccentricity) relative position vector, where the components
are given in the CW frame. Thus, for A; = A, ¢ € Z, and assuming that j and i

correspond to neighboring spacecraft with say, ¢; = 0 and ¢; = 7, we then have

- - 4A*
fi = s = 3 = S [1 -+ 3eos? ()],

which represents the magnitude square of the position deviation. The deviation f;;
attains a maximum value of 164%/\? at nt = 0, 7 and a minimum value of 442?/\? at
/2, nt = 3m/2. This implies that portions of the resolution disc will not be covered
if the existing spacing is chosen with no overlap. An example is given in Figure 7.12
for Ny = 2. In the figure, the dotted circle represents the wave number disc, the
solid line represents q;; and the dashed lines are the boundaries of the picture frame
disc. Shaded regions represent those parts of the resolution disc that are not covered.

Indeed the minimum and maximum values of ||q;;||, take place along the v, axis and

Iy
v,-axis, respectively. Note that the z-y axes are out of phase from the v,-v, axes by
/2 due to the fact that the spacecraft are initialized in an upward position. This
upward configuration corresponds to points on the v, axis in the frequency domain
as opposed to the v, axis.

Further, assume eccentricity perturbations such that A; = A, i € Z, and that
each neighboring spacecraft are 180° out of phase from each other, the minimum
possible distance between any neighboring spacecraft is given by dyi, —4A. In order
that no two neighboring spacecraft trajectories cross each other we must constrain

A < dpin/4, which corresponds to a bound on eccentricity e < dp,/(471,). Figure

(7.13) shows the trajectory in the wave number plane for a two spacecraft system
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Figure 7.12: Wave number plane trajectory for a 180° out-of-phase two spacecraft
system with equivalent eccentricity (A = €maxTo; €max = 1 X 1074, r, =
7.2 x 10%km.)

with path crossing (A = epax?s = 14.4 km > dpyin/4 = 5.93 km and ey, = 0.002,
whereas the upper bound on e is 8.24 x 107%.) Note here that when the spacecraft
are closest to each other, higher portions of the wave number plane are not covered.

Hence, if the perturbation in the eccentricity is such that

dmin

A
<7

(7-5.4)

then the potential for spacecraft crossing each others’ paths, and, consequently, the
potential for collisions, is diminished.

The above discussion implies that for equal A;, 1 € Z, we must have equal phases
for complete coverage. In practice, however, trajectory initialization errors will al-
ways exist. We next assume that such errors do exist. In other words we assume that
¢j — ¢; is sufficiently small. First note that with A; = A, i € 7, equations (7-5.2)

can be re-written as

T;(t) = ;{sin(nt) [cos(¢;) — cos(¢;)] + cos(nt) [sin(¢;) — sin(¢;)]},
Ui;(t) = (j— i)dn;\in + % {sin(nt) [sin(¢;) — sin(¢;)] — cos(nt) [cos(¢;) — cos(¢;)]} -
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Figure 7.13: Trajectory crossing in the wave number plane for a two spacecraft
constellation with equivalent eccentricity (A = epax’o, € = 0.002,
ro = 7.2 X 10%km.)

With ¢;, ¢; = 0, linearize Z,;; and g;; with respect to ¢; and ¢; to obtain

A
zij(t) ~ 5 cos(nt) (¢ — i),
W 24
Bt ~ G- 4 2 n(ut) (6, — 6,).

Thus, we have

~ ~x |2 A2 2 <2
fiz = ||qij ~ iy, = 2% [1+ 3sin’(nt)],

where ¢;; = ¢; — ¢; is the difference in initial values of the phase angles. This
shows that perturbations due to small errors in phase have a second order effect on
the ensuing trajectory. The deviation f;; attains a maximum value of 4A2¢?j /A% at
nt = /2, 37/2 and a minimum value of A*¢7;/\* at nt =0, 7.

Assume now that all spacecraft are in phase with arbitrary A; and ¢; =0, i € Z.
Then one finds that the deviation f;; is given by fi; = (A7;/A?) [1 4 3 cos*(nt)], where
A;j = A; — A;. First, note that the perturbation is second order in the difference in
amplitudes. Hence, initializing the spacecraft with a sufficiently small error leads to

second order effects on the relative trajectories. Therefore, f;; attains a maximum
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value of 447 /\* at nt = 0, 7 and a minimum value of A%;/\* at nt = 7/2, 37/2.

An example is shown in Figure (7.14). Note that some higher frequency components

are not covered.

Figure 7.14: Wave number plane trajectory for an in-phase two spacecraft system
with different eccentricities (4; = 2.569km, Ay = 1.341km.)

To illustrate the complexity of the problem in the general case, Figure (7.15)
shows the trajectories in the wave number plane and their lack of coverage regions
(the shaded areas) for the cases when Ny = 2 and Ny = 5, for which the nominal
minimal solutions contain N, = 2 and N, = 4 spacecraft, respectively, with randomly
chosen eccentricities and phases. For the former case, we have Ag = 4.65 km (eg =
6.46x107*) and A; = 4.04 km (e; = 5.61x107*) and ¢y = 165.99° and ¢; = 204.42°.
For the latter case, we have a maximum eccentricity of 4.97 x 10™* and a minimum
eccentricity of 4.86 x 107° and a maximum phase of 356.43° and a minimum phase
of 5.40°, where the spacecraft with index i =2 ¢ 7.

Finally, Figure (7.16) shows the result for Ny = 5 with a maximum eccentric-
ity of 1.5 x 107 and a minimum value of 3.20 x 107* and a maximum phase of
335.37° and a minimum phase of 197.56°. These values result in path crossing since

Ay, Ay > dpin/4 = 5.93 km. Note the complexity of the wave number plane coverage



184

Figure 7.15: Wave number plane trajectory for (a) Ny =2 and (b) Ny = 5.

trajectories as well as the lack of coverage area.

Figure 7.16: Wave number plane trajectory for Ny = 5 with path crossing.

7.5.2 J, Effects on Imaging

In this section we study short-period perturbation effects of the second zonal
harmonic, J;, on frequency domain coverage. In [23], the authors derive necessary
conditions to establish J; invariant relative orbits using mean orbital elements, work-
ing with the first order secular J; effects. The resulting conditions guarantee that the
drift rate of the ascending node and the mean argument of latitude is the same for

all spacecraft in the formation. The gravity coefficient J; also induces short-period
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perturbations within a single orbit period. These perturbations will in general result
in a lack of frequency domain coverage.

As discussed earlier in the Chapter and as in [19], secular drift in the longitude of
the ascending node allows the observatory to scan the entire celestial sphere within
one nodal period. Reference [23] derives the conditions necessary for formation keep-
ing by controlling inter-spacecraft distances. This is because nominal trajectories in
[23] are allowed to be different. We, on the other hand, will use their conditions to
ensure that each spacecraft does not drift from its nominal circular path as opposed
to maintaining formation directly. This is by virtue of the fact that all spacecraft in
our observatory have identical nominal trajectories.

In our work we address short-period J; effects as follows. Let E = (a, e, x, Q,w, 1),
where a is the semi-major axis, e is the eccentricity, ¢ is the inclination, €2 is the
longitude of the ascending node, w is the argument of perigee and M = nt — nr =
nt 4+ x is the mean anomaly with 7 being the time at epoch. First, we have the
following relationship between the perturbations in the position vector q in a frame
we denote by Fg, which is fixed at the center of the Earth (hence, the subscript E

in F), and perturbations in the orbital elements:

_ 0Oq
Aq = SoAE, (7-5.5)

where A denotes a perturbation in the variable under consideration. Since, x, y and

z can be expressed in terms of E as

r = rlcosQcos(f +w)—sinQsin (f + w) cos?]
y = r[sinQcos(f + w)+ cosQsin (f + w) cos1] (7-5.6)

z = rsin(f+w)sine.
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where

a(l —e?)

= — 7-5.7
1+ ecosf ( )
and f is the true anomaly, then we have
Oz Qv Oz df dM Oz Oz Oz
da Oe OfdM dx 0N Odw
99 _ | oy oy oyaraw oy oy oy (7-5.8)
OE da e OfdM dy 90 Bw ’
0z 0z 9z df dM 9z 9z 02
i Oda Oe OfdM dyx o0 Odw O ]
where dM/dyx =1 and
df a\ 2 1
— = (=) (1-¢€*)>. 7-5.9
dM <7’> ( ) ( )

Note, however, that the choice of elements E is singular for an orbit whose
eccentricity is nominally zero. Hence, we use the set of orbital elements E' =
(a,1,€,, h, k), where ¢ = Q + w + x is the mean longitude of the epoch, h = esinw
and k = ecosw. In what follows we refrain from taking the limit as e — 0 until
later in the analysis in order to fully cancel out any tentative singularities in the

derivation. If we write AE' = T"'AE with

T = (7-5.10)

0 sinw 0 0 ecosw 0

0 cosw 0 0 —ecosw 0

then we have

dq
Aq = —“=TAE. _5.11
q 36 (7-5.11)
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Let G = lim,_,g g—gT . Then G is given by

CQCwtf = SQCSwtf  a5QSSwtf  —a (CoSwtf +50CCutryr)  a(l—¢)sa (wir)
G = SQCwtf + CQCSwrf  —aCQSSwtf @ (—SQSwtf +CCiCuts)  a(l—¢)Co(wif)
S50t f ACSup f a8,Corp f —a8,Cop g
5 [sacu (2+ caw +c2f) +cq (s2f +520)] =5 [ca (2+ ca — caw) —sac. (s2r — cav)]
5 [sa (s2r +520) —caer (24 cow +eaf)] =5 [s (24 ca — caw) + o (s2f —cow)] |
=% (24 caf + cow) =93+ (s2f — s20)

where we use the notation s, = sinw and ¢, = cosu. With AE = {Aa,, A,
Ae,, AQ,, Ah,, Ak,}, note that the elements of AE’ are dimensionless except for
Aa,. Hence, we normalize Aa, by its mean value a for dimensional consistency. By
defining AE" = {Aa,/a, Ay, A€y, AQ,, Ahy, Ak, }, one can rewrite the relation in

equation (7-5.11) as Aq = GoAE”, where

COCutf — SQCSwtf  S0S8Swtf  —COSwtf — 50CCutrf (1 =€) Sa—(wip)
Go = 0| 50Cu4f +CaCSutf —COSSwrf —S0Swif T CaCCutsr (1 —¢)Cao(wif)

SiSw+f CoSw+f S.Cowtf —S,Cot-f

[sa¢: (2 + caw + cay) 4+ cq (s25 +520)]  —3 [ca (24 cay — caw) — sqc. (s25 — c2w) ]

1 1
2 2
5 [s0 (s27 +520) —cae (24 caw +e2p)] =3 [s0 (2+ c2p — c20) + caca (s27 — c2u)]

—% (24 cay 4 c2w) —% (s25 —s2w)

The basic equations to be used to obtain AE” are Lagrange’s planetary equations,
which express the rate of change of the orbit elements as a function of the perturbing
function and the mean orbit elements. The perturbing function that expresses the

short-period Jy perturbations is given by [69]

oo SRR oy { (g - ) [1 (e eawj

1
+5 sin®2cos 2 (f + w) } (7-5.12)

The Lagrange planetary equations can be found in equation (6.29) in [69] for the set
E. One may proceed as in [69] (Section (10.4.1)) to obtain closed form solutions for

the non-singular set of orbital elements E” with f being the independent variable.
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However, given the complexity of the equations under consideration, this tends to be
a tedious computation. An alternative method is to use the relation AE' = T-!AE
to compute the osculating orbital element deviations AE’ from AFE that can be found
in [69] (pages 317-318.) Note again that we let e be arbitrary to obtain AE’ and
then take the limit as e — 0. Extracting the periodic part of the motion only (since

secular terms cancel out in a relative motion study), the resulting equations are

A 2
24 _ gjzf sin?7cos 2(f + w)
a a
2
Ay, = gJQ}j sin 22 cos 2(f + w)
a
2
Ae, = ZJZ}; — 24 5sin?1 + 2cosz( — sinw cosw
+2sinw cosw cos® f — sin f cos f + 2 cos® wsin f cos f) (7-5.13)
2
AQ, = Z‘h}; cosesin2(f + w)
a
1 LR . .
Ah, = e [Bsin(w + f) (1 + 7cos2:) + 7Tsin3(w + f) (1 — cos 21)]
a
1 JoR?
Ak, = T & [3cos(w + f) (34 5cos2e) + Tcos3(w + f) (1 — cos21)],

where the independent variable is the true anomaly f as opposed to time ¢t. These
equations will become singular for small inclinations. However, we are interested in
orbits with an inclination ¢+ = 45° to be able to scan the entire celestial sphere within
one nodal period. We do not make the substitution + = 45° here to allow for other
applications for which ¢+ = 45° is not the case.

Therefore, we have Aq = GoAE”, where AE” is computed from equation (7-
5.13). Note that the perturbations Aq are expressed in the Earth-fixed frame Ff.
However, we are interested in in-orbital plane perturbations in spacecraft positions

—assuming that the line of sight is perpendicular to the orbit plane®. Perturbations

3If we are imaging in a direction not perpendicular to the orbit plane (say in the polar direction
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of the position vector in a direction normal to the orbit plane do not affect the image
quality. This is due to the fact that the range to the target, z, is too large to have
Jo-induced perturbations in the normal direction affect image quality.

Let I, J, K be a dextral set of orthonormal unit vectors, where I points towards the
ascending node, K is perpendicular to the orbit plane and J is such that J = K x I.
Denote this moving frame by Fp. For this choice of frame, the coordinates, z,y, Z,

in the Fp frame are related to the coordinates, x,y, z, in the Fg frame by

T T
= R|y|.
A z

where the rotation matrix R is given by

CQ SQ 0
R = —SnC, CnC, S,
SOS, —CnS, C,
Let Po = [2y Z]" and Py = [z y 2]". The perturbed coordinates are therefore
related by®
APy = RAPg.
Hence we have
AP, = RG,AE". (7-5.14)

for a 45° inclination orbit), then perturbations normal to the orbit plane will affect frequency domain
coverage. This, however, is a more complex problem (as picture frame discs become elliptic) and
we restrict our attention to the case when the line of sight is perpendicular to the orbit plane.

4In fact, one can show that even significant deviations along the line of sight, which is normal
to the observation plane (that is, in our case, the orbit plane) do not affect image quality.

5The matrix R is a function of mean orbit elements and, hence, AR = 0.



190

Next, we derive a conservative upper bound for perturbations in the x and y

coordinates of Pp. First let P3Y = [z y]T = IxyPp, where the projection matrix

Ixy is given by

1 00
IXY = )
010
and let HAPgY || = /Ax? + Ay? denote the magnitude of the total in-plane pertur-

bation of the position vector. Therefore, we have
|APSY|| = |l IxyRGoAE"|. (7-5.15)
If we let H = Ixy RGg, then by the Schwartz and triangular inequalities we have

IARZY (A < =1l I AE"]
< 11 ([ T2 0]+ 18001+ A + |A0()] + 180 + Ak

= [[HI[A(S),

where A(f) denotes the second term (in brackets) after the second inequality. Finally,
one now simply computes the maximum in-plane deflection in the magnitude of the
position vector as

Apid = max [|H|[ A(f). (7-5.16)

0<f<2m
Equation (7-5.15) or (7-5.16) can now be used to obtain a conservative estimate of
deflection of a spacecraft from its nominal circular trajectory due to short-period
Jo effects. With this, one may further assume the linear array design, in which
the slightest perturbation from the nominal trajectory will immediately induce gaps
in the frequency domain, is used. Note that this assumption is also conservative
because, in a curved constellation, redundant multiple coverage exists between the

different picture frame circular trajectories (that is to say, the frequency “bins” blend
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into each other.) Therefore, if the nominal design is modified such that with the Js

OoP

perturbations in any of the spacecraft’s position is given given by Al q,

we can
then guarantee complete coverage of the frequency domain. This we investigate in
Section (7.6).

Note that there are several definitions for a matrix norm. With each choice of
norm a different upper bound is obtained. The most widely used matrix norms
are the 1, 2, infinity and Frobenius norms. For more on matrix norms, consult
any reference on linear algebra such as [70].) It was generally found that these
approximations were too conservative and the least conservative was the two-norm.

On the other hand, one may also compute the exact expression for HAPgYH from

equation (7-5.15). If we set Q =w =0 and 2 = 45°,

V512 Jo R?
512 a

|APXY|| is computed as

AP || = (126 — 34.cos 2f + 3cos4f — 14cos 6f — 49 cos 8f)#7-5.17)

Figure 7.17 shows a comparison between the exact value for HAPgYH and the con-
servative upper bound on HAPgYH using the two-norm for 0 < f < 27 with
a = 7,200km. Even though the two-norm definition is the least conservative, we
observe in Figure (7.17) that this approximation is an order of magnitude higher
than the exact maximum value. One may also compute the maxima and minima
of ||APXY|| from equation (7-5.17). ||APYY|| was computed numerically and was

found to have a maximum value of

Jo R?

0.6116 = 3.73 km

a
at f =0.397, 0.617, 1.397, 1.617 and a minimum value of

1 Jo,R?
4 a

= 1.53 km

at f =0, .
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Figure 7.17: Exact ||AP5( YH (solid) and the conservative upper bound A9 q using
the two-norm (dash-dotted.)

7.6 Design for Complete Wave Number Plane Coverage Un-
der Perturbations

7.6.1 Eccentricity Corrections

In this section we modify the design procedure to account for perturbations due to
orbit eccentricities and Jy. First, note that perturbations in relative position vectors
result in gaps in the frequency domain at high and low frequencies, where high
frequency components correspond to the finer details of an image and low frequency
components correspond to the coarser details. Hence, since it is meaningless to
attempt to reconstruct an image with fine details while ignoring the main, coarser
details, low frequency components are more crucial to be able to reconstruct than
higher frequency components. Based on this observation, and since we will not be
able to account for both low and high frequency gaps within a single orbit period,

the nominal configuration design is modified to ensure coverage of the low frequency
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components at the cost of leaving out the highest spatial frequencies. This is done
as follows.

Let A« denote the maximum perturbation in the frequency domain. A,,,, may
correspond to either perturbations in orbit eccentricity or, more generally, to Js.
For simplicity, we will use perturbations in orbit eccentricity to illustrate how the
design is modified to ensure low frequency coverage. At the end of this section, we
also comment on how this is done to counterbalance J; effects. Simply shifting the
centers of the picture frame discs by an amount of A, corresponds to decreasing the
inter-spacecraft distances by an amount of AA ., in the physical domain. Therefore,
if diin = A/, is the nominal distance between a pair of spacecraft in the fundamental

set, then let

d1*nin = dmin - /\Amax =X (6)i - Amax) (7—61)

p

be the new inter-spacecraft distance in the fundamental set. This also leads to a total
contraction of the constellation. Consequently, this leads to shifting the centers of
the picture frame discs in the frequency domain by A,... While under perturbations,
this design modification ensures “closing up” all low frequency gaps at the cost of
decreasing the overall effective system resolving power. To regain coverage of the
higher frequencies, we may append the constellation by an additional spacecraft to
increase the maximum constellation baseline as well as improve the effective angular
resolution of the observatory.

Note that the minimal design that follows from the modified configuration of the
fundamental set may be different from that derived from the nominal fundamen-
tal set. However, since the modified fundamental configuration ensures coverage of

low frequencies, the minimal configuration, by definition, will also retain the same

property.



194

We now give some examples. In Section (7.5.1), the first scenario we considered
was that of having two spacecraft which are 180° out of phase but with the same
eccentricity. The maximum perturbation in the frequency domain was computed as
V/fij = 4A/X. Hence, we set Apax = 44/, The top left plot in Figure (7.18) shows
the frequency domain coverage for the modified design corresponding to the nominal
trajectory used in Figure (7.12). Note that all low frequency content is recovered at
the expense of additional lack of high frequency coverage.

The top right plot in Figure (7.18) shows frequency domain coverage using the
modified design corresponding to two in-phase spacecraft with different eccentricities.
This plot is the modified version of the one that appears in Figure (7.14). Here we
set Amax = 1/ fij = 2|A1 — Ao| /A as discussed in Section (7.5.1). Again, we achieve
complete coverage of the lower frequency components at the cost of additional lack
of high frequency coverage.

If 67 .. is the maximum perturbation in the position of spacecraft i € Z, then
note that whenever the inter-spacecraft spacing is decreased we must ensure not to
violate the inequality

Shax T 0L < diin, i, ET (7-6.2)

max max min»

for any two neighboring spacecraft ¢ and j, otherwise the spacecraft may cross paths,
which, in turn, may lead to collisions. To give an example where this may hap-
pen, consider again the problem where Ny = 2, Ay = 4.65 km and A; = 4.04
km and phases ¢y = 165.99° and ¢; = 204.42°. The unmodified frequency cov-
erage is shown in Figure (7.15) (left.) As a conservative estimate, we may set
A ax = 4dmax{Ag, A1} = 18.6 km. However, as shown in Figure (7.18) (bottom
left), this leads to trajectory crossing since df, /4 = 1.29km < Ay, A;. One may

obtain expressions for f;;, from which one can compute the maximum deviation in
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the frequency domain for the ' picture frame disc. This is then used to compute
Anax. By iteration, it was found that setting AA.x = 1.25 A max{Ay, A;} = 5.81
km indeed ensures coverage of low frequency content as shown in the bottom right
plot in Figure (7.18). We note here that df, = 17.93 km > 24, + 24; = 17.38 km

and the condition (7-6.2) is met. Hence path crossing does not take place.

Figure 7.18: Modified wave number plane coverage corresponding to Figures 7.12,
7.14 and the left plot of Figure (7.15).

7.6.2 J, Corrections

Finally, for J5, the inter-spacecraft distance may be set at

%
min

= dpin — 2max max ||P(‘3(_Y
: 1
i€l 0<f<2m
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assuming that the maximum perturbation of a pair of spacecraft from their nominal
path occur at different points in time. Analogous to the eccentric orbit case, this

choice for d* . will ensure complete coverage of the frequency domain despite the

short-period J; perturbations. Using the same numerical values for 2, w and a as
in Section (7.5.2), we find that the maximum perturbation of each spacecraft from
its nominal value is 3.73km. Hence, we have d’; = dyin — 2 X 3.73 = dppin — 7.46 in
kilometers. Note that in the frequency domain Ay, = 7.46 x 103/\ = 7.46 x 10® for
a signal with a wavelength A = 10um.

7.7 On the Optimality of a Class of Circular Earth-Orbiting
Observatories

In this section we show that the circular Earth-orbiting observatory is optimal in
the sense of Chapter 2. Hence, Chapter 2 is a prerequisite to this section.

We choose the terminal time 7" such that T spans an integer multiple, say [, of
the orbit period T,: T = IT,. The reason for having to wait for multiple orbits
before capturing an image is due to the fact that coverage in the frequency domain
is radially uneven. That is to say, for each v* € R, we have even coverage for all v
satisfying ||v|| = v* after each half orbit period. However, as v* changes, the value of
z changes (in fact decreases as shown above.) Hence, we choose [ such that after [/2
orbit periods the value of the normalized MTF z(v,t) is at least unity everywhere

inside the resolution disc D,. If we let h denote the saturation function:

r 0<z<1
h(z) =
1 z>1

then we require to have the terminal condition on z be given by

h(z(v,T)) =1 (7-7.1)
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for all v € D,. Specifying T" automatically specifies the orbit size.

Figure 7.19: Physical distribution in the wave number plane for a three-spacecraft
formation.

Since we are now dealing with a system of particles under the influence of gravity,
let us now re-derive the necessary conditions with a gravitational field modeled in

the system dynamics. Hence, the dynamics are now given by:

Q) = wvi(t)

vi(t) = w+g(a) (7-7.2)

for all spacecraft ¢ = 1,..., N. The cost function and initial conditions are as before.
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The function H is now given by:

H(t) = Z [Pq, - Vi + P, - (0 + g(a))]

7

N N
+Hpy (Z ||ui||2) + <pz(v,t), Y A w- qmn)>. (7-7.3)
=1 lin=1,n#l

The necessary condition for optimality still implies that

1
u; = — pVZ’
214py

and, hence, the Hamiltonian is given by:

2

N N
pvi N
H(t) = > |pg -vi— | +pv - gla) | + (pw,t), D A (v —qu) ),
i1 Ayipy [
(7-7.4)
Transversality conditions are the same as before:
Po,(T) = pv,(T) =0
p-(v,T) = pl(v) (7-7.5)
py(T) = L
The necessary optimality conditions are now given by:
qQi(t) = wi(t)
: P, (t)
it) = ——F— i
vi(t) 2 + g(ai)
N 2
: [Py, ()]
t) = —_ 7-7.
o0 = (7-7.6)
N
vit) = ) Ay (v —au(?)
l,n=1n#l
pqi(t) = _qu'g(qi)'pvi
1 N
- <p£<u>, > <—VAp(V—Qm(t))+VAp(V+qZ'n(t)))>
n=1,#1i

Pv,() = —Pq(t)
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Nominally for the circular orbit observatory, fuel is not required to keep formation
(ignoring J, and, possibly, drag for LEO and other perturbations.) Hence we have
u;(t) = 0 for all £ € [0,7]. Hence we have the following results: py,(t) = pq, = 0.
Hence, the corresponding transversality conditions (namely, py,(7) = pq,(7) = 0)

are immediately satisfied. The necessary conditions then become:

yt) = 0 (7-7.7)
Z(Vat) - Z AP (V - qmn(t))
l,n=1,n#l
0 = <p§ ), > (—wip(u — qin(t)) + VA, (v + qm(t))>> .
n=1,#1i

Note that the first two equations in the equations (7-7.7) simply express the Ke-
plarian motion in differential equation form, which is necessary by design. Secondly,
the initial condition y(0) = 0 and the third equation gives y(t) = 0 for all ¢ € [0, 7.
In particular the total cost is y(7") = 0. Since the cost functional is positive definite,
then if the formation satisfies the terminal necessary conditions, then the Earth-
orbiting observatory is optimal. To check for this we need to verify that the terminal
condition (7-7.1) and that the last condition in Equation (7-7.7) are satisfied. By
construction, the formation makes enough orbits [ such that at terminal time T" we
have h(z(v,T)) = 1 and, hence, satisfying the terminal condition. As for the last
condition in Equation (7-7.7), Similar to the discussion made in the last paragraph
of Section (2.6), any symmetric function pf(v) (such as pf(v) = 0) will satisfy this
condition by symmetry of the the second term in the inner product. This shows that
the Earth-orbiting formation is an optimal solution to the problem.

A final remark is in order. The basic assumption above is that the formation
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maintains its rigidity. The Earth-orbiting observatory will maintain formation even
when in eccentric orbits as long as the spacecraft elliptic motions are in phase and
have the same value for the semi-major axis. Once rigidity is not maintained, gaps
emerge and symmetries will be broken in the frequency domain. This will immedi-
ately violate the necessary conditions and the formation does not satisfy the necessary
conditions, in the strict mathematical sense discussed in this chapter, and is thus

sub-optimal.
7.8 The Interferometric Observatory

The Earth-orbiting constellation configurations proposed above will completely
cover the wave number plane in half an orbit period, while imaging for several orbital
periods will result in improved image quality. Thus, over a short period (days at
most) an image can be formed. If we place the constellation in an inclined orbit,
the orbit plane will precess relative to inertial space and the constellation will scan
across the celestial sphere at a constant rate, effectively repeating its coverage after

half a nodal period. The precession rate of the orbit plane is given by [69]

= 3 % R(Z)JQ
Q:_E‘/r_g’ 2 cos(2),

where R, = 6378.14km is the Earth’s radius, Jo = 0.00108263 is the second zonal

harmonic of the Earth, u = 3.986005 x 10°km?/s? is the Earth’s gravitational con-
stant, ¢ is the inclination, 7, is the orbital radius, and the precession period of the
node is T = %” For an 800km altitude orbit inclined at 45° to the equator, the
precession period is 77 days. For a constellation in a 45° or 135° inclination orbit,

every point on the celestial sphere can be imaged with an angular resolution ranging

from 6, to QT/\/§ within half a nodal period.
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An important design consideration is the speed at which the picture frame disc
moves in the wave number plane, as this affects the image quality. The larger this

speed is, the poorer the image quality becomes. Given an upper bound on the wave

*

plane velocity, v*, and a desired angular resolution, 6,., this constrains the angular

rate at which the picture frame disc moves in the wave number plane, equal to

the mean motion of the orbit, w < %’U*QT. This bounds the desired orbit radius,

4
> 3/ A1
TO - (U*@T)2

. Thus, the choice of orbit radius does not depend only on the desired
baselines (determined from the desired angular resolution), but also on the desired
image quality. Note that it is possible to trade a higher speed in the wave number
plane (shorter period) with additional observations, striking a balance between the
two.

Other issues of concern are the signal detection, transmission and interference.
There are certain optical technologies that are assumed to exist for the proposed very
long baseline LEO observatory to be feasible. We assume that either a heterodyne
or a direct detection method is used. Heterodyne detection has the advantage of se-
lecting and detecting only the components of the wavefront of the source that are in
phase with the wavefront of a local laser oscillator [71]. Thus, heterodyne detection
furnishes phase information. On the other hand, direct detection, though less effi-
cient as far as signal to noise is concerned, is still feasible via spatial filtering with a
glass fiber to obtain a single geometric mode [72]. Local heterodyne detection, how-
ever, has a major advantage over direct detection Michelson interferometry. Direct
detection requires that the detected signal be divided into N — 1 equal parts, where
N is the number of satellites in the constellation, corresponding to N — 1 baselines.
This results in the reduction of the signal by a factor of N — 1. Each of the N — 1

signals will possess a reduced SNR. This is exacerbated due to the presence of large
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background noise and the long distances over which the signals are transmitted from
each spacecraft to a combiner spacecraft. For wavelengths above ~ 4um, heterodyne
detection is likely to be superior because of these problems with direct detection. It
could be shown, however, that below ~ 4um, direct detection will have better SNR
properties than heterodyne detection. For a 10um mission, such as the one proposed
in this chapter, heterodyne detection is advantageous.

A technique different from heterodyne detection is also under investigation by our
group at the University of Michigan. This is Fourier Transform Spectral Interferome-
try for electric field reconstruction in a separated spacecraft interferometric mission.
Novel optical techniques exist, such as Dual-Quadtrature Spectral Interferometry
(DQSI) and Spectral Phase Interferometry for Direct Electric Field Reconstruction
(SPIDER), that aim at the full characterization of an electric field, both temporally
and spatially [73, 74]. The goal of such research, which has so far been developed for
highly coherent sources and is currently being developed for non-coherent sources,
is to extract necessary information in digital form that allow for performing the
interference process digitally on a microchip. Once such digital information is avail-
able, these can be sent via communication links such as radio frequency signals to a
central processing unit located on one of the spacecraft for the mutual intensity com-
putations and metrology measurements. In light of technologies such as heterodyne
detection or electric field reconstruction, a very long baseline mission such as the one
we propose in this chapter should be feasible as far as the optics are concerned.

A final remark is that JPL’s Terrestrial Planet Finder (TPF) technology is an IR
interferometer that currently does not involve baselines longer than 100m between
apertures. TPF may provide an angular resolution that is as small as 0.75 milli-

arcsec at 3um and 1000m baseline. This corresponds to single pixel detection of a
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planet located 0.5AU from a sun-like star [3]. The main aim of TPF is to detect
an earth-like planet by separating the planet from its parent star and capturing its
light on a single pixel. In contrast, the underlying aim of the proposed observatory
is to form a multi-pixel image of the disk of the planet. In consequence, the very
long baseline constellation, such as the example we use here, offers 1.9461 x 107°

milli-arcsec resolution at 10um and a longest baseline of over 14,000km.

7.9 Conclusion

In this chapter, the imaging objectives are stated and a class of constellations that
can achieve high angular resolution images in LEO was discussed. An optimization
procedure is also defined that supplies m pixels of resolution with a minimum num-
ber of satellites. We introduced a linear imaging constellation and formulated a 0-1
mathematical programme, the solution of which is the solution to the optimal aper-
ture configuration for full coverage of the wave number plane. This in turn, helps
to numerically solve the constellation design problem for a general Earth-orbiting
constellation.

A sufficient condition for complete u-v plane coverage when under eccentric orbits
was stated and proven. We also addressed short period effects of .J, on imaging. First,
we derived analytical expressions for the maximum perturbations in the position of
the constellation spacecraft as a function of the osculating orbit elements. These
studies lead to design criteria that ensure wave number plane coverage as a function
of perturbation size for both eccentricity and J, perturbations. The modified design,
however, leads to additional lack of coverage of higher frequencies and reduces the
overall resolving power of the constellation.

Finally, we discussed how the zonal J; effect can be utilized to scan the observa-
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tory across the celestial sphere and, finally, we discuss some practical implementation
issues. Future research will study the behavior of similar constellations subject to

more general gravitational fields.



CHAPTER 8

Conclusion and Future Work

This dissertation aims at using the relationship between the motion of an inter-
ferometric imaging formation and the quality of the reconstructed image —via the
notion of the Modulation Transfer Function— for the motion design and guidance of
the formation. The MTF was introduced in Chapter 2 and was used to formulate an
optimal control law that seeks to improve the quality of the image while minimizing
fuel expenditure. This problem has close connections to problems in optimal control
of infinite dimensional systems since there are two independent variables (time ¢ and
frequency v) appearing in the dynamics. The main difference between the imaging
problem and other problems involving wave propagation is that the former has no
transport properties, that is, the constraints are only finite dimensional differential
equations as opposed to partial differential equations. Optimal control of infinite
dimensional systems, in general, has not reached its maturity and is subject to open
research. For more on optimal control of infinite dimensional systems, see for ex-
ample [75]. In particular, future research will focus on optimal control of infinite
dimensional systems and the multi-spacecraft imaging problem.

Using tools from geometric mechanics and differential geometry, in Chapter 3

we introduce the dynamic coverage optimal control problem. Instead of deriving

205
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an optimal control law that is explicitly a function of image quality as was done
in Chapter 2, in the dynamic coverage problem the resulting control law is only a
function of the relative position and velocity vectors between all spacecraft in the
formation. Such a control is shown to result in the same optimal behavior as obtained
in Chapter 2. Though the problem is formulated assuming a point particle model
for each spacecraft, since the problem statement is given on generic manifolds, the
model may be extended to formations of rigid bodies, where spacecraft attitude is
also taken into account.

The modeling of each spacecraft as a rigid body was studied in Chapter 4. The
problem statement as formulated in Chapter 4 (as well as the dynamic interpolation
problem of Chapter 5) is appropriate only for dual spacecraft formations, assuming
one spacecraft is fixed in space and the second free to evolve in R3. In particular, the
main contribution of Chapter 4 is the introduction and analysis of the optimal tra-
jectory tracking problem on SE(3). Future work will focus on extending this problem
to formations of three or more spacecraft. Some related open problems include the
use of Poisson reduction theory to reduce the complexity of the system by utilizing
the presence of conserved quantities (such as energy or momentum) plus any sym-
metric properties of the system. For more on the history of reduction theory, see
Chapter 1 in [76] and [89] and references therein. Another related open problem is
that of applying geometry-preserving numerical integrators to formations of space-
craft. The development of numerical integrators that preserve the structure (such
as the Lie algebra properties of a Lie group) or conserved quantities (such as energy
and momentum) have received special attention in recent years. See for example [77]
and [78] and references therein. On the other hand, the development of geometry

preserving numerical schemes for solving two point boundary value problems still
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remains an open problem, see [79] for example.

In Chapter 6, the dual spacecraft spiraling (on the paraboloid) formation was
introduced. An optimal control problem was formulated that aims at meeting the
imaging constraints while minimizing fuel consumption and improving the signal-
to-noise ratio. It was shown that the problem is convex and that a unique and
global optimal solution exists. The method of continuation was used to solve for the
unique global optimal trajectory. Open problems include the extension of this class
of spiraling maneuvers to three or more spacecraft formations, analogous to the four
spacecraft time-optimal spiraling maneuver introduced in [5].

Finally, an Earth-orbiting observatory that satisfies the necessary conditions for
optimality, with the potential to be implemented in a future Origins mission, was
proposed and studied in Chapter 7. Future research will study the behavior of these
constellations when subject to other types of perturbations such as drag and the
influence of a third body. Practical implementation issues, such as signal synchro-
nization, transmission, digitization, storage and processing are also of significant

concern and must also be the subject of future research.
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APPENDIX A

Mathematical Background to (Geometric
Mechanics and Optimal Control

In this appendix we give a very brief introduction to basic notions from differential
geometry and geometric mechanics. It is not intended by any means to be compre-
hensive. We include material in this appendix based on three reasons. Firstly, we
may include material in this appendix that is implicitly at the heart of the geometric
tools used in the main body of the dissertation. For example, Lagrange multipliers
appearing in many chapters are objects that belong to the cotangent space. The
cotangent space itself is not explicitly discussed in the body of the dissertation but
we do so in this appendix. Secondly, we will also make definitions and include results
that are needed, not in the main body of the dissertation, but to make other defini-
tions and derive other results included in and are central to the dissertation. Finally,
often we include material that will not be used anywhere in this dissertation. The
goal is to make this appendix a bit more comprehensive in nature. The interested
reader should thus consult the following references on the theory and applications of
geometric mechanics (not in any specific order) for a full and comprehensive under-

standing of this beautiful subject matter.

Differential Geometry: The books by Abraham, Marsden and Ratiu [80], Boothby
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[60], Burke [81], Crampin and Pirani [82], do Carmo [83] and [84], Kobayashi
and Nomizu [85], Milnor [41], Onishchik and Vinberg [50], the comprehensive

multi-volume book by Spivak [59], Warner [52] and references therein.

Geometric Mechanics: The books by Abraham and Marsden [86], Abraham, Mars-
den and Ratiu [80], Arnold [87], Bloch [42], Burke [81], Monforte [88], Marsden

[89] and references therein.

Geometric Control Theory: The books by Bloch [42], Bullo and Lewis [51], Agra-
chev and Sachkov [90], Jurdevic [91], Monforte [88], Marsden [89], Marsden and

Ratiu [92], Murray, Li and Sastry [93] and references therein.

Geometric Optimal Control Theory: The book by Agrachev and Sachkov [90],
the thesis by Camarinha [55] and the papers by Noakes, Heinzinger and Paden
[30], Crouch and Jackson [35], Crouch and Jackson [31], Crouch and Silva-Leite
[32] and [33], Crouch, Silva-Leite and Camarinha [34], Silva-Leite, Camarinha

and Crouch [94] and references therein.

Geometry and Space Time Physics: The beautiful book by Misner, Thorne and

Wheeler [95].

A.1 Basics of Differential Geometry

A.1.1 Fundamentals

Definition A.1.1 (Diffeomorphism). Let M and N be two sets. A map ¢ : M —

N is a diffeomorphism if the inverse map ¢~!: N — M exists and is C*°.

Definition A.1.2 (Homeomorphism and Homeomorphic Sets). A continuous

map f : A C R" — R" is a homeomorphism onto f(A) if f is one-to-one and the
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inverse f~! : f(A) C R® — R"™ is continuous. In this case A and f(A) are called

homeomorphic sets [84].

Definition A.1.3 (Local Chart). Let S be a set. A local chart on S is a bijection,

¢, from a set U C S to an open subset of some finite dimensional vector space F.

Definition A.1.4 (Compatibility of Local Charts). Two local charts (U;, ¢;)
and (Uj, ¢;), with U;, U; C S and U;(U; = 0, are compatible if the overlap maps

(for example ¢j; = ¢; - ¢; ' |¢; (Ui U;)) are C* diffeomorphic.

Definition A.1.5 (Atlas). An atlas A on S is a family of charts {(U;, ¢;) : ¢ € I}

such that
1. S={Usi € I}.
2. Any two charts in A are compatible.

Definition A.1.6 (Equivalence of Atlases). Two atlases A; and A, are equivalent

if A; () A is an atlas.

Definition A.1.7 (Differentiable Structure). A differentiable structure T on S

is an equivalence class of atlases on S.

Definition A.1.8 (Maximal Atlas). The union of atlases in Z, A7 = |J{A]A € T}

defines the mazimal atlas of Z.

Definition A.1.9 (Differentiable Manifold). A differentiable manifold is the pair
(S,7Z), where S is a set and Z is a differentiable structure (often taken as the maximal

atlas.)



212

Example The n-sphere, S™, is a manifold. To see this, in R"*1 S™ is the set of
all g € R™! such that ||q|| = 1. One can locally construct bijections from S™ to R™,
say, stereographically from the south or north pole onto a hyperplane tangent to the
north or south pole, respectively. These are two bijections with the south or north
pole, respectively, removed, onto R”. In a region covered by both coordinate systems,
we are able to change coordinates smoothly and, thus, any two such bijective maps
are compatible. The resulting topology on R" is the same as that induced on S™ in

R™™. Thus, S™ is a manifold in R"™[86].

Definition A.1.10 (Submanifold). N C M is a p-dimensional submanifold if and
only if Vq € N, 3 (U, ¢) a chart, where q € U and ¢ : U — (q,...,¢,), such that
SlUNN — (q1,---,4,0,...,0), where (q1,...,¢,) are some coordinates on F' (I as

defined in definition (A.1.3).

Definition A.1.11 (Embedded Submanifold). M is said to be an embedded
k-dimensional submanifold of Fuclidean space R™ if in a neighborhood U of every
q € M there exists n—k functions f, : U — R, ..., f,_r : U — R such that the inter-
section of U with M is given by f; =0,..., f,_r = 0 and vectors gradfy, ..., gradf, s

are linearly independent.

Definition A.1.12 (Tangent Space and Tangent Vectors). If M is a man-
ifold k-dimensional manifold in E" (i.e. R™ with an Euclidean norm) then every
point q has a k-dimensional tangent space TqM; the orthogonal compliment to

{gradfi,...,gradf,_;}. Vectors in TqM are called tangent vectors to M at q.

Definition A.1.13 (Tangent Maps on R"). Let E and F be vector spaces and

let f:UCFE —V CF, where U and V are open sets and f is class mathcal C™*.
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Define the tangent map of f, Tf (or, fi), by Tf : TU =U x E — TV =V x F,

where Tf(u,e) = (f(u),Df(u)-e),e € F and u € U. Tf is of class mathcalC".

The tangent space to M at q is the set of all tangent vectors to curves in M
passing through q. In other words, if c(¢) is an arbitrary curve in M, with ¢(0) = q,

the tangent space is the set of all vectors v =¢q = %|t:0c(t).

Definition A.1.14 (Equivalence of Curves). Two curves c¢;(t) and ca(t) are said

ci1(t)—ca(t)

; = 0 in some chart.

to be equivalent at q if ¢;(0) = c9(0) = q and lim;_,

A tangent vector to M at q is an equivalence class of curves c(t) with ¢(0) = q.

The set of all tangent vectors at M is the tangent space at q € M, TqM.

Definition A.1.15 (Tangent Bundle). The tangent bundle of M is the set TM =
Ugens TaM.

Definition A.1.16 (Tangent Bundle Projection). Let (¢', ..., ¢") be local coor-
dinates on M (q) and denote by ¢y, ..., q, the components of a tangent vector in this
coordinate system. (g, q) give local coordinates on TM. The mapping 7: TM — M

maps a tangent vector q at the point q € M. 7 is called the tangent bundle projection.

Remark A.1.1. Note that 7 : (q,q) — q is not a one-to-one mapping. Moreover,

the mapping 77 '(q) = TqM is called the fiber over q.

Definition A.1.17 (Tangent Maps on Manifolds). Let M and N be two differ-
entiable manifolds and let q € M. A tangent map is a mathcalC* map f : M — N

given by Tfq = fiq : TqM — TyqN. More precisely, let v.€ TqM and consider

any curve c(t) with ¢(0) = q and dzgt) =v. Then, Tfq(v) = $£|,_,f(c(t)). The

-

union of all such mappings gives the tangent map Tf = f,: TM — TN.

Remark A.1.2. Tf,(v) does not depend on the chosen curve c(t).
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Definition A.1.18 (Vector Fields). A wvector field on a manifold M is a section
of the tangent bundle TM of M. In other words, it is a map X : M — TM such

that X(q) € TqM, Vq € M.

Let (U, ¢) be a coordinate chart around q € M and let A be a smooth function on

M. With this coordinate chart associate n tangent vectors at q: (8%1) . ( 0 > ,
q

q . 9
(36;‘)01 B = [‘9(%—(;_1)} X=¢(q)

These vectors form a basis for the tangent space at q. In other words, any vector

which are defined as:

v € TqM can be written as v.= " v; (%)q. A nice way to put it is that a vector
field is a rule for picking a tangent vector at every point in the manifold.

The set of all vector fields on M is denoted by X' (M).

Definition A.1.19 (Integral Curve). Let U C R" be an open set and let X €
X (M) be a vector field on U. An integral curve of X with initial condition qq is

differentiable curve c defined on some open interval I C R containing 0 such that

c(0) = qp and c'(t) = X(c(t)) for all t € I.

Locally, if X is given by (¢',...,q"), ie. X = qla% +...+ q”%, and c(t) =

(cX(t),...,c"(t)) the above definition implies that ¢; = ¢'(c*(t),...,c"(t)),i=1,...,n.
A.1.2 Exterior Forms and Tensors

Definition A.1.20 (Exterior One-Forms). An exterior form of degree one on a
vector space R™ is a linear function mapping R™ to R. Under vector addition and
scalar multiplication, the set of all such forms is itself a vector space called the dual

space of R", denoted by (R")".
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If ¢1,..., ¢y, is a basis for (R")" and w = D" | a;¢; is an arbitrary one-form, then
w(v) =>"" a;¢i(v), where v is a vector in R".
The dual basis is defined by ¢;(e;) = d;;, where €;, i = 1,...,n, form a basis for

R™.

Example A simple one-form is the work done by a force field F € R? on the
displacement d. The one-form is expressed by w(d) = (F,d), where (-, ) is the inner

product in Euclidean space [87].

Definition A.1.21 (Exterior Two-Forms). An exterior form of degree two, w? :
R™"xR™ — R, is a function on pairs of vectors, which is bilinear and skew symmetric.

In other words,

(.JQ()\1V1 + )\2V2,V3) = )\1w2(V1,V3) + )\QWZ(VQ,Vg), VV1, Vo, V3 € Rn, )\1, )\2 c R

Wi(vi,vo) = —w?(va,vy), VVvi, vy € R

The set of all two-forms on R™ forms a vector space.

Example The oriented area of the parallelogram constructed on the vectors v,

and v, in R? is a two-form given by

V11 V12
W<V1a V2) = )
V21 V22

where Vi = V11€1 + U12€2 and Vo = U21€1 + VU92€2 [87]

Exercise  For every two-form w in R"”, w(v,v) = 0 for all v.€ R". This is obvious
from the second property of two-forms given in the above definition; w(v,v) =

—w(v,v) and, thus w(v,v) =0 [87].
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Definition A.1.22 (Exterior k-Forms). An exterior form of degree k, w : R™ x
R™...xR"™ — R, is a function on k vectors, which is k-linear and antisymmetric. In

other words,

‘-"<>\1V1 + /\2V/17V2; ce 7Vk) = )‘1‘*’("17"27 e 7V3) + )\2W(V/17V2; ce 7Vk)7

Vv, vii e R", A\, M €R

w(Vi, .., vi) = (=D)"w(vy,...,vg), Vv, ..., vy € R,
where
0 if the permutation iy, ...,y is even
V=
1 if the permutation iy, ..., i is odd
Example The oriented volume of a parallelepiped with edges vy, ..., v, in

Euclidean space R" is an n-form. The volume is given by

Vi1 Uin

w<V17"‘7V1): 9

Un1 " Unn

where v; = Y "

=1 Vije;. This is an n-form because the determinant operation satisfies

the two properties of a general n-form that are stated in definition (A.1.22) [87].

Remark A.1.3. Defining the addition and scalar multiplication operations for k-
forms by

(w1 4+ w2) (v, Vo) = wi(Vvy, Vo) + wa(vy, va)

and

(Aw)(vi, va) = Adw(v1, va),

respectively, one has a real vector space for the set of all k-forms on R™.
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Fact A.1.1. The vector space of k-forms on R™ is a finite-dimensional vector space
with dimension C*. For example, the vector space of two-forms on R™ is a finite-

dimensional space with dimension C} =n(n —1)/2 [87].

Definition A.1.23 (Exterior Product of Two One-Forms). The exterior prod-

uct of two one-forms w; and ws is the two-form defined by

wl(vl) w2<V1)
w1 A\ CUQ(Vl, VQ) =

wl(v2) LUQ<V2)
Exercise To show that the above definition for the exterior product is indeed a

two-form note that first we have

wl(VQ) Lc)g(VQ)
wl/\LUQ(VQ,Vl) =

wi(vi) wa(v1)
= wi(Vo)wa(vi) — wa(va)wi(vy)
= —[wi(vi)wa(va) — wa(vi)wi(va)]
wi(vy) wa(vy)

wl(vl) (.dQ(Vl)

= —Ww; A UJQ(Vl, VQ),
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which is the second property in definition (A.1.21). As for the first property in the

definition, note that

w1 Aws(Avi + AoV, va) wi1(Av1 + Aov)) wa(A1vy + Aav))
1 AWMV + AoV, va) =

wl(Vz) C.UQ(VQ)

)\1w1(V1) + )\le(Vll) )\1(.02(V1) + )\QLUQ(V/I)

wi(va) wa(va)

= (Mwi(vy) + dawi(v])) wa(va)

— (Mw2 (V1) + Aows (V1)) wi(va)
_ wi(vi) wa(vy) Y wi(v]) wa(v))
wl(Vz) (.UQ(VQ) L(J1<V2) (.UQ(V2>

= )\1(.4.11 A\ UJQ(Vl, Vg) + /\le A WQ(V/17 VQ).

Thus the first property is also satisfied. Therefore, the exterior product of two one-

forms as defined in definition (A.1.23) is indeed a two-form.

Definition A.1.24 (Exterior Product of £ One-Forms). More generally, sup-

pose that we are given k one-forms wy, ..., w;. The exterior product is defined as

wi(vy) - wi(vy)

(wl/\.../\wk)(vl,...,vk):

wi(vg) - wi(vy)

Exercise  One can show that the exterior product of k£ one-forms is itself a k-form.
Let 2 = (w1 A ... Awy). Thus we need to show that Q is a k-form. To do this we

need to show that Q(Avi+Aavi, ..., Vi) = MQ(ve, ..., ve) +AQ(V], ..., Vi), which
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is true because

wl()\lvl + )\gv’l) s wk()\lvl + )\gv’l)
Q()\lvl + /\QV/I7 c. ,Vk) = W1(V2) . wk(VQ)
w1 (Vi) e wi(vE)
AMwi (V) + Aewi (V]) o Mwi(vy) + dawir(V))
_ wi(vz) e wi(va)
w1 (V) e wi (V)
) wi(va) - wi(va)
= Z(—l)"“ (AMwi(vi) + Aaw;(v]))
wl(vk) wk(vk)
wi(vi) - wi(vi) wi(vy) - wi(vh)
= A\ : : + A2
wi(ve) - wi(vi) wi(vi) - wr(vi)

= AlQ(Vla s 7Vk) + )‘QQ(VIM s >Vk)7

where we have used the definition of a matrix determinant and the fact that wq, ..., w;
are one-forms. If we let A be a (kK — 1) x k matrix, |A|, is defined here as the
determinant of the matrix A with the " column and i*® row removed. The sec-
ond property that we need to show is that Q(v;,,...,v;) = (=1)"w(vy,..., V),
VYvi, ..., vi € R". This can be shown in a fashion similar two that used in the
above example for the exterior product of two one-forms using some properties of

the determinant.

Definition A.1.25 (Tensors). Let E be a vector space. A a multi-linear map of
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the form

T(E)=L"*)(E*...,E"E,...,E) :E*x .. xE*xEx...xE—R
\_V_/\W—/ A ~~ ~ J

r copies s copies r copies s copies

is called a tensor on E. It is said to be contravariant of order r and covariant of

,
order s. It is also said to be of type

S

Definition A.1.26 (Tensor Product). Let ¢, € T (E) and ¢, € T; (E). The

tensor product t; @ to € T2 (E) is given by

s1+s2

@B B Y e fa 91 )
=t.(B" .., 8" fr e fs (Y Y g1 Gsy),s
where ', v* € E* and f;, ¢; € E.
Remark A.1.4. Let t € TY(E,R). ¢ is called skew symmetric if

tler,. .., ex) = sign(o) tlesqy, - - -, o)),

where o(+) is a permutation. in other words, ¢ changes sign whenever two entries are

interchanged.

Remark A.1.5. One can skewify an element ¢ of T9(FE) by using the alternating
map:

1 .
A t(eh BRI ek) = E Z 81gn((7) t(ea(l)7 BRI 60(k))7

’ oES)

where S, is the set of all possible permutations.

Example If a and 3 are two one-forms, then

1

51 (@(V)B(v2) + (~Da(va) 5(v))
1

— 5(0{(V1)5(V2) — a(va)B(v1))

- %a A B((v)1, (v)2).

A(a® B)(vi,v2) =
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Definition A.1.27 (Exterior Product). Let o € TY(E) and B € TY(E). The
exterior (wedge) product, a A 3 € A*(E) is defined by

(k+1)!

N ==

Ala® B),

where A*(E) is the set of (k + [)-forms on E.

A.1.3 Differential Forms

One can now extend the notions introduced in the previous section to tensor
fields and differential forms on a manifold M. First, lets consider the differential

one- and two-forms.

Definition A.1.28 (Differential One-Form). Let M be a manifold and f : M —
R be a C* function. Let q € M and c(t) be a smooth curve in M with ¢(0) = q. The
differential one-form of f at q, dfq, is the linear map dfq : TqM — R defined as

follows. Let v = Sc(t)| , then dfy(v) =S| f(c(t)). dfq is a one-form on TqM.

t=0 =0
Denote by df the smooth map that maps the tangent bundle, TM, to the real line;

df : TM — R.

Fact A.1.2. Every differential one-form on the space R™ with a given coordinate

system qq,qa, . .., qn can be written uniquely in the form

w = a1(q)dg + az(q)dgs + - + an(q)dgn,
where the coefficients a;(q, i = 1,...,n, are smooth functions [87].

Definition A.1.29 (Tensor Field k-form). Denote by I''(M) the rth-order con-
travariant and sth-order covariant tensor field. ¢ € I';(M) has the local form

i1,02,00ir 9 9 j ]
t(u) = t]11:]22 777777 js (u) aq“ ® o e ® aqlr ® dqjl ® e ® dq.js7

where v € U and U is a local chart.
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Definition A.1.30 (Differential k-Form). A differential k-form wk‘q at a point

q of a manifold M is an exterior k-form on the tangent space TqM to M at q.

Fact A.1.3. Denote by QF(M) the set of differential k-forms on M. The differential

form w € QF(M) on M, has the local form

w(q> = Z ail ..... ik (Q)dqzl FANRAAN dq”C7

Definition A.1.31 (Cotangent Vectors, Cotangent Spaces and the Cotan-
gent Bundle). Let M be an n-dimensional differentiable manifold. A cotangent
vector is a one-form on the tangent space to M at q € M. The dual or cotangent
space, denoted Ty M, to the tangent space TqM is the set of all cotangent vectors to
M at q and is an n-dimensional space. The union of the cotangent spaces to M at

all points q € M is called the cotangent bundle, denoted T*M.

Definition A.1.32 (Exterior Derivative). Let o = oy, ;,dg" A ... Adg* be a

differential k-form. Define the exterior derivative, d(-), as da = (‘micll#”dqi Adgt A
...Adg"*, where i; < ... < ;. In particular, note that d(q") = g—gqui = dg* and that
d(dg') = Gldg' Adg' = 0.

Definition A.1.33 (Interior Product). Let M be a manifold, X be a vector field

on M and w € QFY(M) a (k + 1)-form. The interior product, ixw(-), is defined by

iX“(QlaQQa S 7q/€) = CU(X, q1,92, - - - 7q/€) € Qk(M)

ixw(-) is sometimes denoted X w.

Example Let a and 3 be two one-forms. Then {ix(a A )} (Y) =aApB(X,Y) =
a(X)B(Y) — a(Y)a(X). More generally, if o is a k-form and [ is a [-form, then

ix(a A B) = ((ixa A B) + (=1)Ma A (ix3).
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Definition A.1.34 (Pull-Back and Push-Forward). Let o be a k-form on a
smooth manifold N and let ¢ : M — N, where M is also a smooth manifold.
Define the pull-back operation on a by ¢, denoted ¢*«, by (¢*«) (vi,..., V) =
a(p(q))(Tqep - vi,...,Tqop - vi), for some q € M, and where v, € TqM, i =

1,...,k. The push-forward operation on a by ¢!, denoted ¢.a, is defined as
(¢*a> (Vla R 7Vk) = ((¢_1>* Oé) (V17 s 7Vk>‘

Definition A.1.35 (Exterior Derivative). The exterior derivative of a k-form «

on a manifold M is a (k+ 1)-form, denoted dcv, defined by the following proposition.

Proposition A.1.1. There exists a unique mapping d from k-forms to (k+1)-forms

on M such that

1. If f € mathcalC*>®(M), then df is the differential of f.
2. davis linear in a; d(croq + caan) = c1d(aq) + cod ().

3. Product rule: if a is a k-form and (5 a l-form, then d(a A f) = da A [ +

(—1)*a A dp.

4. d(da) = 0.

(&

- dis local: d(a|U) = da],,.

-----

Lemma A.1.1. The d operator commutes with pull-back: d(¢*a) = ¢*(da).

Definition A.1.36 (Lie Derivative). Let a be a k-form and X be a vector field

on M with flow &, : M — M;q — ¢q;. The Lie derivative of o along X is defined as

Lxo = Pi% n [(I)t ~aqy) — O‘(Q)] = Eq)ta

t=0"
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Theorem A.1.1 (Lie Derivative Theorem).

d

Example  Given a vector field X on M and a function f : M — R, then the Lie
derivative of f along X is given by

£xf = lim f(a-+ ) — fla)] = V1 -v.
which the directional derivative of f along v, where q € M and v € TqM (i.e.
X = Z?via%i and v = [v! v? .- v"]).

If Y is a vector field on N and ¢ : M — N, then the pull-back ¢*Y is a vector
field on M, given by: (¢*Y) (q) = Tq¢'-Y - ¢, which is the tangent map inverse of
0.

Definition A.1.37 (Differential Operators and Derivations). A differential
operator is one that measures some of the terms in the Taylor Series expansion of
a map. A first order differential operator that is sensitive to the linear terms is
called a derivation. In other words, an operator X (such as a vector field) is called

a derivation if it obeys the Leibniz rule for derivatives

X(fg) = X(g) + 9X(f),
where f and g are two functions [81].
The following paragraphs are essential for subsequent developments.

Definition A.1.38 (The Lie Bracket). Let X and Y be two vector fields and
f: M — R. One can then operate on f with X to find at every point the derivative
of f in the direction of X, X(f). The outcome of this operation, X(f), is another
function, which can be operated on by Y, Y[X(f)]. The Lie bracket of X and Y,

[X,Y], defines a unique vector field: [X,Y]: f — X[Y(f)] — Y[X(f)]-
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Example  The derivative of f = 2% + y? in the direction (0/dz + 0/dy) is given
by (0/0x + 0/dy)(2* + y?) = 2(z + y).
Theorem A.1.2. The Lie bracket of two vector fields X and Y is a derivation.
Proof
(X, Y](fg) = X[Y(f9)] = Y[X(fg)]
= X[fY(9) +9Y(N] = Y[IX(g) + 9X(f)]
= SX[Y (9] +¢X[Y ()] - fYX(9)] — 9X[Y(f)]
= [AXY(9)] = Y[X(9)]} + g {X[Y ()] = YIX()]}
= [IX,Y](g) +9[X, Y](f),
where the fact that X and Y are both (linear) vector fields, then each is a derivation.

Theorem A.1.3. The Lie bracket satisfies the Jacobi identity; if X, Y and Z are

vector fields, then:
(X, [Y,Z)] +[Y,[Z,X]] + [Z,[X, Y]] = 0.
Proof Let f be a smooth function on M. First, compute [X, [Y,Z]]:

X, [Y,ZI)(f) = X{Y[Z()] - ZIY()]} - [Y. 2] {X()}
= XAY[Z(N)]} = XA{Z[Y (D]} = Y{ZIX(N)]} + Z{Y [X()]}-
Likewise, we have
Y, [2,X]](f) = Y{Z[X(N)]} = YAX[Z(N)]} = Z{X[Y ()]} + XAZ[Y ()]}

and

2, X, Y]I(f) = ZAX[Y (D]} = Z{Y XN} = XAY[Z(N)]} + YX[Z(N)]}-



226

Summing the above three expressions one obtains Jacobi’s identity.

Remark A.1.6. The Lie bracket [X,Y] is sometimes denoted L£xY. So, if ®; is
the flow of X, then the dynamic definition of the Lie derivative applies: LxY =

Y.

i

A.2 Fiber Bundles

Definition A.2.1 (The Fiber Bundle). A fiber bundle is a space M for which
the following are given: a space B called the base space, a projection ¢ : M — B
with fibers ¢~!(r), r € B, homeomorphic to a space F, a structure group G of

homeomorphisms of F' into itself, and a covering of B by open sets Uj, satisfying

1. the bundle is locally trivial; that is ¢~'(U;) is homeomorphic to the product

space U; x F' and

2. if h; is the map giving the homeomorphism on the fibers above the set Uj, for

any q € U; (| Uy, then h; (h,;l) is an element of the structure group G.

The bundle is called a principal bundle if the fibers of the bundle are homeomorphic
to the structure group and it is called a wvector bundle if it is homeomorphic to a

vector space.

In simple terms, the fiber bundle is a pair of manifolds M and B and a projection
m: M — B. The base space B is the space on which the field is defined, M is the
space where the field is graphed, while 7 is the map that assigns to each point on
the graph a point in B where the field variable is defined. For r € B, 771(r) is called

the fiber over r and is the space of field variables (the fiber.) These fibers usually
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have a geometric structure, but, in case they are all vector spaces, then the bundle

is referred to as a vector bundle [81].

Example  The simplest example for a fiber bundle is that of the graph of a real-
valued function f : R” — R. The graph of f lies in a space that has one additional
dimension, R"*1. f is now a hypersurface in the larger (n + 1)-dimensional space.
The original space, R", is the base space B, whereas the larger (n + 1)-dimensional
space is the fiber bundle M. For n = 2, a point in the base B is (x,y), where x and y

are the coordinates. The corresponding point in the bundle M is (z,y, f(z,y)) and

m(z, y, f(z,9))] = (z,y), while 77 (z,y) = (2,9, f(,9)).

Example TS! is a vector bundle, the tangent bundle to the circle. The base is

S1 and the fibers are homeomorphic to R.

Definition A.2.2 (Section). A section isamap I' : B — M such that 7-I'(r) = r.

' assigns to each point a field quantity at that point.

Example An important bundle is the cotangent bundle defined above. This
is the field of one-forms on a manifold M, T*M. Let q be the coordinates for
points in M, w be a one-form on M, whose coordinates are p. Thus, w = pdq =
> pidg’. Reasonable coordinates for a point in the cotangent bundle T*M is
(¢',...,q" p1,...,pn). The base space here would be M, the fiber bundle is T*M

and the projection 7 : T*M — M = 7(q',....q", p1,- .., pn) = (¢4, ..., q").

Example The tangent bundle, TM, is another fiber bundle. The base space is
the manifold M. The tangent space together with M constitute the fiber TM. Rea-

sonable coordinates for a point in the cotangent bundle TM is (¢', ..., q", v, ..., v,),
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where (vy,...,v,) is the coordinate of a tangent vector. The projection 7 : TM —
M :w(q' . ¢ v, ) = (¢ ).

For the case of real-valued functions, the values of f at different points on B
can be directly compared and the gradient of the function (its local rate of change)
furnishes the geometric structure. However, for bundles where the fibers are fields
(such as a vector field) as opposed to function values, field values are not directly
comparable. To be able to compare field-values at different points on the manifold,
additional structure is added to the manifold so that the field values all lie in spaces
of similar structure (but not necessarily in the same space.)

For vector fields on a planar manifold one can directly compare the field values
and come up with constant fields (that do not vary from one point on the manifold to
another.) For an arbitrary manifold. A connection is a tool that is used to single out
fields that are “constant” (at least in some sense) across the base space M. These

fields are called horizontal fields. First, the notion of a wvertical space will be defined.

Definition A.2.3 (Vertical Space). Given a fiber bundle M with a projection
map 7, let Tqm denote the tangent map at any point. The kernel of Tqm at

any point q is called the vertical space and is denoted by Vq: Vq = Ker(Tqm) =

{vq € TyM : Tqm (vq) =0 € Trq) B}

Definition A.2.4 (Ehresmann Connection). An Ehresmann connection A is a

vertical vector-valued one-form on M that satisfies:
1. Aq : TqM — Vg is a linear map for each point q € M.
2. Ais a projection: A(vq) = vq, Vvq € Vg

Definition A.2.5 (Horizontal Space). The horizontal space Hq is the kernel of

Ayt Hq=Ker (Aq) = {vq € TqM : Aq(vq) =0 € Vqy}.
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Fact A.2.1. TqM = Hq © Vq; TqM 1is the direct sum of Hq and Vy.

Lemma A.2.1. Let the bundle coordinates be defined by (r®,s*) for the base and

fiber. Thus, w(r®,s*) = r®. Then the connection A can be represented locally by a

vector-valued differential form w®: A = w* where w*(vq) = ds® + A% (vq)dr®

8 a
Proof Let vq be an element of T4M: vy = Zﬁr 525 + > 5% Then w'(vq) =
§7+ A% and A(vq) = ($°+ A%r*) 5% Thus, A(A(vq)) = w ad [(s + A%r) @} =

(ds® + A%(r, s)dr®) (s* + A%7®)

= (8% + A%y “) = A(vq). This shows that

(@s%)?

0
s

A = w2 is a projection. As for linearity, A = w?-% is evidently linear as the

0s@

vector-valued differential one-form w® is linear by definition.
[ |

Definition A.2.6 (Horizontal Lift). Given an Ehresmann connection A, a point
q € M and a vector v, € T, B tangent to the base at a point r = w(q) € B, define
the horizontal lift of v, to be the unique vector v in H, that projects to v, under
Tqm: Tar(Vvh) = vgq.

q

Definition A.2.7. The horizontal part of a vector Xy € TqM is defined as: hor X4 =
Xq — Aq) - Xq.

Fact A.2.2. From the above one concludes that the wertical projection is a map
given by: (7%, 5%) — (0,8* + A%*) and the horizontal projection is a map given by:
(7, 8%) — (r, —A%7).

Definition A.2.8 (Curvature of a Connection). The curvature of a connection
A is the vertical-vector-valued two-form B on M defined by its action on two vector
fields X and Y on M by: B(X,Y) = —A([hor X, hor Y]), where the bracket [, -]
denotes the Jacobi-Lie bracket of vector fields obtained by extending the stated

vectors to vector fields.
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Definition A.2.9 (Linear Connections). A linear connection is one where the
sum of two horizontal sections be horizontal; if (7, 5%) and (cjo‘, §“) are horizontal,
then so should be (7’"’, 5% + §“> In other words, if §4 A% (r,s)¢* = §°+ A% (r,8)¢* =
0, then it is required that $* + 5% + Al(r,s +8)¢* = 0. In this case, the connection

coefficients take the form: A2 =", I'?, (q)s’.

Definition A.2.10 (Affine Connections). If the bundle is the tangent bundle, the
connection is called affine and the coefficients given in definition (A.2.9) are called

the components of the affine connection in the tangent bundle.

Definition A.2.11 (Parallel Transport). A tangent vector v is said to be parallel
transported along a curve q(t) if v is always horizontal along the curve. In other
words, A(vq) = 0 along q(t).

Definition A.2.12 (Geodesic Motion and its Equation). In the tangent bundle
s = 1% The geodesic motion along a curve q(t) is defined as the motion for which

the tangent vector is parallel transported along the curve. From lemma (A.2.1) and

definition (A.2.9), we have the equation of geodesic motion: A(vq) = i*+TLi0 = 0.

Definition A.2.13 (The Covariant Derivative). A linear connection in the tan-
gent bundle can be defined as a map from two vector fields (X,Y) — VxY that

satisfies the following properties:
1. VixigvX = fVXZ + gVvZ,
2. Vx(Y+Z)=VxY + VxZ, and
3. Vx(fY) = fVxY + (df - X) Y,

where f and g are two smooth functions, X, Y and Z are vector fields and df - X

is the Lie derivative, or the directional derivative of f along X (see example after
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Theorem (A.1.1).) V can be represented as an expansion of its basis vectors, Vg /aq,,
and each can be expanded in terms of a set of basis vectors for the vector field
0/04;: Vaq,0/0q = 3 _; /2 de; If X and Y are two vector fields given locally by
X = X*(9/0q;) and Y = Y7 (9/9q;), respectively, then properties (1) and (3) above

imply:

VXY = DY VeV
— ZZ XFYIV , iJrX’“dYJ 0 9
k 7 Erm 8q aqk 8q]

_ fri aw] 0
EEE e

Next, let us revisit the geodesic equations. Note that the i*" component of ¢ is given

by ¢'0/dg;. One can now compute V¢q using the above properties:
Vad = Y Viosadd/dq
(]

= {'Vojoqud =—
/q aqj

3

= 9

_'_

o
. ]..
= (¢ +quq)aqj_0

where the chain rule has been used for the fourth equality and the last equality is
true by virtue of the geodesic equations introduced in definition (A.2.12). Thus, the
geodesic equations can be written as Vqq = 0. V4q is sometimes denoted by 2 dtQ .

Finally, the covariant derivative, denoted ]?ﬁf, is defined as % = V4uX. In local

coordinates the covariant derivative is given by: DX = VqX = Vg /aqz.Xj 0/0q; =

<q3 Xt | i qu'j) 2 = (X + P;‘W.qu'j) 2. Finally, note that if we set X = @,

oq’

we recover the geodesic equations.

One should think of BX d as the time derivative of the field X on TqyM as the

t



232

systems evolves on M with time. When M is flat space R", then % is simply the

time derivative of the filed in R". And since it is flat space, we have TqyM = M

and thus the operation % is simply %. In other words, % = fi—?.

Definition A.2.14 (Curvature and Torsion Tensors). Let X, Y and Z be

arbitrary vector fields on M. The curvature tensor R and the torsion tensor T are

defined by
R(X,Y)(Z) = Vx(VyZ) - Vy(VxZ) - Vixv(Z)
and
T(X,Y)=VxY - VyX - [X)Y].
The following fact is needed in Chapter 5.

Fact A.2.3. Let X, Y, Z and W be vector fields, then the curvature tensor satisfies
(see [41], page 53)

(R(X.Y)Z,W) = (R(W,2)Y,X).
A.3 Riemannian Manifolds and Connections

Definition A.3.1 (Riemannian Manifold). A Riemannian manifold is an n-
dimensional differentiable manifold M together with a choice , for each q € M | of
an inner product (, ) in TqM that varies differentiably with g in the following sense.

For some (hence all) parametrization q, : U, — M with q € q, (U, ), the functions

o 0. . .
gij(ul,---,un)=<%,%>, i,7=1,...,n,
i j

are differentiable at q;'(q); here (u1,...,u,) are the coordinates of U, C R"[84].

Remark A.3.1. A differentiable manifold with a positive definite quadratic form
(-,-) on every tangent space TqM is called a Riemannian Manifold. (-,-), often

written g(-,-), is called a Riemannian metric.
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Definition A.3.2 (Gradient Flows). Let f be a smooth function on a Riemannian
manifold M with metric g(-,-) = (-,-). The gradient flow of f, gradf, is the flow of

the vector field defined by df(v) = (gradf,v) for any v € TM.

Definition A.3.3 (Reduced Bundle). Let M be a manifold with a Riemannian
metric g. For each q € M, one can define a set of orthonormal bases for T¢M. A
reduced bundle of the tangent bundle T M is one whose fibers are orthonormal bases

and that has a structure group O(n) (the set of n dimensional orthogonal matrices.)

Definition A.3.4 (Riemannian Connections). A Riemannian connection (also
called the Levi-Civita connection) is a unique affine connection on M, such that
Vg = 0 and the torsion tensor 7T is identically zero. If the metric is given by

g =73 ¢gi;dg'd¢’, then the connection coefficients are given by

i L 995  Ogix | Ogjk

=50 [ F 90 T ol |

l 2 dq ¢’ dq

which are called the Christoffel symbols. g denotes the il-th element of the inverse

of g.
A.4 Calculus of Variations on Manifolds

In this section, we introduce the notion of a variational vector field. This allows
us to introduce the necessary notation and tools to derive the necessary conditions
for apply the calculus of variations on manifolds.

Let M be a smooth (C*°) n-dimensional Riemannian manifold with the Rieman-
nian metric denoted by (-,-) at a point q € M. Thus the length of a tangent vector
v € TqM is denoted by ||v]| = (v, V)2 where TqM is the tangent space of M at q.
We take V to be the Levi-Civita connection and is, hence, assumed to be symmetric

throughout the entirety of this appendix.
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We will use D/dt and V to denote the covariant time derivative. The manifold M
is assumed to be parallelizable. That is, there exists vector fields X;(q), ..., X,(q) €
TqM at each point q € M such that (X;,X;) = ¢;; for all g € M, where ¢ is the
Kronecker delta. In this appendix we take X; to be the standard basis X; = 0; = 8%1”
where q = (q1, 42, - - -, Gn)-

Let  be the set of all C! piecewise smooth curves q : [0, 7] — M in M such that
q(0) = qo and q(7") = qr are fixed. The set Q) is called the admissible set. For the
class of C! curves in Q we introduce the C! piecewise smooth one-parameter variation

of a curve q € () by

qe: [0,T) x (—e,e) — M

(t7u) - q<t7€) = qe(t)'

A vector field Y along a variation q. is defined as the mapping that assigns to

each (t,e) € [0,7] x (—p,p) a tangent vector Y (t,e) € Tq M. For example, the

vector fields —Da‘ze and Da(f are defined by
Dq. D Dq. D
= — € d = — €)
M= D (foa) mnd D= 2 (foq)

respectively, where f is a C* real-valued function on M. With ¢ = 0, the vector

fields DB‘Z‘ and % are now restricted to q and the C' piecewise smooth vector field
along q, v(t) := %qe(t,()), is the welocity vector field along q. On the other hand,
the C' piecewise smooth vector field Wy = W(t) := £qc(t,0) € Ty is called the
variational vector field associated with q. along q.

The one-parameter variation q. is characterized infinitesimally by the vector space
Tq. Q2 by setting qc(t) = expq)(eWy), where expy; is the exponential map on M.

q. is said to be admissible if, for each € € (—p, p), the curve q, satisfies the boundary
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conditions

q(t,0) = qft),

5 (t,0) = W,
%Da(:e (t,0) = %Wt is continuous on [0, 7]
B0 - Bomuna -

The following two facts will be needed in Chapter 5.

Fact A.4.1. A one-parameter variation q.(t,u) satisfies (see [41], page 50)

D Dq. D Dqc
Je Ot Ot Oe

Fact A.4.2. Let Y be a vector field along q., then (see [{1], page 52)

DD DD, . (Da. Dq
EEY_QQY_R(&’@:&)Y‘
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APPENDIX B

Systems on Lie Groups

The purpose of this appendix is to discuss optimal control problems on Lie groups,
especially the special orthogonal group SO(3). Though some of the results presented
in Section (B.4) are new, to the author’s knowledge, it also serves to set the stage
for the more general optimal control problem discussed in Chapter 4.

We discuss basic properties of Lie groups. Specifically, we are interested in the
group of rigid body motions SE(3) and its subgroups. We begin with basic nomen-
clature and definitions. More detailed discussions can be found in [93], [51], [49] and

92].
B.1 Nomenclature and Basic Definitions

This section relies heavily on Section 2 of [49]. Although the focus of this work
is SE(3), in this section we study proper subgroups of SE(3), denoted by G with Lie
algebra denoted by g. We often specialize the result to the SE(3) case directly. We
begin by stating the equations of motion for a dynamical system with state g € G.
First, one can express the first time derivative of g as either a left or right control
system:

g=gV®’ or §=V?g, (B-1.1)
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respectively, where V? € g is the velocity in body frame and V* € g is the velocity
in spatial frame. The system ¢ = ¢gV? is said to be left-invariant since it is invariant
under left multiplication by constant matrices, while the system § = V?¢ is said to be
right-invariant since it is invariant under right multiplication by constant matrices.

For all g € G and all X, Y € g the adjoint map Ad, and the matrix commutator

adx are defined as

Ad)Y = gYg !

adxY = [X,Y]=XY - YX.

On SE(3), a group element g is represented as a pair g = (R,p) € SO(3) x R3
and velocity by the pair V = (©,v) € s0(3) x R? using homogeneous coordinates
(SO(3) is the special orthogonal group of rotations and so(3) is its Lie algebra.) In

matrix form, these are given by

g= and V= : (B-1.2)
0 1 0 0

The operator * : R® — s0(3) is such that &y = w X y, x being the vector cross
product. Viewing Ad, and ady to be acting on elements of g written as column

vectors in R®, one can show that

R 0 w 0
Ady = and ady =
pR R v w
With the kinematics given by equation (B-1.1), the dynamic equation of motion

is given by

Vb= f(g,V®) + U, (B-1.3)

where, for the sake of later sections, we only work in body coordinates (that is, with

left invariant systems.) From now on, we dismiss the superscript b that denotes a
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body-fixed frame and simply use V. The vector field f(g, V) € se(3) represents the
system’s internal drift and U € se(3) is the control input. The drift term has the

general form:

(9, V) filg,V
0.V) = (9, V) fi(g,V) |
0 0

(B-1.4)

where fr € 50(3) corresponds to rotational drift and f; € R? corresponds to transla-

tional drift. Likewise, we have
(B-1.5)

for the control input, where 7 € s0(3) is the input torque acting on the body and
u € R? is the input force assumed acting at the body’s center of mass. The vector

fields f,, f;, # and u take up the following forms:

0 —fr3(9, V) fr2(9, V) fu(g, V)
fr(9.V) fra(g, V) 0 ~fr(g, V) Fe=| fule, V) |
| —f2(9, V) fua(g. V) 0 | falg. V) |
[ o T3 T _ — m _
# A u=|uy |. (B-16)
—m 70 us

B.2 Preliminary Remarks on Metrics

Much of what is presented in this section can be found in [96] and [84]. If a bilinear
form defined on the tangent space at each point on a manifold M is smooth, positive-
definite and symmetric then it qualifies as a Riemannian metric and M is then called a
Riemannian manifold. If a bilinear form is smooth, symmetric but indefinite, then the

corresponding metric is called semi-Riemannian. On an n-dimensional manifold, a
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metric (-, -) is locally characterized by an n x n matrix of C* functions g;; = (X;, X;),
where X;, i = 1,...,n, form basis-vector fields for the tangent space. If the metric
is defined globally, then the matrix g;; completely defines the metric.

On SE(3), an inner product on the Lie algebra se(3) can be extended to a Rie-
mannian metric over the manifold using left (or right) translations as follows. Let
W be a positive-definite matrix, S7, S € se(3), let the inner product at the identity
e be given by:

<Sl7 SQ) ‘e = S?W‘SZ:

where s; is the 6 x 1 matrix representation of .S;, ¢ = 1,2. If V; and V5 are arbi-

trary vector fields at an arbitrary group element g € SE(3), then the inner product
<\~/1a V2>
g

given by:

on the tangent space T;SE(3) can be defined by a left-invariant metric

T‘II
= U V2,
e

<\~/17\~72> ‘ = <g_1\~f1,g_1\~72> ‘ =(V1,Vy)
g e

where v; is the 6 x 1 matrix representation of V; = ¢~ 'V;, i = 1,2. A right-invariant

metric is defined analogously.

B.3 The Exponential Map, the Logarithmic Map and Expo-
nential Coordinates

We now make more definitions. For proofs, see [49]. On any proper subgroup of
SE(3), the exponential map exp : g — G is a surjective map and a local diffeomor-

phism, where g is the Lie algebra associated with the proper subgroup G.

Lemma B.3.1 (Exponential Map, [49]). Given 1) € s0(3) and X = (¢,q) €
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se(3), then we have Rodrigues’ formula:

~ ~

~ 2

epso () = 1sim (v g + (1 —eos(lel) 1o
expso@) (¥) AlW)g
CXPgE(3) (X) = 50(3)< ) )
0 1
where ||-|| is the standard Euclidean norm and

_ 1—COS(||1/)||)> v ( Siﬂ(||¢||)> Y
Al)=1 1— :

=0+ (SR R (- 25 o

X =log(g) € g is defined to be the exponential coordinates of the group element g
in an open neighborhood of the origin (dense in) G. The logarithmic map is regarded

as a local chart of the manifold G.
Lemma B.3.2 (Logarithmic Map, [49]). Let (R,p) € SO(3) x R?® be such that
tr(R) # —1. Then

¢
~ 2sin¢

loggos)(R) (R~ R") € s0(3),

where ¢ satisfies cos ¢ = % (tr(R) — 1) and |¢| < 7. The logarithmic map on SE(3)

s given by:
v AT
loggpa (R, p) = WP | ea, (B-3.1)
0 0
where 1) = logsos)(R) and
1 - 72
A7 W) =T— ¢ +[1— — B-3.2
(¥) ¢+ L= a(lvl)] T (B-3.2)

and a(y) = (y/2) cot(y/2).

Elements of the Lie algebra se(3) may either represent a velocity as in equation

(B-1.1) (with a velocity element denoted by V = (@, v)) or the matrix logarithm of
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the state as in equation (B-3.1) (with a velocity element denoted by X = (1, ¢)).
With the latter view, elements of se(3) are therefore also viewed as states. An element

of SE(3) is given by g = (R, p).

Remark B.3.1 ([49]). The following identities hold true:

AW)R(WY) = R()A@W) =24(2¢) — A(¥), (B-3.3)
d 1
a1l () Tl (R—A(Y)),

where R() = eXpSO(?))(Q/A})'

Example B.3.1 (Exponential and Logarithmic Maps on SFE(2), [49]). The

orientation angle € has the skew symmetric matrix form

Let X = (0,q) € se(2) . Then we have

. cosf) —sind
€XPso(2) 0) =
sinf cos0
eXpSO(Q)(é) A(f)q
eXpSE(2)<X) = )
0 1
where
1 sin 6 —(1 — cos ¥
(1 —cos@) sin 0
For SE(2), the singularity occurs at tr(R) = —2 as opposed to tr(R) = —1 for

SE(3). Let (R,p) € SO(2) x R* be such that tr(R) # —2. Then loggom (R) = 0,
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where cos) = Ryq, sinf = Ry and |f| < w. Then we have:

0 A" (0)p
logspe) (R, p) = € se(2),
0 1
R alf) 6/2
where 0 = loggos) (R) and A~'(0) = , with «a(+) as defined above.
—0/2 «(0)

The results stated next give explicit formulas that relate the time derivative of
X (t) = log(g(t)) with the body and spatial velocities V® and V*, respectively. For

the linear time-dependent case X(t) = tY, it can be shown that that X = Y =

VP = V5. In fact we have: Y = X = dlogd(tg(t)) = dl‘fg(g)g = g7'g = V' Since
Ve = gg ! = gglggt = gVPg! = Ad,(V?), then V* = Ad,(Y) = Y. Hence,
Y = V® = V*. For the general case, the results are not straight forward and will be
the subject of the next paragraphs.

The first result expresses the body and spatial velocities as integral functions of

the time derivative of X(¢), the exponential coordinates of g(t).

Theorem B.3.1 (Integral Formulas). Let g(t) be a smooth curve on G, X(t) =
log(g(t)) be the exponential coordinates of g(t), V® = g~1g the body velocity and

V¢ = gg~! the spatial velocity. Then X is related to V® and V* through:

Vb = /0 1Adexp(,,\x(t)) (X) ax

1
Ve o= / Adepox (X) X
0

Proof Define V§ such that it satisfies the differential equation:

%exp (AX(t)) = exp (AX(t)) (AVY) ,

where A € [0,1]. Note that if we set A = 1, we have:

g = S exp (X(1)) = exp (AX(1)) (V2) = gV
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such that V? = V. Using the definition of V¥, we then have

% {% exp ()\X(t))} = % [exp (AX(1)) (AV})]
= X(t)exp (AX (1)) (A\V}) + exp (AX(#)) % (AVY)
= X(t)% [exp (AX(t))] + exp (AX(?)) % (/\V?\)
But this is also equal to:
 larew 0X0)] = GO x0)

= Xexp(AX(t)) + X(t)% exp (AX(1)) .

Hence, we have:

exp(/\X(t))%()\Vlj\) = Xexp (AX(1))

implying that:

d . _
a(AVI;) = exp (—AX(t)) X exp (AX(t)) = Adexp(—ax ()X

Integrating this equation over A from A =0 to A = 1, we get:

1 d 1 .
Vb - /Oa()\vg) d/\zvl{:/o Adexp(—rx (1) XdA.

Finally, since V* = Ad,V?, then:

1

Ve — AdngzAdepr(t)/ Adexp(_xx(t))Xd)\
0
1
= /OAdexp(x(t))exp(—AX(t))Xd)\
1
= /OAdexp(X(t))\X(t))Xd)\

1
= / Adexp((-nx () XdA.
0
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Letting 4 = 1 — A, then we have:

1
Veo= - / Adexp(ux (1) Xdp.
0
The theorem is proven.
[ |

Theorem B.3.2 (Derivative of the Exponential Coordinates). Let g(t) be a
smooth curve on G, X(t) = log(g(t)) be the exponential coordinates of g(t), Vb =
g~ 1g the body velocity and V* = gg~ ' the spatial velocity. Then X is related to V?
and V? through:

X = Z%ad; (V")

B, .
= Z Z—'ad;( (VS) y
i=0
where {B;} are the Bernoulli numbers'. The first of these equations could be written

in the form X = BxV?, where the symbols Bx denote:

Remark B.3.2. Noting that B,y 1 = 0 for all £ > 0 and that By =1, By = —1/2,

!The Bernoulli numbers {B;} are a sequence of signed rational numbers that can be defined by

the identity
T i B, !
=
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B, = 1/6 and B, = —1/30, then the first three terms for X are given by:

. B . By,
X = Vb——ladXVb+Z 2) adZ"Vb = VP 4 ad Vv

—ad? V"—— di v +
+12 X 120aX

m 1
— Vi —adXVS + Z B ] ad2"Ve = V° — SadxV*

dXVS — andglcvs

and that the two expressions differ only in the second term. Note that for small X,
the matrix series is full rank and absolutely convergent. In particular at X = 0 we

have X = Vb = Vs,

Remark B.3.3. For a generic group G, let the finite dimension of G be given by
n. Therefore, the rank of the linear operator adx is at most n and by the Cayley-

Hamilton theorem there exist functions h;(X), i = 1,...,n, such that ady"

S hi(X)adk. But since adxX = 0 for any X € g, then the rank of adx is at most

n—1.

Lemma B.3.3 (Time Derivative of Exponential Coordinates on SO(3),
[49]). Let R(t) be a smooth curve on SO(8) such that tr(R(t)) # —1. Let ¥(t) =
log(R(t)) be the exponential coordinates of R(t) and & = R™'R the body angular

velocity. Then we have:

¥ = w3 (¢><W)+04(H¢|I)

= —A — w2 w
- <z+2w+<l (1)) ||w||2> ,

where o(y) = (y/2) cot(y/2) and w = w| + wy s the orthogonal decomposition of w

along span{y} and span{y}+.
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Lemma B.3.4 (Time Derivative of Exponential Coordinates on SE(3), [49]).
Let g(t) = (R(t),p(t)) be a smooth curve on SE(3) such that tr(R(t)) # —1. Let
X(t) = (zl;,q) = log(g(t)) be the exponential coordinates of g(t) and V® = g=1g be

the body velocity. Then we have:

X = BV* (B-3.4)

_ (m+%mx+AmeM§+Bume§)V%

where

PAW) = 20— a)] + 3 o) — 6)],

y'By) = [1—ay)]+

and a(y) = (y/2) cot(y/2) and B(y) = (y/2)?/sin?(y/2). Additionally, the operator

Bx can be written as:
Ay)~" 0
* Aly)~"

Bx =

Remark B.3.4. The * notation signifies that we do not care what the corresponding
element is. We do not care about the (2,1) and (2,2) blocks of Bx since these
contribute to the zero elements (2,1) and (2,2) of the exponential coordinate X,
which is also in se(3) and, hence, ought to be zero regardless of what the second row

in Bx is.

Lemma B.3.5 (Time Derivative of Exponential Coordinates on SFE(2),

[49]). Let g(t) = (R(t),p(t)) be a smooth curve on SE(3) such that tr(R(t)) # —2.

Let X(t) = (é, q> =log(g(t)) be the exponential coordinates of g(t) and V® = g~1g =
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(w,v) be the body velocity. Then we have:

0 = w
q = %j (I—A@0)") g+ A@B) v
(1-a(0)/0  —1/2 a(0) 6/2
= w q+ V.
1/2 (1—a(0))/6 —0/2 a(9)

B.4 Optimal Control of the Rigid Body

B.4.1 Metric on so(3)

For the subgroup SO(3) C SE(3), one uses the Killing form, denoted (-, ), to
define an inner product on its Lie algebra s0(3) as follows. On any Lie group G with

Lie algebra g, the Killing form (-, -) ;- is defined as the bilinear operator on g x g:
(X,Y) = tr(adx - ady) (B-4.1)

for all X,Y € g. The group G is said to be semi-simple if (-,-) - is non-degenerate.
For a compact Lie group, (-, -) - is both non-degenerate and negative definite. Hence,
for a compact Lie group G, an inner product on the Lie algebra g can be defined by
() & —a () g o> 0. For SO(3) we set a =  so that (Q, Q) = —2Tr (2 Q) =
(w1, wa)ps With 1 = &1 € 50(3), Q2 = & € 50(3) and wy,ws € R, It can be shown

that (-,-) is Ad-invariant. That is, (-, ) satisfies:

(X,Y) = (Ad,X,Ad,Y) (B-4.2)
for all g € G. Moreover, the matrix commutator satisfies:

(adzX,Y) = — (X,adzY)

for all X,Y,Z € g. To get a Riemannian manifold structure on G, the Ad-invariant
inner product (-, -) on the algebra g induces and Ad-invariant metric on G by either

a left or right translation.



248

We now derive some basic results and relate these results to previously published
ones.

B.4.2 Euler’s Equation as a Constrained Optimal Control Problem
EOMs in body-fixed frame

In this section we derive Euler’s equations (the rotational equations of motion)
for the rigid body starting with the kinematic equation of motion (in body-fixed
frame):

R = RQ, (B-4.3)

where R is the body’s rotation matrix and Q° € s0(3) is the body’s angular velocity
expressed as a matrix in the Lie algebra. With w® the body’s angular velocity,

0P = @°. To derive Euler’s equations, we minimize the kinetic energy:
™1
J = / 3 (Q°,J(Q)) dt (B-4.4)
0
subject to the constraint given by equation (B-4.3) and the boundary conditions:
R(0) = Ry, R(T) = Ry, (B-4.5)

where the inner product (-,-) corresponds to the Killing form as defined in Section
(B.4.1). J:50(3) — s0(3) is the symmetric?, positive definite, and, hence, invertible
operator defined by:

J(Q) = JQ+QJ, VQ € s0(3), (B-4.6)

where J is a diagonal matrix satisfying J; + J; > 0 for all ¢ # j. The elements of

J are related to the standard diagonal moment of inertia tensor I by I} = Jo + Js,

2] is symmetric with respect to the inner product (-, -) defined by the Killing form.
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I, =Js+ Jy and I3 = J; + Jo (see [42], page 349.) Hence, for any Z € so(3), it is

easy to check that

0 —Zg(Jl + JQ) ZQ(Jl + Jg) 0 —1323 IQZQ
J(Z) = Z3(J1 + J2) 0 _Zl(JQ + Jg) = 132,’3 0 -1z
—Zg(Jl + Jg) Zl(JQ —+ Jg) 0 —IQZQ 1121 0

Using the calculus of variations, we append the cost function (B-4.4) with the

constraint (B-4.3) to obtain the modified cost functional:
T _
7= / S (90.3(0) + (N BTR— o) i (B-4.7)
0

where A’ is a Lagrange multiplier matrix. Though adjoint variables (that is, Lagrange
multipliers) belong to the cotangent space so*(3), an element of the cotangent space
is identified with an element of the tangent space through A*(-) = (A,-), where
A* € s0*(3). In equation (B-4.7), we have appended the cost with equation (B-4.3)
expressed as an element of s0(3): RTR—QP = 0, where RTR € s0(3) and Q" € s0(3).

In what follows, v (t) = v(t,€) denotes a variation of the variable v such that

ve(t,0) = v(t). Hence we have:

a _ g b b b b D T T D b
Je = /0 (60 + B(W, ), J(Q )>+<A,&<R€RE>—&QE>dt
T
= / (500, J () — A”) dt (B-4.8)
0
g b b b b DAb b b b
+/ (B(W",Q"),J(Q") — A”) + —THA,Q],W dt,
0

where J. = J (R, v, §2),

and

B(W", Q") = > wl(t)VweX; € 50(3).

i=1
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W? is the variational vector field that is defined as follows (see [50], page 41, for a
right control system.) For a perturbed element R (¢, €) that satisfies R.(t,0) = R(t),
we have an analogous expression to (B-4.3) such that for some W’ € s0(3) we have
aR/ﬁeLZO = RW?® € TgSO(3). [-,+] denotes the Lie bracket, and V is the covariant,
derivative. Here, X; (i = 1,2,3) is a set of basis vector fields for s0(3) and w? (i =
1,2,3) are the components of Q2 such that Q° = S22 w!X;. In deriving the above
expressions use has been made of the following identities: (B,J(C)) = (J(B),C)
and ([B,C], D) = (B,[C, D]) for all A € SO(3) and B,C,D € s0(3)3. We have also

integrated by parts:

T b T b
[0 - [ ()
; dt o dt

= [ PO s W)

T DAb
P e

where W(0) = W(T') = 0 by virtue of the boundary conditions (B-4.5).

First order necessary conditions for optimality are obtained by setting 0.7,/ 86’6:0 =
0. By the independence of §Q° and W? in equation (B-4.8), the first integral in the

equation is zero and we get:
AP = J(Q). (B-4.9)

Hence, we have (B(W? Q) J(Q2") — A’) = 0 and (B-4.8) implies

DA’

— = 9 (B-4.10)

3For all A € SO(3) and B,C,D € s0(3), using simple properties of the trace operator
we have (B,J(C)) = —1Tr(BJ(C)) = —iTr(B(JC+CJ)) = —1[Tr(BJC)+ Tr(BCJ)] =
—L[Tx(BJC) + Tr (JBC)| = —LTx ((BJ + JB)C) = (J(B),C). For the identity ([B,C], D) =
(B,[C,D]), see Theorem (21.3) on page 113 in [41] for the generic compact Lie group case.
For the case at hand, we have: ([B,C|,D) = —3Tr(BCD — CBD) = —3Tr(BCD — BDC) =
—iTy(B(CD — DC)) = (B, [C, D]).



251

Recalling that the angular momentum is defined as M® = J(Q°), then equation

(B-4.10) can be re-written in the familiar form of Euler’s equation:

DM?
de

= [M*, Q] (B-4.11)

Two final remarks are in order. Firstly, in the above discussion we have reserved the
covariant time differentiation 2 for vector fields (such as M? and Q) but have used a
simple time derivative (the dot over a variable) for coordinate variables (namely, the
variable R.) This is a standard notation that we adopt here. Secondly, if M® = 1?,

then equation (B-4.11) is written in the more familiar form:

m? = mb x W°.

Euler’s equation is of course expressed in the body-fixed frame. In a space-fixed
frame, we have m* = m® + w® x m® = m? x W’ + w® x mb = 0. That is, in a
space-faxed frame, angular momentum is conserved, which is a standard result.

We now derive the same result using an alternative approach using the calculus

of variations that does not rely on the use of Lagrange multipliers. If we replace Q°

in the cost function with R” R and take variations, we get
T DW?*
/O <[Qb,wb] + =g (Qb)> dt
T DJ ()
_ b [Ob b\ _
= /0 <W, [Q°, T (")) & >dt,

which when set equal to zero gives the same result as before.

0J.
Oe

e=0

EOMs in space-fixed frame

Let us derive the equations of motions in a space-fixed frame. As noted at the
end of the previous section, we now ought to obtain the basic result that angular

momentum, which, as we shall see, turns out to have a more complex expression, is
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conserved. Hence, in this section we study the rigid body expressing its kinematic

equation in space-fixed frame:

R=O°R. (B-4.12)

We wish to minimize the same cost functional given by equation (B-4.4) (that is,
the kinetic energy) subject to the kinematics given by equation (B-4.12) and some
boundary conditions as given by equation (B-4.5). First, since R = RQ? = Q°R,
then we have:

Qf = RQ"RT. (B-4.13)

Hence, we have

J(Q) = JRTQ*R+ RTQ*RJ =: J(R, Q) (B-4.14)

and the cost functional is given by the more complicated expression:
1
7= / 5 (@ RIRTQ® + Q°RJRT) dt.
0

Appending the cost by the term <A5, RRT — QS> and performing the computation
as in the previous section (except that it now requires a bit more strenuous effort),

we obtain:

0J.
Oe

T
= / (60, (RJR"Q® + Q*RJR") — A*) dt
0

e=0
DA?®
dt

T T
+/ (B(W*, %), (RIRT + @*RJR") —A5>dt—/ < ,W5>dt,
0 0

where now we define the right variation vector field W* by 0R./0e = W?*R,.. Hence,

the necessary optimality conditions are given by:

M* = A*=RJRTQ*+ Q°*RJRT

- 0, (B-4.15)
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where M? is the angular momentum as expressed in a space-fixed frame. The second
of equations (B-4.15) expresses the fact that angular momentum is conserved in an

inertial (Newtonian, or space-fixed) frame.

B.4.3 Second Order Optimal Control Problem

In body-fixed frame

We now study the minimum control problem in body-fixed variables, minimizing
"1

= — (77, 77)dt B-4.16

J /O 5 (7°,7%) ( )

subject to the second order dynamics:

R = RQ
DM®
= [M* Q]+ 7 (B-4.17)
dt
and the boundary conditions:
R(0) = Ry, 2°(0) = Qb, R(T) = Ry, Q(T) = O, (B-4.18)

where 7% € s0(3) is the skew symmetric form of the torque vector 7° € R3. Note that
if we set J = %] , then M® = Q" and we are able to make connections to previously

published results [30, 94, 55] for systems of the form:

z = Q
DQ
— =7 B-4.1

where = RTR.
We follow the same procedure as in the previous section by first formulating the

appended cost functional:

T b
7= [ g (R - o)+ (a4 25T [t 0f] - )
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Computing 07, /0e, we get:
0T _ / ' <D_%b
Oe |._, 0 de |__,
T DQb
+A <F e=0

+<W%«KM%

,%b—A§> dt

= 3([9 L) + (MY - 2 ()

DA
dt

+ R (J(AS), ") Qb> } dt, (B-4.20)

where R is the curvature tensor associated with SO(3). In obtaining equation (B-
4.20), use of the following identities and the ones utilized in the previous section has

been made:

DD, DD,
EPTAL L
(J(AL), R(W?, QN0 = (WP R(J(AL), Q)0

R(W", Q)¢

We have also used the linearity of the operator J. We have, for example,
0 onb
—J () =7 <.
Oe (%) ( Oe >

We then have the following theorem, which holds since in equation (B-4.20),

arbitrary variations in 7, ) and R are independent and, hence, their inner product

terms must be zero for 0.7/ 86‘5:0 = to hold.

Theorem B.4.1. Necessary optimality conditions for a trajectory (R, Q,7) to be the
optimal solution to the problem of minimizing (B-4.16) subject to the dynamics in

equation (B-4.17) and the boundary conditions in equation (B-4.18) are given by

R = R
Dé\fb = [M QY + AL
o= A (B-4.21)
Ddfi = —[Q" A+ R(J(AS), Q")
DJ(A3)

= [MUAZ = A = J([9 AS)).
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and the boundary conditions (B-4.18).

We now make connections to previously published results under the assumption

that J = 1555, where I35 is the 3 x 3 identity matrix. Let = R'R and define the

0]

Te
e

o = W,. Then

variation vector field W, such that
o b

DWW T o r :
zdt:/ : dt:/ —RTR,
/0 dt o Oc|._ o Oe

Thus W? and W, are related by

dt.

g DW
_ b
dt_/o QW]+ —

e=0

T
W, = Wb+/ [Q, W] dt.
0

With this one can show that equation (B-4.20) can be written in terms of W, as

DQ? DAY
~b Ab dt e _Ab . 2
o TR e T T

B /T D,f_b
e=0 N 0 de — €

DA®
+ <Wx, —d—tl +R (A5, Q) Qb> } dt,

o7
Oe

e=0

which implies that the necessary conditions could be re-written as

o= Q
DO’
0 — Ab
dt 2
o= A} (B-4.22)
DAY
dtl - R<Ag7 Qb>Qb
DAS
@ - N

Differentiating the third equation one more time and using the second equation, the
above necessary conditions for the special case when J = %I , we obtain the following
standard result

D30

ATER R(7%, Q"0 =0, (B-4.23)

which is the standard geodesic equation first derived in [30]. Hence we have the

following lemma.
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Lemma B.4.1. Under the assumption that J = %ngg,, then the necessary conditions

(B-4.21) are equivalently expressed as in equation (B-4.22) or equation (B-4.23).

The result in [30] is only true for rigid bodies with symmetric inertia properties

(up to a scalar multiple of the identity).

Example B.4.1 (Example on SO(2)). For SO(2), it is easy to verify that [Z, Y] =
0 for all X,Y € s0(2) and, hence, R(X,Y)Z = 1 [[X,Y]Z] =0, for all X,Y,Z €

50(2). Therefore, for the SO(2) case, the necessary conditions are:

R = RQ
DM
— = A
dt 2
DA _
dt
DJ (Az)
= —A
dt !
’7A' - AQ.

. 0 —6
0 =log(R) =
6 0
This corresponds to
. cosf —sinf
R =exp (0) =

sinf cos®

Recall that in the general three dimensional case J (Ay) = JAy + AgJ, where J is a

diagonal matrix with entries J;, Js and J3. In the two dimensional case, we have

0 —1I3)
J(Ag) =

I3 0
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and

where Ay = ;\2 and ) = w. I3 is the moment of inertia about the out-of-plane axis
of the body. With the above identifications, the necessary conditions (B-4.24) are

equivalently written as

o] lo1 0 0]
w 00 0 w
Al_oooo A\
] |00 £ 0] A

These equations may be solved analytically to obtain:

A s A
0(t) = —t — t+6
Al o A
w(t) = 2—[§t +[—3t+w0
M) = X
)\0
Ao(t) = Lt A
I3

where \? and A} are initial conditions on the Lagrange multipliers to satisfy the

terminal conditions imposed on 6 and w. In this case these are given by

21 I? 312
/\(1) = 7[§TS(9T — 90) — 3T—32WQ + §T_32wT
3 115 115
/\g = Z]3T2(0T — 90) + 5?0)0 + ZTLUT.

If no terminal conditions were specified, then the above initial conditions on the
multipliers will be replaced by the terminal conditions A\ (7') = \y(T") = 0.
Say we wish to drive the system from an initial state 6(0) = 6, = 0.5 radians,

w(0) = wp = 0 to the terminal state §(7) = 0 and w(7T") = 0, where 7" = 57 and
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Applied Torque

Figure B.1: Attitude (left), angular velocity (center) and applied torque (right.)

I3 = 1. Figure (B.1) shows attitude, angular velocity and torque applied as a function
of time on [0,T]. Note that the attitude converges to zero and the solution satisfies

the desired boundary conditions.

In space-fixed frame

In the space-fixed frame formulation, we wish to minimize
1
J = / 3 (75, 7°) dt (B-4.24)
0

subject to the second order dynamics:

R = RO
DM*
= 7° B-4.25
T T ( )
and the boundary conditions:
R(0) = Ry, (0) =, R(T) = Ry, Q(T) = Q5 (B-4.26)

where 7° € s0(3) is the skew symmetric form of the torque vector 75 € R3. The

corresponding variational vector fields are such that OR./0c = W*R. In the current
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settings, we have:

N4

T
= /0 (575,75 — Ag) dt

e=0

T DAS DQO# DQO#
We ——1 4 10° A’ + RJRT AS — ASRJRT
+ /0 < oAt + [ A+ dt % dt " ?

DQ* DQ*
+RJRTAS M RJRT + R(RJRTAS + A;RJRT,QS)QS>dt
T /Do D
+ / < ,—A] — — (RJR"AS + A;RJRT)> dt.
0 de |, dt

Hence, the necessary optimality conditions are given by:

7= AS
DA DQ?
= [Q%A]+ RJRT——A;
dt [ ) 1]+ dt 2
DQO* DQ*
———ASRJRT + RIRT A}
dt 2 + 2 dt
DQ*
—A3 i RJRT + R(RJRTAS + ASRJRT Q%)Q
D
— (RJR"A+ ASRJR") = —A;.

dt

B.5 Optimal Trajectory Tracking

In this section we study the optimal trajectory tracking problem. That is, we
wish to minimize the weighted sum of the control effort and the deviation of the
configuration of the body from a nominal trajectory, where the system is subject
to the dynamic constraints given by equations (B-1.1) and (B-1.3) and some initial
and terminal constraints. As was done before, we will study the problem on SO(n)
(n = 2,3) first with some illustrations and then generalize the study to the SFE(n)

(n = 2,3) case. Illustrative examples will be given for SFE(2).

B.5.1 Trajectory tracking on SO(n)

In this section we carry out the analysis in body-fixed variables. Hence, we will

drop the superscript b that identifies a body-fixed variable. Let Ry(T') € SO(n) be a
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given trajectory to be tracked and, as above, the body’s configuration be denoted by
R(t) € SO(n). Before embarking on deriving the main result, we have to decide on
a choice for the error signal. The error signal we choose is e(t) = Ry(t)T R(t). Tt is
casy to see that e(t) € SO(n): e’e = RTRyRY R = I, the identity, and det (R} R) =
det (RY) det (R) = det (Ry) det (R) = 1. When R(t) = Ry(t) for any t € (0,77, then
e(t) = I. Hence, we desire to have e as small as possible. Next, we have to quantify
the smallness of of e. That is, we need to define a distance function on SO(n) to be

able to measure how far away e(t) is from identity. We have the following result.

Proposition B.5.1 (Distance Metric on SO(n), [49]). With respect to an Ad-
invariant metric (-,-), the distance between an element g € G and the identity

eq € G of a compact Lie group G is given by the norm of the logarithmic func-

tion: (log(g),log(g))"”.

Hence, a measure of the tracking error is given by (log(e),log(e)). With these

definitions, the optimal trajectory tracking problem is given by:

Problem B.5.1. Minimize

J = /0 S (7.7) + 2 (log (REOR() Jog (B ()R() ) dt (B-5.1)

subject to the second order attitude dynamics

R = RO (B-5.2)
DM
— = [M,Q
dt M, +7
and the boundary conditions
R(0) = Ro, 2(0) =Qo, R(T)= Ry, UT) = Qr. (B-5.3)

8 > 0 is a weighting parameter.
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Before embarking on deriving the necessary optimality conditions, we need the

following result.

Theorem B.5.1 (Derivative of the Distance Function, [49, 97]). Let G be a
compact Lie group with a bi-invariant metric (-,-). Consider a trajectory g(A\) € G
parameterized by the variable \, such that g(\) never passes through a singularity of

the exponential map. Then

1d
—— =l Z B-5.4
where ||-||, denotes the distance metric on G: ||-|| 5 = (-, M2 Zis a vector field that

satisfies %g()\) = g7Z.

The variable A may either denote the time variable ¢ or the perturbation variable
e. In applications such as PD control on the Euclidean group [49], A denotes the
time variable. On the other hand, in the calculus of variations and the current
setting, A denotes the perturbation variable €. Indeed, note that the perturbed error
is given by e.(t) = RY(t)R(t). Hence, we have: 2e. = e (t)W(t), where W(t) is
the left-invariant variation vector field associated with the curve R(t): 2 R.(t) |6:0 =
R(t)W (t).

With the above definitions, we are in a position to formulate the appended cost

functional:

(#, %>+§ (10g (RY R) .log (R R))+(A1, R" R - Q>+<A2, DY g - %> .

N | —

J= dt

Taking variations of this expression and using Theorem (B.5.1), we obtain

8Z D%e T T D>\1
N —A I SN — 2 R (Mg, Q) M
86 =0 <d€ 62077— 2>+<Wyﬂ Og(RdR) [ ) 1] dt +R< 2, ) >
DS DJ (A,)
—4A1 — QA M. A )
+< de | _, ! dt T ([, Ao]) + [M, 2]>dt
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R is the riemannian curvature tensor associated with the special orthogonal group.

For any compact Lie group (such as the special orthogonal group) we have

Lemma B.5.1 (Riemannian Curvature Tensor for Compact Lie Groups,
[41]). Let G be a Lie group with a bi-invariant Riemannian metric. If X, Y,Z are

left invariant vector fields on G, then R(X,Y)Z = 1 [[X,Y],Z].

1
4
Hence, we have the following theorem.

Theorem B.5.2. The first order necessary optimality conditions for the problem

(B.5.1) are given by:

R = RQ
DM
F = [M, Q] +A2
DA 1
dtl = ﬁlog (RZ;R) - [QvAl] + Z_l HA% Q] 7M}
DJ (A
% = —A = J([Q,Ag]) + [M, Ay
7A' - AQ.

We now study this result for the two cases of interest: SO(2) and SO(3).
Trajectory Tracking on SO(2)

For SO(2), it is easy to verify that [Z,Y] = 0 for all X,Y € s0(2) and, hence,

R(X,Y)Z = 7[[X,Y]Z] =0, for all X,Y,Z € so0(2). Therefore for the SO(2) case,

1
4
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the necessary conditions are:

R = RQ
DM
— = A
dt
DA
dtl = Blog (RYR) (B-5.5)
DJ (Az)
= —A
dt !
’7A_ = AQ.

If we let 6 be the orientation of the planar body, then

. 0 —6
0 =log(R) =
6 0
This corresponds to
. cosf) —sinf
R =exp (0) =

sinf cos®

Similar expressions are obtained for the desired rotation matrix R; but replacing the

orientation # with the desired orientation angle ;. Since

RTR = cos(0 —0;) —sin(0 — 6,)

sin(f —6;)  cos(0 — 6,)

and, hence,

og(rrry — | 0 0T

0— 0, 0
Recall that in the general three dimensional case J (Ay) = JAy + Ao, where J is a

diagonal matrix with entries J;, Js and J;. In the two dimensional case, we have

0 —1I3)9
J(Ag) =

I3 0
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and

where Ay = 5\2 and 2 = w. I3 is the moment of inertia about the out-of-plane axis
of the body. With the above identifications, the necessary conditions (B-5.5) are

equivalently written as

0 01 0 0 0 0
W 00 0 % W 0
= + Ba(1). (B-5.6)
A 60 0 0 A -
Ao 00 -4 0 Ao 0

Note here that the closed-loop system is unstable with eigenvalues given by

12 gy 12 i
£SO, £ 5y 7 ) (B-5.7)

This observation, of course, is an example that represents the difficulty with extend-
ing the present work to an infinite-time horizon even for the two-dimensional case.
For linear systems, such as the two-dimensional problem we consider here, the insta-
bility does not pose a problem in the finite-horizon since linear systems do not have
a finite escape time. On the other hand, for the infinite-time horizon problem we
need to satisfy the Ricatti condition to ensure stability of the closed loop system. For
a nonlinear system, however, the system possesses a finite escape time and, for the
finite horizon time, we need to ensure that the terminal maneuver time 7' is smaller
than the escape time.

We now consider an example. Say we wish to drive the system from an initial state
6(0) = 6y = 0.5 radians, w(0) = wy = 0 to the terminal state §(T") = 0.2cosT" and

w(T) = 0, where T' = 5m. The trajectory to be tracked is given by 6,(t) = 0.2 cost.
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Applied Torque
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Figure B.2: Tracking error (left) and applied torque (right) for three different values
of 3: =1, 50, 100.

This is a two point boundary value problem. We use Matlab®’s bvp4c boundary

value solver. The tracking error is plotted in Figure (B.2). Note that the error

converges to zero and the solution satisfies the desired terminal conditions.



266

APPENDIX C

Optimal Control on Riemannian Manifolds with
Potential Fields

This appendix is an extension of the work done by the author in Chapter 5 and
in [40], where necessary conditions for minimizing the cost function for a trajec-
tory that evolves on a Riemannian manifold and satisfies a second order differential
equation together with some interpolation, smoothness and motion constraints were
derived. In this appendix, we investigate the inclusion of a generalized potential
field in the dynamics. This problem is motivated by two-spacecraft interferometric
imaging applications, where the formation is evolving in some generalized potential
field. The corresponding necessary conditions are derived and connections are made

with previous results. The appendix is concluded with an example.

C.1 Problem Statement

In this appendix we consider systems that satisfy dynamics of the form:

Dq

) = v
Dv

B = ult)+2q0 (V(a(?), (C-1.1)

where q : [0,T] — M is a curve on M, v(t) € TqpyM, u(t) € TTqpyM and V : M —

R is the potential energy function. Agq(-) denotes the gradient with respect to the
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metric g computed at the point q(t). Aqe) (V (q(t))) may equivalently be written in

the form [dV]f( 1> Where d denotes the exterior derivative and w? denotes the sharp

operator acting on the form w to yield a vector field (see pages 85 and 95 in [42] and
page 58-9 in [88] for a discussion on the gradient field and treating potential fields.)

Moreover, let u(t) € TTqu M be given by

u(t) = Z ui(t)Xi(q(t)), (C-1.2)

where m < n and X;, j = 1,...,n, satisfy (X;, X)) = d,5. In other words, X;
is an orthonormal set of vector fields on Tq) M. Mathematically, this assumption
limits the class of manifolds we consider (to parallelizable manifolds) for the general
problem formulation, but is satisfied for the special case where we deal with real life

systems of particles in space. Thus, we have:

(u(t),u(t)) = Z u;(t). (C-1.3)

m = n corresponds to the fully actuated system, whereas m < n corresponds to the

under-actuated situation. Here is a statement of the problem we are considering.

Problem C.1.1. Find critical values of

J(a) = %/OT {<u, u) + 72<D3—£t), Dg—f)ﬂ dt, (C-1.4)

over the set Q of Cl-paths q on M, satisfying
e the dynamic constraints (C-1.1),
. q‘[o 1] 18 smooth,

e boundary conditions

a(0) = qo, a(T) =ar, v(0) =vq, v(T) = vy, (C-1.5)
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e and the motion constraints

D
for X;, i =1,...,n, linearly independent vector fields in some neighborhood of
q and given constants k;, 1 =1,...,1[.

In Chapter 5, we assumed that the system is evolving in a gravity-free space.
Here we extend this work by including a potential field in the formulation. This
has applications where the formation is evolving in a gravitational field such as in
the vicinity of a libration point or when under the effect of planetary gravitational
fields. It is also worth noting that the use of geometric control methods for spacecraft
formation flying has received little attention, whereas extensive investigations have
been conducted in the field of of robotic path planning (for more on this issue, see
Section (IV) in [8].) This work is an attempt to use geometric optimal control theory
for spacecraft formation motion planning.

When m < n and the control variables belong not to T'TM but to TM and directly
control the system speeds as opposed to the accelerations, the problem is known at
the SubRiemmannian optimal control problem. See for example [98], [99] and [42]
and references therein for the treatment of these kinematic control problems. In
this appendix we restrict our attention to the fully actuated dynamic version of the

problem.

Assumption C.1.1. Each particle is fully actuated in all n directions. That is to

say m = n.

Moreover, we may ignore the motion constraints (C-1.6). As shown in Chapter 5

and in [40], these constraints are automatically appended to the final expression for
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the necessary conditions corresponding to the unconstrained problem. Here, again,
once the necessary conditions are obtained for systems with a potential field, the
motion constraints are simply appended to the necessary conditions. In Section

(C.3) we derive the necessary conditions for the full problem (C.1.1).

C.2 Necessary Conditions for Optimality

As in [35], in this section we follow a Lagrangian approach to obtaining the first
order necessary conditions that provide an optimal solution to the optimal control
problem (C.1.1) without the motion constraints (C-1.6). We also show that the La-
grangian approach yields results identical to those obtained by purely variational
approaches. In Section (C.3) we derive the necessary conditions for the full prob-
lem, including motion constraints. We now derive the necessary conditions using a
Lagrangian approach.

Appending the Lagrangian with the dynamic equations of motion, one obtains:

T (D Dv
jT(q,V,)\l,)\Q,u) = /O‘ )\1 <d_?—V)+)\2 (E—U—AV)

1 1, /Dq Dq
- Sp2 24 29N g
T3 lww a7 <dt’dt> ’

where A; € T;(t)M , = 1,2, are the one-form Lagrange multipliers. We now proceed

by taking variations of J7 to obtain

o __ 7 D Dq(t,e) Dv D Dv(t,e) Du D
2|, ~ / [Al (a_ a _E“’E)) T (&—dt _E_&AV)
Du , /Dq(t,e) D Dq(t,e€)
+<u, 86>+T< dt  0e dt th:O

_ /0T>\1 (%-&-B(W,v))

D Dv(t,e€)
A [ =2\
- 2(86 dt

—du—B(W,u) - VWAV>

Dq DW
—,—— ) dt
dt’ dt>

e=0

+{u,du+ B(W,u)) + 7° <
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Integrating by parts and the fact that W(0) = W(T') = 0, one obtains

T (DW DX
AM|(—)dt = — — (W) dt C-2.1
[ (%) | oo (c2.1)
and
T Dq DW T D?q
2= dt:—/ 2( == W ) dt. C-2.2
/07<dt’dt> . o \ae’ (6-2.2)
Let Y be a vector field along q(t, €), then we have the standard property [55]
DD D D Dq Dq
——Y-———Y=R|—,— Y. C-2.3
Oe Ot Ot Oe ( e’ Ot ) ( )
Using this property and integrating by parts we have
T D2v T D2v
| =—|dt = A | R(W dt
/0 : (aeat) /0 2( (Wov)v+ atae)
4 DA,
= / A (R(W,v)v) — G (0v+B(W,v))dt.(C-2.4)
0

Using equations (C-2.1-C-2.4) and separating expressions involving W, dv and du,

we now have

- [ - amw) (©25)
—% (B(W,v)) + XA (R(W,v)v) — XAy (B(W,u))
— X (VwAV) + (0, B(W, u)) — 72 <W, g_z;l> } dt
+/0 -1 (0v) — % (ov)dt + /0 —A2 (0u) + (u, du) dt.

For an optimal solution, the first order necessary condition is that

0T

_(q(tv €>’ u(tv 6)7 t)

> —0 (C-2.6)

e=0

Using this condition and the fact that W, du and v are independent and arbitrary
for arbitrary e, the last integral in equation (2.6) implies that u = )\g. The second
integral and condition (C-2.6) imply that

DA,

- (X)=-M(X) (C-2.7)
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for an arbitrary vector field X. u = A% implies that Ay (R(W,v)v) = (u, R(W, v)v) =
(W, R(u, v)v), using the standard properties of the curvature tensor [41]. This and
the fact that the first integral in equation (2.6) is zero for arbitrary W imply that

DX\,
dt

(X) = <R(u, V)V — 72&, > — X2 (VxAV) (C-2.8)

dt
for an arbitrary vector field X. Equations (C-1.1), (C-2.7), (C-2.8) and u = X} give

us the main theorem of this appendix.

Theorem C.2.1. The extremals of the optimal control problem (C.1.1), without the
motion constraints (C-1.6), must necessarily satisfy the following necessary condi-

tions for an arbitrary vector field X:

Dq

— =V

dt

Dv

— = AT+A

g ¥4 AV
DA Dv’
“2X) = (Ru,v)v—727r ) (X) = A (VXAV)
dt dt
DXy
“2X) = A (X
7 X 1(X)

u = )\72#,

where Y’ denotes the flat operator acting on the vector field Y: Y°(-) = (Y, -).

Remark C.2.1. In the proof for Theorem (C.2.1) we have not taken variations in
the multipliers \;, i = 1,2. The reason is that taking variations in these terms results
in

[/ (2w ()

Dv Dv

in addition to terms involving variations of the arguments in the parentheses, which

we have used in the proof of the theorem. By the independence of d\;, i = 1,2,
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their arguments must be zero. This yields the dynamic constraints (C-1.1). Hence,
the second and fourth terms in the above expression are zero since the arguments
in parentheses are zero. Thus, we omit taking variations of the multipliers though,

formally, we should have.

We now derive an alternative form to the above necessary conditions analogous to
that obtained in Chapter 5, [40] and [35]. In Section (C.3), we derive this alternate
form following a procedure found in in Chapter 5 and in [40], [33] and [55] including

the motion constraints (C-1.6).

Theorem C.2.2. The necessary conditions of Theorem (C.2.1) can equivalently be

written as

D3v ,Dv  D?AV
<Z7 5 T R(u,v)v—r71 T ae > = (u, VzAV)

for any arbitrary vector field Z.

Proof Let Z be an arbitrary vector field. Then, by the fourth and fifth equations in

Theorem (C.2.1) we have:

D2\ DX D2
TQQ( )= — dtl (Z) = <Z, —R(u,v)v+ Tzd_t?> + (u, VzAV) .(C-2.9)
Since u = )\g
de2 SN A2 S\ A ez /- o

The statement of the theorem follows immediately from Equations (C-2.9) and (C-

2.10).
_

Note here that Theorem (C.2.2) is slightly different from that obtained in Chapter

5 and in [40] in that the control u appears directly in the equation as opposed to
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the acceleration d22 . Note also that if we set AV = 0, we retrieve the gravity-free

t

necessary conditions appearing in [30, 40]:

D? D D
F:JFR(—V,v)v—TQ—V:o. (C-2.11)

C.3 DMotion Constraints

In this section, we briefly re-derive Theorem (C.2.2) following a direct variational
procedure as in [40], [33] and [55]. For completeness, we also generalize the result to
the case of motion constraints given by equation (C-1.6).

As in [33], define the one forms w;(Y) = (X;,Y) and the two forms dw;, i =
1,...,1l, where d is the exterior derivative. Defining J as the contraction operator,
the 1-form X.dw; satisfies: Xdw;(Y) = dw;(X,Y). One may define tensors S;
such that S;, : TqM — TqM, by setting dw;(X,Y) = (S;(X),Y) = — (Si(Y), X).

Augmenting the cost function by the motion constraints

l

Dq
> (@) = e (5.
i=1
the perturbed cost function is given by

\YET:%/OT(u(t,e),u(t,e))JrT <D°‘ DO‘> Zm< X )>dt

where o denotes the perturbed trajectory q(t,e). Taking variations of the cost

function and using the dynamics (C-1.1), we have
0T" r D D D D’a Da
de /0 <“<t=6>’a ot? >_ <“(t’€)’EA°‘V(°‘)> <aeat ot

+§;m [<%%—‘:>Xi(a)> + <%—‘:, %Xz-(a)ﬂ dz.
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By the identity (C-2.3), we have

- /0T<“’%W>+<U<t>7R<W,v>v>

D?a Da
R 2 [ [
(u(t), VwAV) + 1 <8eat’ 5 >LO

l
DW Dq
+> m, [<7X> + < 5 VX >} dt.
=1

For the first term, we integrate twice by parts and apply boundary conditions (C-1.5)

N
Oe

to obtain

T 2 T 2
D“W D
/ <u, >dt / <—;‘W> dt.
o ot o\ dt
For the third term, we use the property (Zi,R(Zs,Z3)Z,) = (Zo,R(Z1,7Z4)Z3) to

obtain (u,R(W,v)v) = (W R (u,v)v). For the fifth term we integrate by parts

once and use the boundary conditions (C-1.5) to obtain

T 2 T 2
D Do D*q
dt = (W, dt.
/0 <868t 8t> /0 ’ < dt2>
As for the first term under the summation in the cost function, integrate by parts to

obtain

[ o (@35e )

Note that 7 is a scalar function (that is, it is neither a vector or a co-vector field) and,

Ezodt - /OT > % (W, Xi(q)) +n; <W, %;(q)> dt.

=1

therefore, we are justified in writing Dn/dt = dn/dt = 1. We now study the sum of
the second term in this expression and the last term in the integrand. Making use of
some of the properties of the Riemannian connection and recalling the definition of
the exterior derivative of a one form w: dw(X,Y) = Xw(Y) - Yw(X) —w ([X,Y])
for all vector fields X and Y on M, then, for the one forms w; such that w;(W) =

<W>Xz‘>a one has dw; (X7Y) = <VXXZ‘,Y> — <VyXi,X>. Setting X = Da and

dt
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Y = W, we thus have

L) Lo )

=1

!
_ (Da _ (Da
— Z'Zlfr;idwz(dt,W) = <izlni51<dt>,w>.

The above discussion implies that for %‘ _, to be zero, we must have

D?u ,D%q LT Dq
<W, e +R(u,v)v—1° w2 2 ["h‘Xz' + 15 (E)] > — (u, VwAV) =0.

Since W is an arbitrary vector field, then the following theorem must hold true.

Theorem C.3.1. A necessary condition for an extremal, q(t), of the optimal control

problem (C.1.1), with the motion constraints (C-1.6), is:

l

D? 5D
<Z, ?;1 +R(u,v)v—r d_;’ =) [mXi +m;5 (v)] > = (u, VzAV)
=1

for any arbitrary vector field Z.

Theorem (C.3.1) is a generalization of results found in [55] and [30] in that a drift
vector field is included in the model. We note that, without the motion constraints

(C-1.6) the resulting necessary condition is identical to that of Theorem (C.2.2),

D2u _ D3v

where 2 T as

C.4 Example

As an illustration for the above notions, we consider the execution of a two-
spacecraft spiral maneuver as in Chapter 5 and [45].

Here we study the problem in R? and treat the spiral constraint as a motion
constraint and set M to be a sphere of constant radius p. M has dimension equal

to 2. Thus, we choose to work with the spherical coordinates 6 and ¢ (see Figure
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(C.1).) We may now consider the following equations of motion for spacecraft # 2:
é = Uy =+ f@, and gb = ’LL¢ + f¢, (C—41)

where uy and uy are the control variables and fy and f, are components of the poten-
tial field. We then impose the spiral constraint (C-1.6) in terms of the coordinates 6
and ¢ as follows. Let r be the projection of p onto the z-y plane: r = psin¢. The

spiral constraint can be expressed in (spherical coordinate) differential form as
— kdf + pcos pde = 0, (C-4.2)
where k is some constant (see Chapter 6 for further details.)

z
(line of sight)

Spacecraft # 1
Fixed at (0,0,p)
for 6(0) >0

Linear spiral
on a sphere |

Figure C.1: Variable definition for example.

Let q = (0, ¢). It is desired to solve problem (C.1.1), where we aim at minimizing

J7 subject to the motion constraint:
(v,Xi(q)) =0, (C-4.3)
the boundary conditions:
0(0) = 6o, ¢(0) = ¢o, (1) = b7, and ¢(T) = oér (C-4.4)
and the dynamics (C-4.1), where X;(q) is given by

X1 =—k(0/00) + pcos ¢ (0/09)
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and the values of 0(0) = 6y, ¢(0) = ¢o, 0(T) = Or, and ¢(T) = ¢r are defined to
satisfy the motion constraint and lie on M at times 0 and 7. We are only interested in
the projection of the motion onto a plane parallel to the z-y plane, where x = r cos
and y = rsin . With spacecraft # 2 moving on one hemisphere, spacecraft # 1 will
be fixed at (0,0, +p) or (0,0, —p) if H(0) > 0 or #(0) < 0, respectively.

First, we need to compute the curvature vector field R (u, v) v for this problem.

Following standard methods for computing the curvature tensor (see, for instance,

[59, 60]), one finds that
R(u,v)v= —ugd (6 — (b) sin® ¢ (0/0¢) .

The corresponding differential form for the constraint (C-4.2) is given by w; =
—kdf@ + pcospdp. The two form dw; is, therefore, dw; = 0. Since [ = 1, then

set 71 = 1. The second time derivative of u is given by:

0 [ﬁ—hlésingbcosqﬁ 2,

D2u . h1¢ + h2¢9
I hl — = | — +
dt? tan ¢ 00 0p
where
hy = ug + o + to! and hy = 4 — ugl sin ¢ cos ¢.

tan ¢

Next, we need to compute the first time derivative of v, which is found to be

Dv (i 266\ 0 . . 9
i (9+tan¢) %%— (¢—9281n¢cos¢> (9_¢

Finally, let Z = ze% —i—zd)% be an arbitrary vector field, where zy and z4 are arbitrary

scalar functions. Then, after a simple computation we have

L VaAY) = {Ze (% " t;rfqb) I (%9 * ta{qu)]

+ug {ze (% — fosin ¢ cos ¢) + zd,a—] )
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We are now in a position to state the necessary condition from Theorem (C.3.1) in

coordinate form:

0 = 2z { — U <@f9 + taﬁfqﬁ) — <8f — fo smgbcosgzﬁ)

dhi  hig + hat
k
+ dt * tan ¢ < t ngb) + 77}

+Z¢|:_U9 (af& tangb) af(b_{—%_h QSlngbcosqS

—ugd (0 — gb) sin® ¢ — 72 (gb — 6%sin ¢ cos gb) — pcos qbn} )

However, since zg and z,4 are arbitrary and independent functions, then their coeffi-

cients in the above equation must be zero:

- (%@9+t£’¢)+u¢ (%—fgsingbcosgb)
hd+hofl (. 200 _
—W—FT <9+m>—kn
hy = ((?)J;f f(b)—l— ¢88J;Zs+hlésin¢cos¢

—ug¢ (0 — gb) sin? ¢+ 71 (qb — 6% sin ¢ cos qb) + pcos ¢n).

These are the necessary conditions for optimality.

One would have obtained the same necessary conditions if one had treated the
problem on R? with the spiral and spherical constraints imposed on the state (namely,
the spherical coordinates.) However, working on the constrained manifold in the
coordinate free setting discussed in this appendix is both efficient and easier. For

more on this, we refer the reader to the remarks in Chapter 6.

C.5 Conclusion

As an extension to the work done by the authors in Chapter 5, in this appendix

we investigate the inclusion of a generalized potential field in the dynamics. This
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problem is motivated by two-spacecraft interferometric imaging applications, where
the formation is evolving in some generalized potential field. The corresponding nec-

essary conditions are derived and results are re-derived using alternative formalisms.
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APPENDIX D

Optimal control of under-actuated systems with
application to Lie groups

In this appendix we study a class of optimal control problems know as the 7-elastic
variational problem for second order, under-actuated systems. After introducing
and stating the problem, we derive the necessary optimality conditions using two
approaches. The first approach is purely variational where the resulting necessary
conditions are represented by a single fourth order differential equation. In the second
approach, we use the Lagrange multiplier technique. In this case, the necessary
conditions are represented by a set of four first order differential equations. We show
that the two results are equivalent. Finally, we further specialize the result for the
compact semi-simple Lie group case and use SO(3) as an example. We also make

some remarks on the SE(3) case, which is the subject of current research.

D.1 Introduction

In this appendix we use differential geometric techniques on Riemannian man-
ifolds to obtain necessary conditions for a class of optimal control problems. This
class of optimal control problems is known in the mathematical literature as T-elastic
variational problems (see Chapter 5, [55] and [40] and references therein for more

on the 7-elastic variational problem.) Interest in the 7-elastic variational problem is
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two-fold. The first is pure interest in the mathematical and theoretical implications
of this problem as the resulting necessary conditions represent elastic curves that
deviate from geodesic curves joining the boundary points.

Secondly, the authors are generally interested in applying the results to multi-
spacecraft, especially dual spacecraft, formation flying for imaging applications. As
will be seen in the next section, the cost functional in the 7-elastic variational prob-
lem is a weighted sum of fuel expenditure and the relative speed between the space-
craft pair. In interferometric imaging, relative speed is inversely proportional to
the attained signal-to-noise ratio (see Chapter 2, [5] and [45] and references therein.)
Hence, the optimal control problem is suitable for the motion path planning problem
of a two-spacecraft formation. Modeling the formation as a pair of fully-actuated
point particles has been treated in Chapters 5 and 3, [40] and [38]. One may also
model the two-spacecraft as a pair of rigid bodies evolving in three-dimensional space
and, hence, as a system in SE(3)x SE(3) (two copies of the three-dimensional special
Euclidean group.) This however is a much harder problem and is subject to current
investigation.

We focus our attention on the case where the system is under-actuated, that
is, when the control vector spans a subspace of the tangent space at a point on the
manifold. Optimal kinematic control problems on Riemannian manifolds with under-
actuated systems are known in the literature as the sub-Riemannian optimal control
problem ([99].) In [99], the authors study a restricted version of the cost functional
we consider in this appendix (setting 7 = 0.) Moreover, the authors in that paper
consider systems satisfying first order (that is, kinematic) differential equations. We,
on the other hand, study second order (dynamic) systems.

Here is how the appendix is organized. In Section (D.2), we state the problem and
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describe it in more detail. In Section (D.3), we provide some preliminary definitions,
facts and lemmas. In Section (D.4), we derive the necessary conditions for the general
problem. This is done following two approaches where one results in a single fourth
order differential equation and the second in four first order differential equations as
necessary conditions. We show that these results are indeed equivalent. In Section
(D.5), we specialize the result to the compact semi-simple Lie group case, where we
relate current results to those obtain previously in the literature. We use the SO(3)
Lie group case as an example. We conclude the appendix with a summary and final

remarks on future research in Section (D.6).

D.2 Problem Statement

In this appendix we consider systems that satisfy dynamics of the form:

Dq dq

wW = gW=v

Dv

o (t) = u(t), (D-2.1)

where we now view q : [0,7] — M as a curve on M, v(t) € TqyM and u(t) €

TTywM. In this appendix, we are interested in the situation where u(t) be given by

u(t) = 3 w(Xi(a(t), (D-22)
where m < n. Thus, we have:
(u(t),u(t)) = Z ui (). (D-2.3)

m = n corresponds to the fully actuated system, whereas m < n corresponds to the
under-actuated system. Different versions of the the optimal control problem with
m = n have been treated in the past. See, for example, [30], [33], [35], [35] and

[38, 43, 40]. The case where m < n has been treated in [98] and [99] for kinematic
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systems. In Section (D.1), we briefly described how our present work differs from

that in [99]. We now state the optimal control problem.

Problem D.2.1. Find critical values of

1

J(q) = 5/0 [(u, u) + 7% (v, V>} dt, (D-2.4)

over the set Q of Cl-paths q on M, satisfying
e the dynamic constraints (D-2.1),

e q(t) is smooth for all t € [0,T],

e boundary conditions

q(0)=qy q(T)=qr

(D-2.5)
v(0)=vy v(T)=vr,
e and the motion constraints
D
for X;, i =1,...,n, linearly independent vector fields in some neighborhood of

q(t) and given constants k;, i =1,... 1.

The above cost function is still motivated by optimal path planning for dual
spacecraft interferometric imaging formations. The results presented in Section (D.4)
are general enough to be applied to the multi-spacecraft interferometric imaging
problem, where the formation can be treated as either a set of two point particles
or two bodies. In the latter case, the formation evolves on SE(3), which is a non-
compact Lie group and is subject of current research.

The compact Lie group case is also of interest in that many previous results

(e.g., [99]) study the optimal control problem for Lie groups. It would be interesting
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and instructive to compare our current generalized results with those appearing in
previous literature. We do this in Section (D.5).

We may ignore the motion constraints (D-2.6). As shown in Chapter 5, these
constraints are automatically appended to the final expression for the necessary con-
ditions corresponding to the unconstrained problem. Here, again, once the necessary
conditions are obtained for systems with a potential field, the motion constraints are

simply appended to the necessary conditions.

D.3 Preliminaries

For basic notation and definitions, refer to Appendix A. In addition the results

found in Appendix A, we also need the following lemma.

Lemma D.3.1. Let Z be an arbitrary vector, W be a variational vector field and v

be the velocity vector field. Then, we have
Z((v,W))=0.

Proof In local coordinates, let Z = >}, (0, v => 1, v;0; and W = Z?Zl w;0;
Note that w; = Z¢;(¢,€). Then we have:

Z((v,W)) — ch (Z a;)

0%q
= Z@Z kae

=1

:O,

? _ o — 95 _ v _ ;
where m%(t €) = e qi(t,€) = 504 = 0 and 5o~ = 0 since the components of

the velocity vector field v are independent of the local coordinates ¢y, ..., q,.
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Lemma D.3.2. Let Z be an arbitrary vector, W be a variational vector field, v be

the wvelocity vector field and u = % be the control vector field. Then, we have
Z((u,W)) =0.

Proof of Lemma (D.3.2) is analogous to that of Lemma (D.3.1). Lemmas (D.3.1)

and (D.3.2) and the identity
X((Y,Z)) =(VxY,Z) +(Y,VxZ)
for arbitrary vector fields X, Y and Z, imply
(v,VzW) = —(Vzv, W) (D-3.1)
and
(u,VzW) = —(Vzu, W). (D-3.2)
D.4 Necessary Conditions for Optimality

In this section we first pursue a purely variational approach in deriving the nec-
essary conditions for the problem (D.2.1) without the motion constraints (D-2.6).
That is, Lagrange multipliers will not be introduced to the Lagrangian. This purely
variational approach is used to derive necessary conditions in Chapter 5, [40], [99]
and [33]. However, to take into account the constraint that the control vector field u
only spans a subspace of the tangent space to M at some point q € M, the following
vector field will be introduced:

Zo= Y G(t)Xy

k=m+1

such that

D
<Xk,d—:>:<Xk7u>:O, k;zm—i—l,,n (D—41)
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and

(Zy,u) = 0. (D-4.2)

We will drop the subscript ¢ in Z; to become Z.

Appending the cost function by the term (D-4.2), one obtains:

T 1 ,7_2
J = / 5 (u,u) + 5 (v,v) + (Z,u)dt. (D-4.3)
0

A control vector u solves

min J" (g, v, u) (D-4.4)
only if

0

EJT (qﬁ(t7 6)7 V6<t7 6)7 uE(t7 6)) == 07 (D—45)

€

where v (t,¢) and u.(t,€) are defined analogous to q.(¢,€) in the previous section.
Replacing u with Vv in Equation (D-4.3) and taking variations with respect to e,

one obtains:

_/T @D?\ze+2 Dve+%u+ZD2ve "
o Jo [Notrocar) T\ o e oeat ) |,

99
Oe

N
Oe

We now set o = W, use Facts (A.4.1) and (A.4.2) and the standard connection
V property B2 = VwZ = VzW +[W, Z] such that the right hand side of the above

equation becomes

T /Dv D Dv D
— +Z,R(W —— (v, =W W+ [W,Z :
/0 <8t+ R ( ’V)V+atae>+T <V’at >+(Vz +[W,Z],u)dt

Using Fact (A.2.3) for the curvature in the first term, integrating the 72 term by
parts and applying Lemma (D.3.2) (and the remarks thereafter) to the last term in

the integrand we obtain

r Dv Dv D D , /Dv
/O <W,R(E+Z,V>V>+<W+Z,aaw>—7' <E,W>

+7Z (<W %» — <W,Vz%> + (—[Z, W], u) dt.
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Recall that the Lie bracket is skew-symmetric: [W,Z] = — [Z, W] and that
D
‘CZ <W, §V> = <£ZW, l,l> + <W, ,Czll> .
Observe, however, that
‘CZ (<W7 11>) =17 (<W7 u>) =0

by Lemma (D.3.2). Hence, we have ([Z, W], u) = (LzW,u) = — (W, Lzu). From
this and the integration of the second inner product in the integrand twice by parts,

we obtain

T
/ (W.R(u+2Z,v)v)+(Viv+ViZW)—1° <%,W>
0

- <W, Vzll> + <W, Ezu> dt.

Collecting terms, we finally obtain

NG - T 3 2
= W, R(u+2Z,v)v+V,v+ ViZ
de | _o 0
o, Dv
—T E — VZu + [Z, u] dt. (D-46)

In obtaining Equation (D-4.6), repeated use has been made of the integration by

parts identity, for example,

T T
D Dv D Dv
—W,— ) =— W, —— ) dt
/0<8t ’8t> /0< ’8t8t> ’
and the fact that the variational vector field W is fixed at the boundary points 0
and T

Since W is an arbitrary variational vector field, the condition (D-4.5) and Equa-

tion (D-4.6) immediately result in the main theorem of this appendix.
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Theorem D.4.1. A necessary condition for a control law u(t) to be an optimal
solution for the problem (D.2.1) without the motion constraints (D-2.6), is that it

satisfies the differential equation:

D? D?Z
F;%—R(u—l—z,v)v—l—m—#u—vzu—ir[Z,u]:0

and the condition (D-4.2).

It can be easily checked that this result reduces to previously published results
in the literature. For example, if m = n, one can set Z = 0 in the above theorem to
obtain the necessary conditions for the fully actuated 7-elastic variational problem
(see Chapter 5, [40] and [33].)

We now derive the necessary conditions following the Lagrange multiplier ap-
proach and show that these are equivalent to those obtained in Theorem (D.4.1).

First, we define a bilinear form B (-, ) that, for any vector field Y = """ | v:X;,

satisfies:

V.Y = Y+B(v,Y)

VwY = §Y+B(W,Y),

where Y = 371 X5, 0Y =30, 26X, B(v,Y) = 0 oy TE X, B(W,Y) =

i=1 Qe

Z?j b1 wiijijk, and W =" wX; =>" a;? X is the variation vector field

corresponding to the curve q(t). B(W,-) is introduced in order to be able to sepa-
rate variations in the components of a vector field, §Y, from variations in the basis
vector fields, which are contained in B (W,Y). It is important to separate these
terms since the variations §Y are independent from W. This is true especially when
Y = voru. Asfor B (v,-), introducing this notation will be appreciated in the next

section when we treat the Lie group case.
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We append the Lagrangian in Equation (D-2.4) with the dynamics (D-2.1) and

the constraints (D-4.1) to obtain

- 1 72 dq Dv Dv

(D-4.7)

Taking variations of this expression, one obtains

oJ"
Oe

/T (u,0u+B (W,u)) + 7% (v,év + B(W,v))

DW D?v
(2 s mw) o (2 v

+(VwZ,u) + (Z,ou+ B (W,u)) dt. (D-4.8)

Now, note that

T DW DX,
— | dt = -— —— (W) dt
/0 )‘1( dt) /0 a Wt
T D?v T D?v
/0 A2 (8681&) dt = /0 A2 <_8t86 +R(W,v) V)
T DX,
= ——— (6v+B (W,u)) + X, (R(W,v)v)dt
0

dt
(VwZ,u) = (VzW +[W,Z], u) = — (W, Vzu) + (W, [Z,u]).

Hence, we have

88? _ /0 (14 Z, 5u) — Ap (Su) dt+/0 2 (v, 6v) — Ar (6v) — %‘2 (6v) + (u, 5u)
72 (v, B (W,v)) — A1 (B(W,v)) — As (B (W, 1)) + (Z, B (W, u))
DAQ DAI
% (0v) + (W, [Z,u]) — ¥ (W)= (W, Vzu+R(u+7Z,v)v)dt.

By the independence of W, dv and du, we have the following theorem.

Theorem D.4.2. A necessary condition for a control law u(t) to be an optimal

solution for the problem (D.2.1) without the motion constraints (D-2.6), is that the
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first order differential equations:

dq oy
dt
& —_— u
dt
DA
dtl = ([Z,u] - Vzu+Ru+2Z,V)v)
D
d)t\Q = M\ +72(V)
u+7Z = )\g
(Zy,u) = 0

be satisfied on [0,T].

In Theorem (D.4.2), £ and b denote the sharp and flat operators (see [42] for
definitions.) In the above, the Lagrange multipliers A;, i = 1,2, are viewed as
elements in the cotangent space T* M.

We now show that the necessary conditions from Theorem (D.4.2) are equivalent
to those of Theorem (D.4.1). First note that for an arbitrary vector field Y, Theorem

(D.4.2) implies that

D2, D? (u + Z)
dt? (Y) = < dt? ’Y>'

and that

D2, DX
dt? B dt
= (=[Z,u]+Vzu—Ru+ZV)v+7v,Y).

(Y) +7%(v,Y)

Equating these two expressions immediately result in the fourth order necessary

condition given in Theorem (D.4.1). Hence, we have the following Lemma.

Lemma D.4.1. The necessary conditions of Theorem (D.4.2) are equivalent to those

of Theorem (D.4.1).
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D.5 Optimal Control on Compact Semi-Simple Lie Groups

In this section we derive the necessary conditions from Theorem (D.4.1) where
the manifold M is a compact semi-simple Lie group G. Let g denote the Lie algebra
of G and define the metric such that < -,- >: —2k (-, -), where x denotes the Killing
form on g. Recall that for semi-simple Lie groups, the Killing form is non-degenerate.

Let J : g — g be a positive definite linear mapping (the inertia tensor) that

satisfies:

< JXY >

< X, JY >

< JX,;X> = 0if and only if X =0.

Let Rg denote the right translation on G by g € G. If X, Y € g, then the
corresponding right invariant vector fields are given by X = X"(g) = Rg-X and
Y; = Y'(g) = Rg-Y, respectively. Hence a right invariant metric on GG may be
defined as

(X"(g),Y'(g)) =< X, JY >. (D-5.1)

Corresponding to this metric there exists a unique Riemannian connection V, which,

in turn, defines the bilinear form:

(X,Y)-BX)Y) = A{XY]+J "X, JY]+J'[Y,JX]}, (D-5.2)

1
2
for any X, Y € g. If J were the identity, then B (X,Y) = % [X,Y]. In this appendix
we make the simplifying assumption J = [ is the identity. The reason for doing this
is that the derivation becomes very cumbersome and lengthy in the general case,

which will be the focus of future work. We will drop the superscript r for right

invariant vector fields in the rest of the appendix.
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With g =v =", v,X;, then we have:

Dv - —~ 1 o

T LK D gunlXe Xy = ) aX,
i=1 3,j=1 =1

D?v . 1 <& .

i Z U; X + B Z Vit [Xi, X (D-5.3)
i=1 7,k=1

D3v ... N

@ = Z v, X; + Z ViV [Xj’Xj]
i=1 1,j=1

1 .
+Z Z V;V; Vg [Xk7 [Xlu X]H )
ij k=1
where B(v,v) = Vyv = Y7, 10;0;(X;,X;] = 0 by the skew-symmetry of the Lie

bracket. Note here that v; = 0 for ¢ = m + 1,...,n. This is a standard result that

can be found in [32]. We also need to compute [Z, u]:

Z,u] = > Guy[Xi, X (D-5.4)

i=m+1 j=1

We now determine R (u+ Z,v) v:

1
Ru+Z,v)v = 1 [u+Z,v],V] (D-5.5)
1 n m n
= 1 > v ”Z wXi+ Y Cle,Xj] ,Xk] :
k=1 i=1 I=m+1
Finally, we need to compute the second-order time derivative of Z. This is easily
found to be:
D2Z n . n n . 1 n n .
= = DK+ DD G X X + 5 >0 G XX
i=m+1 i=m+1 j=1 i=m+1 j=1
1 n n
+5 i:;ljgl Cvjor [ X, X5, Xi]] - (D-5.6)

We are now in a position to state the necessary optimality conditions for the problem

(D.2.1). By Theorem (D.4.1), the necessary conditions are stated as:

0 = v,X;,— T2uka + i)ivj [Xj, XZ] + éle + Cfﬂ)i [Xi, Xl] + Qg [Xl, Xk] (D—57)

1
+Z{U}ﬂ]ﬂ)j [Xj, [Xh, Xl]] + Uﬂ)j [[uka + QX[, Xz] ,Xj] -+ Cﬂ]ﬂ]j [Xj, [XZ, Xl]] },
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where we note that Vzu =B (Z,u) = % [Z, u] since Z and u are independent of the

D2u __ D3u

coordinate q. We also used the fact that 53+ = T3

In Equation (D-5.7), we use
the Einstein convention of summation over each (individual) term, where the indexes
h,,7 are summed over 1,...,n, kover 1,...,m and [ over m+1,...,n. Finally, note

that the first term inside the curly brackets is zero, again, by the skew-symmetry of

the Lie bracket. Hence, in final form, the necessary conditions are given by:

0 = UX; — T2 Xy + 0305 [ X5, X] + GXo + Gui [ X, Xi] + Guy [Xi, X4

+£{Uﬂjj e Xk + X0, Xi], X5] + Quivy [X;, [Xi, X }, (D-5.8)

If we set 7 = 0, this is the second order, dynamic version of the first order,
kinematic problem found in [32] (Theorem 6) and [99]. Moreover, if we set m = n

(hence, Z = 0) and 7 = 0, then the above equation reduces to:

. 1
0 = UiXi + UZ'Uj [Xj, XZ] -+ Z{Uﬂ)ﬂ)k [[Xk, Xz] ,Xj] }

where the term in curly brackets before the first equality sign is zero by the skew-
symmetry of the Lie bracket. This is exactly what is found in [30] and Lemma 4 in
[32].

Using the first equation in (D-5.3) as well as Equations (D-5.4) and (D-5.5), it is

easy to derive the first order form of the necessary conditions as given in Theorem
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(D.4.2). In the form of Theorem (D.4.2), the necessary conditions are:

zn:QiXi = zn:UiXi
i=1 i=1

i=1

=1

( dtl) = % D> G X X

i=m+1 j=1
+}1 > v ”Z wXi+ Y CthXj] >Xk:]
joh=1 i—1 l=mt1
DA . =
d_t2 = —Z)\QTZ +72;viTi,

where A; = Y7 A and Ay = Y7 ALY, and Yy, i = 1,...,n, is the co-frame
for T*M such that T, (X;) = ;.

We now give an example on the three dimensional group of rigid body rotations
SO(3). In this case, we have [X;, Xs] = X3, [X2, X3] = X; and [X3, X;] = Xy. We
note, of course, that for the optimal control problem to be well defined, the system

we consider must be controllable. For example, the under-actuated system:

q = uX;+vXy+v3X;
(D-5.9)
% = u1 Xy

is not controllable and, hence, the system can not be steered between any two arbi-

trary states. However, the system:

q = X+ 12X+ v3X;3
(D-5.10)
% = u1X1 —+ U2X2

is controllable. For this case we have Z = (3X3. After a long derivation, the fourth
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order necessary conditions in Equation (D-5.8) for SO(3) can be shown to be:

Uy — TP+ Gy — Gus
+ i [011}2%2 + v1v3Q3 — Uy (Ug + U:%)] =0
Ty — T up — C3vg + Gaun
+ i [Ulvgul + vou3(3 — Uz (Uf + 1132))] =0
Uy 4+ Gt }l [U1U3U3 + vavgug — C3 (U% + U%)] =0.

D.6 Conclusion

In this appendix, we use geometric tools to derive coordinate-free necessary con-
ditions for an optimal control problem, where the system is under-actuated and
evolves on a Riemannian manifold. We apply the results to semi-simple compact
Lie groups and relate our results to those appearing previously in the literature.
Current research focuses on the non-compact Lie group case, such as SE(3). Future
research will focus on adding more complexity to the model. Of particular inter-
est are adding a drift (gravitation) term and the treatment of additional holonomic

and/or nonholonomic constraints to the problem (D.2.1).
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Index

Ja, 3,4, 8,9, 156, 157, 162, 175, 184, 185,
187, 189-193, 195, 196, 199, 203
T-elastic dynamic interpolation problem,
7, 102, 104, 107, 111, 113-115,

136, 280, 281, 288

admissible variation, 104

Affine connection, 230

affine connection, 233

angular resolution, 1, 8, 13, 23, 48, 110,
139, 156, 157, 159, 162, 166, 167,

171, 193, 200-203

Christoffel symbols, see Riemannian con-
nection coefficients

cotangent vectors, spaces and bundles, 222

covariant derivative, 50, 108, 230, 231,
234, 250, 251

curvature tensor, 63, 85, 87, 112-114, 116,
232, 271, 277, 286

SE(3), 84-87

SO(3), 86, 254, 262

differentiable manifold, 211
differential form, 221, 222
dual spacecraft
formation, 2, 6-8, 10, 58, 96, 109,
118, 119, 136, 144, 281, 283
interferometry, 7, 138
Dual-Quadrature Spectral Interferometry,
202
dynamic coverage problem, 6, 10, 46, 49,
73, 136, 205
dynamic interpolation, 7, 101, 102, 104,

107, 117, 266

Ehresmann connection, 228, 229
curvature of, 229

electric field reconstruction, 202

exterior derivative, 222, 223

exterior forms, 214-216

exterior product, 217, 218, 221

fiber bundle, 226

Fourier transform, 2, 21, 23
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Fourier Transform Spectral Interferome-
try, 202

frequency domain, see wave number plane

fundamental constellation, 159, 162164,

167, 168, 171, 174, 178, 193

group of rigid body motions, see special
Euclidean group
group of rigid body rotations, see special

orthogonal group

horizontal space, 228

Huygens-Fresnel principle, 17, 18, 20

image intensity estimate, definition, 18

image plane, 16, 19, 23, 157

image quality, 2, 6, 8, 9, 20, 34, 45, 102,
114, 118, 123, 125, 128, 131, 138,
155, 175, 189, 200, 201

inertia operator, 80, 248, 254

integral curve, 214

interferometric imaging, 1, 2, 7, 16, 19,
46, 48, 73, 101, 102, 104, 109, 110,
117, 137, 138, 266, 279, 281, 283

interferometric missions, 15, 166, 202

interferometric observatories, 4, 8-10, 22,

96, 119, 156, 179

practical considerations, 200
IR interferometer, 202
isometry, 172-174

spaces, 173

LEO observatory, 8, 156, 166, 201
Levi-Civita connection, 233
libration point, 109, 119, 268
Lie algebra, 76, 92, 236, 237, 239, 240,
247, 248, 291
Lie bracket, 224
Lie derivative, 223
Lie group, 5, 9, 13, 14, 90, 95, 236, 247,
282, 283, 288
compact, 5, 247, 250, 260-262, 280,
282, 283, 291, 295
non-compact, 85, 283, 295
semi-simple, 85, 280, 282, 291, 295
line of sight, 48, 97, 119, 133, 138, 159,
162, 166, 188, 189
linear array, 167, 172, 175, 190
linear connection, 230

coefficients, 230

maximum principle, 8, 16, 26, 28, 29, 32,

45, 118, 144, 145
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measure function, 49, 50, 71, 72

Michelson interferometry, 201

Modulation Transfer Function, 2, 6, 9, 15,
16, 22, 23, 25, 26, 45, 119, 123,
124, 157, 205

normalized, 27, 31, 45, 196

motion constraints, 7, 49, 95, 101, 103,
104, 107, 110-117, 266, 268, 269,
271-273, 275277, 283-285, 288,
289

MTF, see Modulation Transfer Function

mutual intensity function, definition, 18

noise model, 15, 16, 24, 45

observation
plane, 16, 17, 22, 48, 64, 91, 133, 138,
157, 189
surface, 16

one-parameter variation, 234, 235, 249

optimal control of infinite dimensional sys-

tems, 205
orbit perturbations, 156, 161, 162, 175,
179, 182, 199
Jo, 157, 175, 189, 191, 203

correction, 192, 196

differential, 162
eccentricity, 157, 175, 180, 181, 193
short-period, 157, 184, 185

orbital elements, 157, 184-187, 189, 203

Origins Program, 1, 3, 138

paraboloidal constraint, 7, 8, 10, 46, 54,
60, 61, 97, 119, 133, 137, 140, 141,
144, 152
parallel transport, 230
parallelizable manifolds, 47, 234, 267
picture frame, 23
disc, 23, 26, 30, 36-40, 42, 43, 72, 119,
120, 124, 129, 157-159, 161, 176,
179, 180, 189, 193, 195, 201
function, 19, 22, 36, 42

pull-back and push-forward, 223

resolution
disc, 6, 16, 23, 28, 36, 39, 48, 62, 71,
119, 120, 123, 125, 127, 128, 130,
133, 139, 141, 142, 157, 158, 162,
163, 177, 180, 196
interval, 39, 41, 42
Riemannian connection, 95, 99, 108, 228,

233, 274, 291
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coefficients, 63, 233
Riemannian curvature, 262
Riemannian manifold, 5, 7, 101, 117, 232,
233, 238, 247, 280, 281, 295
Riemannian metric, 232, 233, 238, 239,
262
rigid body equations of motion
body-fixed frame
SE(3), 77
SO(3), 248
space-fixed frame
SE(3), 83

SO(3), 251

SE, see special Euclidean group

semi-Riemannian metric, 238

signal-to-noise ratio, 6, 8, 25, 26, 48, 49,
102, 118, 123-125, 127-129, 133,
137, 139, 155, 201, 202, 281

SNR, see signal-to-noise ratio

SO, see special orthogonal group

Space Technology 3, 54, 61

special Euclidean group, 7, 10, 75, 76, 78,
79, 81, 84-90, 92, 95, 96, 99, 236,
237, 239-241, 246, 247, 259, 261,

280, 281, 283, 295

special orthogonal group, 10, 78, 79, 81,
85-87, 93, 99, 236, 237, 245, 247,
254, 256, 259, 260, 262, 280, 282,
294, 295

Spectral Phase Interferometry, 202

spiraling, 4, 8, 60-62, 64, 109-116, 118,
119, 123, 127, 129, 133, 137, 140-
142, 275, 276, 278

ST-3, see Space Technology 3

structure group, 226, 233

sub-Riemannian optimal control, 281

subgroup, 10, 79, 236, 239, 247

successful maneuvers, 6, 48, 50-52, 61,

71, 72

tangent
bundle, 213
bundle projection, 213
maps, 213
space, 212
tensor, 219
field, 221
product, 220
Terrestrial Planet Finder, 121, 141, 202,
203

torsion tensor, 232
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TPF, see Terrestrial Planet Finder

variation vector field, 59, 234, 252, 255,
261, 288
vector fields, 214

vertical space, 228

wave number interval, 39
wave number line, 163, 168, 169
wave number plane, 2, 15, 22-27, 30, 41,
119, 120, 122-125, 128, 129, 156
159, 161-163, 165, 167, 176, 177,
179-181, 183, 200, 201, 203
coverage, 8, 9, 23, 156, 158, 162, 166,

175, 179, 183, 203
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